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Abstract

GRATCchk is a formally verified and efficient checker for satisfiability and unsatisfiability certificates for
Boolean formulas.

The verification covers the actual efficient implementation, and the semantics of a formula down to
the integer sequences that represents it.

The satisfiability certificates are non-contradictory lists of literals, as output by any standard SAT
solver. The unsatisfiability certificates are GRAT certificates, which can be generated from standard
DRAT certificates by the GRATgen tool.
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1 Introduction

We present an efficient verified checker for satisfiability and unsatisfiability certificates obtained from SAT
solvers.

Our sat certificates are lists of non-contradictory literals, as produced by virtually any SAT solver.

The de facto standard for unsat certificates is DRAT. Here, our checker uses a two step approach: The
unverified GRATgen tool converts the DRAT certificates into GRAT certificates, which are then checked
against the original formula by the verified GRATchk, presented in this formalization.

The GRAT certificates are engineered to admit a simple and efficient checker algorithm, which is well
suited for formal verification. We use the Isabelle Refinement Framework to verify an efficient imperative
implementation of the checker algorithm.

Our verification covers the semantics of a formula down to the integer sequence that represents it. This way,
only a simple untrusted parser is required to read the formula from a file to an integer array. In Section 6.2,
we give a complete and self-contained summary of what we actually proved.

2 Unit Propagation and RUP/RAT Checks

theory Unit_Propagation
imports SAT _Basic
begin

This theory formalizes the basics of unit propagation and RUP/RAT redundancy checks.

2.1 Partial Assignments

primrec sem_lit' :: 'a literal = ("a—bool) — bool where

sem_lit' (Posz) A=Az
| sem_lit' (Neg ) A = map_option Not (A z)

definition sem__clause’ :: 'a literal set = (‘a — bool) — bool where
sem_ clause’ C A =
if 31€C. sem_lit' | A = Some True then Some True
else if V1eC. sem_lit' | A = Some False then Some False
else None

definition compat__assignment :: (‘a — bool) = ('a = bool) = bool
where compat_assignment A c =Vzv. Az = Somev —oz=10

lemma sem__neg_lit'[simp]:
sem__lit" (neg_lit I) A = map_option Not (sem_lit" | A)
by (cases ) (auto simp: option.map__comp o__def option.map__ident)

lemma (in —) sem_lit"_empty[simp]: sem_lit" | Map.empty = None
by (cases ) auto

We install a custom case distinction rule for bool option, which has the cases undec, false, and true.

fun boolopt_cases aur where
boolopt__cases_aux None = ()

| boolopt__cases__auz (Some False) = ()

| boolopt _cases _auz (Some True) = ()

lemmas boolopt_cases[case__names undec false true, cases type]
= boolopt__cases _aux.cases

lemma not_Some_bool_if: [ a#Some False; a#Some True | = a=None
by (cases a) auto

Rules to trigger case distinctions on the semantics of a clause with a distinguished literal.

lemma sem__clause _insert _eq complete:
sem__clause’ (insert | C) A = (case sem_lit' | A of



Some True = Some True
| Some False = sem__clause’ C A
| None = (case sem_ clause’ C A of
None = None
| Some False = None
| Some True = Some True))
by (auto simp: sem__clause’__def split: option.split bool.split)

lemma sem__clause__empty[simp|: sem__clause’ {} A = Some False
unfolding sem__clause’_def by auto

lemma sem_ clause’_insert true: sem_ clause’ (insert | C) A = Some True +—
sem lit' | A = Some True V sem_clause’ C A = Some True
by (auto simp: sem__clause__insert_eq_complete split: option.split bool.split)

lemma sem__clause’_insert_false[simp):
sem__clause’ (insert | C) A = Some False
+—— sem_lit' | A = Some False N\ sem_ clause’ C A = Some Fualse
unfolding sem__clause’ _def by auto

lemma sem__clause’_union__false[simp]:
sem__clause’ (C1UC2) A = Some Fulse
+—— sem__clause’ C1 A = Some False N\ sem_ clause’ C2 A = Some False
unfolding sem__clause’_def by auto

lemma compat__assignment__empty[simp]: compat__assignment Map.empty o
unfolding compat__assignment__def by simp

Assign variable such that literal becomes true

definition assign_lit Al = A( var_of lit | — is_pos 1)

lemma assign__lit_simps[simp]:
assign_lit A (Pos z) = A(x— True)
assign_lit A (Neg ©) = A(z— False)
unfolding assign_ lit_def by auto

lemma assign__lit_dom][simp]:
dom (assign_lit A 1) = insert (var_of_lit l) (dom A)
unfolding assign_ lit_ def by auto

lemma sem_ lit _assign[simpl|: sem_lit" | (assign_lit A ) = Some True
unfolding assign_lit_def by (cases l) auto

lemma sem__lit" _none__conv: sem_lit' | A = None <— A (var_of_lit l) = None
by (cases 1) auto

lemma assign__undec__pres dec_lit:
[ sem_lit" | A = None; sem_lit" I A = Some v ]
= sem_lit" I’ (assign_lit A ) = Some v
unfolding assign_ lit__def
apply (cases )
apply auto
apply (cases l'; auto)
apply (cases l'; clarsimp)
done

lemma assign__undec__pres_dec_ clause:
[ sem_lit'" I A = None; sem__clause’ C' A = Some v |
= sem_ clause’ C (assign_lit A1) = Some v
unfolding sem_ clause’ _def
by (force split: if _split_asm simp: assign__undec__pres__dec__lit)



lemma sem_ lit'_assign__conv: sem_lit' I’ (assign_lit A1) = (
if I'=1 then Some True
else if I'=neg_lit | then Some False
else sem_lit' 1" A)
unfolding assign_ lit_ def
by (cases I; cases l'; auto)

Predicates for unit clauses

definition is unit lit A C1

= 1eC A sem_lit' | A = None A (sem__clause’ (C—{l}) A = Some False)
definition s unit clause A C = 3. is_unit lit A C'1
definition the unit lit A C = THE . is_unit_lit A C1

abbreviation (input) is_conflict_clause A C = sem__clause’ C A = Some False
abbreviation (input) is_true_clause A C = sem__clause’ C A = Some True

lemma sem__clause’_false_conv:
sem__clause’ C' A = Some False +— (V1€C. sem_lit' | A = Some Fulse)
unfolding sem_ clause’ _def by auto

lemma sem__clause’ _true__conv:
sem__clause’ C A = Some True +— (31eC. sem_lit' | A = Some True)
unfolding sem__clause’_def by auto

lemma the__unit_lit_eq[simp]: is_unit_lit A Cl = the_unit_lit A C =1
unfolding is_wunit_lit_def the_unit_lit_def sem_ clause’_false_conv
by force

lemma is_unit_lit unique: [is_unit_lit C A I1; is_unit_lit C A 12] = 11=12
using the unit_lit _eq by blast

lemma is unit clauseE:
assumes is_unit_clause A C
obtains | C’ where
C=insert | C'
¢c’
sem_lit' | A = None
sem_clause’ C' A = Some False
the_unit_lit A C =1
using assms
proof —
from assms obtain [ where [UL: is _unit_lit A CI
unfolding is unit_clause_def by blast
note [simp] = the_unit_lit _eq(OF IUL]

from IUL
have 1: leC sem_lit' | A = None sem__clause’ (C—{l}) A = Some Fulse
unfolding is_unit_lit_def by blast+

show thesis
apply (rule that[of | C—{1}])
using I
by auto

qed

lemma is_unit_clauseE"

assumes is_unit clause A C
obtains | C' where

C=insert 1 C'

lgc’

sem_lit" | A = None

sem_ clause’ C' A = Some False
by (rule is_unit_clauseE[OF assms])



lemma sem_ not_false_the unit_lit:
assumes is_unit lit A C'1
assumes ['eC
assumes sem_lit' I” A # Some False
shows ['=l
by (metis assms insert_ Diff insert_iff
is_unit_lit_def sem__clause’_insert_ false)

lemma sem_none_the unit lit:
assumes is_unit lit A C'1
assumes ['eC
assumes sem_lit' " A = None
shows ['=l
using sem_not_false the unit lit{OF assms(1,2)] assms(3) by auto

lemma is_unit_lit _unique__ss:
[C'CC; is_unit_lit A C'1'; is_unit_lit A C ] = U'=l
by (simp add: is_unit_lit_def sem_none_the_unit_lit subsetD)

lemma is unit litl:
[ieC; sem_clause’ (C—{l}) A = Some False; sem_1lit' | A = None]
= 45 unit lit A Cl
by (auto simp: is_unit_lit _def)

lemma is unit clausel: is _unit lit A C | = is_unit clause A C
by (auto simp: is_unit_clause__def)

lemma unit_other_false:
assumes is_unit_lit A C'1
assumes ['eC [#£]’
shows sem_lit’ I’ A = Some False
using assms by (auto simp: is_unit_lit_def sem__clause’_false__conv)

lemma unit_clause_sem’: is_unit_lit A C | = sem__clause’ C A = None
unfolding is_unit_lit def sem_ clause’_def
using mk__disjoint__insert by (fastforce split: if _split_asm)

lemma unit_clause__assign__dec:
is_unit_lit A C 1 = sem__clause’ C (assign_lit A 1) = Some True
unfolding is_unit_lit_def sem_ clause’ _def
by (force split: if _split_asm simp: sem__lit'_assign__conv)

lemma unit_clause _sem: is_unit_clause A C => sem_ clause’ C A = None
by (auto simp: is_unit_clause__def um’tfclauseisem’)

lemma sem_not_unit_clause: sem_ clause’ C A # None = —is_unit_clause A C
by (auto simp: is_unit_clause__def um’tfclauseisem’)

lemma unit contains no_ true:
assumes is_unit_clause A C
assumes € (C
shows sem_lit' | A # Some True
using assms unfolding is unit clause def is_unit_lit _def
by (force simp: sem__clause’_false__conv)

lemma two_ nfalse_not_unit:
assumes (/1€ C and [2€(C and [1#I2
assumes sem_lit' 11 A # Some False and sem__lit' 12 A # Some False
shows —is_unit_clause A C
using assms
unfolding is unit_clause__def is_unit_lit_def
by (auto simp: sem__clause’_false__conv)



lemma conflict_clause__assign__indep:
assumes sem__clause’ C (assign_lit A ) = Some False
assumes neg_lit | ¢ C
shows sem_ clause’ C A = Some False
using assms
by (auto simp: sem__clause’_def sem_lit' assign__conv split: if _split_asm)

lemma sem_ lit’ _assign__undec__conuv:
sem_lit" I’ (assign_lit A 1) = None
+— sem_lit" I A = None A var_of _lit | # var_of lit I’
by (cases I; cases l'; auto)

lemma unit_clause _assign__indep:
assumes is_unit_clause (assign_lit A1) C
assumes neg_lit | ¢ C
shows is unit_clause A C
using assms
unfolding is unit_clause_ def is _unit_lit_def
by (auto
dest!: conflict_clause__assign__indep
simp: sem__lit' _assign_undec__conv)

lemma clause__assign__false__cases[consumes 1, case_names no__lit lit]:
assumes sem__clause’ C (assign_lit A 1) = Some False
obtains neg_lit | ¢ C sem_clause’ C A = Some False
| neg lit 1 € C sem_clause’ (C—{neg_lit I}) A = Some False
proof (cases)
assume A: neg_litl € C
with assms have sem__clause’ (C—{neg_lit I}) A = Some False
by (auto simp: sem__clause’ _def sem__lit' _assign__conv split: if_split_asm)
with A show ?thesis by (rule that)
next
assume A: neg litl ¢ C
with assms have sem clause’ C A = Some Fulse
by (auto simp: sem__clause’_def sem__lit'_assign__conv split: if _split_asm)
with A show ?thesis by (rule that)
qed

lemma clause__assign__unit__cases[consumes 1, case__names no__lit lit]:
assumes is_unit__clause (assign_lit A1) C
obtains neg_lit | ¢ Cis_unit_clause A C
| neg_litl e C
proof (cases)
assume neg_lit | € C thus ?thesis by (rule that)
next
assume A: neg lit 1 ¢ C
from assms obtain lu C’ where
[simp]: C = insert lu C' lugC’
and LUN: sem_lit" lu (assign_lit A 1) = None
and SCF: sem__clause’ C' (assign_lit A 1) = Some False
by (blast elim: is_unit_clauseE)

from clause__assign__false__cases|OF SCF| A
have sem_ clause’ C' A = Some Fulse by auto
moreover from LUN have sem lit' lu A = None
by (simp add: sem__lit' _assign_undec__conv)
ultimately have is_unit_clause A C
by (auto simp: is_unit_clause__def is_unit_lit_def)
with A show ?%thesis by (rule that)
qed

lemma sem__clause_ins__assign_not_false[simp]:



sem__clause’ (insert 1 C) (assign_lit A 1) # Some False
unfolding sem__clause’_def by auto

lemma sem__clause_ins__assign_not_unit[simp]:
—is_unit__clause (assign_lit A 1) (insert | C)
apply (clarsimp simp: is_unit__clause__def is_unit_lit _def sem__lit’ _assign_undec__conv sem__clause ;falseicorw)

apply force
done

context
fixes A :: '/a — bool and o :: ‘a = bool
assumes C': compat__assignment A o
begin
lemma compat_lit: sem_lit' | A = Some v => sem_litl o = v
using C
by (cases 1) (auto simp: compat__assignment__def)

lemma compat_clause: sem__clause’ C A = Some v = sem__clause C o = v
unfolding sem_ clause def sem_ clause’ _def
by (force simp: compat_lit split: if _split_asm)
end

2.1.1 Models, Equivalence, and Redundancy

definition models' F A = { 0. compatl__assignment A o A sem__cnf F o}
definition sat’ F' A = models’ F A # {}
definition equiv' F A A’ = models’ F A = models’ F A’

Alternative definition of models’, which may be suited for presentation in paper.

lemma models’ F A = models F N Collect (compat__assignment A)
unfolding models’_def models_def by auto

lemma equiv’_refl[simp]: equiv’ F A A unfolding equiv’_def by simp
lemma equiv’_sym: equiv’ F A A’ = equiv' F A’ A
unfolding equiv’ _def by simp
lemma equiv’_trans[trans]: | equiv’ F A B; equiv’' F B C | = equiv' F A C
unfolding equiv’_def by simp

lemma models _antimono: C'CC = models’ C' A C models’ C' A
unfolding models’_def by (auto simp: sem__cnf_def)

lemma conflict clause_imp_no_models:
[ CeF; is_conflict _clause A C'| = models’ F A = {}
by (auto simp: models’_def sem__cnf _def dest: compat_clause)

lemma sat’_empty__iff[simp]: sat’ F Map.empty = sat F
unfolding sat’_def sat_def models’__def
by auto

lemma sat’ _antimono: FCF' = sat’' F' A => sat’' F A
unfolding sat’ _def using models _antimono by blast

lemma sat’_equiv: equiv' F A A’ = sat’ F A = sat’ F A’
unfolding equiv’_def sat’_def by blast

lemma sat_iff _sat” sat F +— (F A. sat’ F A)
by (metis (no__types, lifting) Collect_empty__eq models’_def models__def
sat’_def sat’_empty_iff sat_iff _has_models)

definition implied_clause F A C = models’ (insert C F) A = models' F A
definition redundant clause F A C



= (models’ (insert C F) A = {}) +— (models’ F A = {})

lemma redundant_clause__alt: redundant_clause F A C <— sat’ (insert C F) A = sat’' F A
unfolding redundant_clause_def sat’_def by blast

lemma redundant__clausel|intro?):
assumes No. [compat_assignment A o; sem__cnf F o]
= Jo’. compat_assignment A o' A sem__clause C o' A sem__cnf F o’
shows redundant clause ' A C
using assms unfolding redundant_clause_def models’ _def
by auto

lemma implied_clausel[intro?):
assumes No. [compat assignment A o; sem_cnf F o] = sem__clause C o
shows implied_clause F A C
using assms unfolding implied clause_def models’__def
by auto

lemma implied_is redundant: implied_clause ' A C —> redundant_clause FF A C
unfolding implied_ clause__def redundant__clause__def by blast

lemma add_redundant__sat_iff [simp]:
redundant_clause F A C = sat’ (insert C F) A = sat’ F A
unfolding redundant_clause__def sat’_def by auto

lemma true_clause__implied:
sem__clause’ C' A = Some True = implied_clause F A C
unfolding implied_ clause _def models’ _def
by (auto simp: compat_ clause)

lemma equiv’_map__empty sym:
NO_MATCH Map.empty A => equiv’ F Map.empty A < equiv’ F A Map.empty
using equiv’_sym by auto

lemma tautology: [l€C; neg_lit | € C] = sem__clause C o
by (cases sem__lit | o; cases l; force simp: sem__clause__def)

lemma implied_taut: [I€C; neg_lit | € C] = implied_clause F A C
unfolding implied_clause__def models’_def using tautology[of | C|
by auto

definition is_syn_taut C = C N neg_lit < C # {}
definition is_blocked A C = sem__clause’ C A = Some True V is_syn_taut C
lemma is blocked_alt:
is_blocked A C <— sem__clause’ C A = Some True V C N neg_lit * C # {}
unfolding is syn_taut def is blocked_def by auto

lemma is_syn__taut_empty[simp|: —is_syn__taut {}
by (auto simp: is_syn__taut_def)

lemma is_syn_taut_conv: is_syn_taut C +— (1. I€C A neg_lit 1 € C)
unfolding is syn_taut def by auto

lemma empty_not_blocked[simp]: —is_blocked A {}
unfolding is_blocked__alt by (auto simp: sem__clause’_true__conv)

lemma is_blocked insert_iff:
is_blocked A (insert | C)
<+ is_blocked A C V sem_lit' | A = Some True V neg_litl € C
by (auto simp: is_blocked__alt semiclause;trueiconv)
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lemma is_blockedI1: [l€C; sem_lit' | A = Some True] = is_blocked A C
by (auto simp: is_blocked__def semﬁclause;trueiconv)

lemma is_blockedI2: [l€C; neg lit | € C] = is_blocked A C
by (auto simp: is_blocked__def is__syn_ taut_ def)

lemma syn__taut_true[simp): is_syn_taut C = sem__clause C o = True
apply (auto simp: sem__clause__def is__syn__taut_def)
using sem_neg_lit by blast

lemma syn_taut imp_blocked: is_syn_taut C => is_blocked A C
unfolding is blocked__def by auto

lemma blocked redundant: is blocked A C = redundant_clause FF' A C
unfolding s blocked _alt

using implied__is_redundant implied__taut true clause_implied by fastforce

lemma blocked clause true:
[is_blocked A C; compat_assignment A o] = sem__clause C o
proof —
assume al: compat__assignment A o
assume is_blocked A C
then have f2: sem_ clause’ C A = Some True V C N neg_lit * C # {}
by (simp add: is_blocked__alt)
have f3: VI L p. ((I::'a literal) ¢ L V neg_lit 1 ¢ L) V sem__clause L p
by (simp add: tautology)
have sem_clause’ C A = Some True — sem_ clause C o
using al by (simp add: compat_clause)
then show ?thesis
using f3 f2 by fastforce
qed

2.2 Unit Propagation

lemma unit_propagation:
assumes CeF
assumes UNIT: is unit lit A Cl
shows equiv’ F A (assign_lit A l)
unfolding equiv’ _def models’ _def
proof safe
from UNIT have leC
and UNDEC: sem_lit' | A = None
and OTHER_FALSE': sem__clause’ (C—{l}) A = Some Fulse
unfolding is _unit_lit _def by auto

{

fix o

assume COMPAT: compat__assignment A o

have OTHER FALSE: sem_ clause (C—{l}) o = Fualse
using compat_ clause]OF COMPAT OTHER_FALSE' .

assume sem_cnf F o
with «CeF» <leCy OTHER _FALSE have sem_lit | o
unfolding sem_ cnf def sem_ clause def by auto

with COMPAT show compat__assignment (assign_lit A1) o
unfolding compat__assignment__def
by (cases ) auto

}
{
fix o
assume compat__assignment (assign_lit A1) o
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with UNDEC show compat__assignment A o
unfolding compat__assignment__def
apply (cases I; simp)
apply (metis option.distinct(1))+
done

}
qed

inductive-set prop_unit R :: ‘a cnf = ((‘a—bool) x (‘a—bool)) set for F
where
step: [ CEF; is_unit_lit A C 1] = (A,assign_lit A l)Eprop_unit_R F

lemma prop_unit_R__Domain[simp]:
A € Domain (prop_unit R F) «— (3 C€EF. is_unit clause A C)
by (auto
elim!: prop__unit_R.cases
stmp: is_unit_clause__def
dest: prop__unit_ R.intros)

lemma prop_ unit_R__equiv:
assumes (A,A")e(prop_unit_R F)*
shows equiv' ' A A’
using assms
apply induction
apply simp
apply (erule prop_unit_R.cases)
using equiv’_trans unit_propagation by blast

lemma wf prop_unit_R: finite F = wf ((prop_unit R F)™ ')
apply (rule wf_subset|OF
wf_measure[where f=\A. card { C€F. sem__clause’ C A = None }]])
apply safe
apply (erule prop__unit_R.cases)
apply simp
apply (rule psubset__card_mono)
subgoal by auto ||
apply safe
subgoal
apply (auto simp: is_unit_lit_def)
apply (metis assign_undec_pres_dec__clause boolopt__cases__auz.cases)
done
subgoal for _ _ C A
proof —
assume al: C € F
assume a2: is_unit_lit A C1
assume a3: {C € F. sem_clause’ C (assign_lit A ) = None}
= {C € F. sem_clause’ C A = None}
have sem_clause’ C A = None
using a2 by (metis unit_clause_sem”)
then show %thesis
using a3 a2 al unit_clause__assign__dec by force
qged
done

2.3 RUP and RAT Criteria

RAT-criterion to check for a redundant clause: Pick a resolution literal | from the clause, which is not
assigned to false, and then check that all resolvents of the clause are implied clauses.

Note: We include [ in the resolvents here, as drat-trim does.

lemma abs rat _criterion:
assumes LIC: leC
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assumes NFALSE: sem_lit' | A # Some False
assumes CANDS: ¥V DeF. neg_litl € D
— implied__clause F A (C U (D — {neg_lit 1}))
shows redundant clause F A C
proof (cases is_blocked A C)
case True thus ?thesis using blocked_redundant by blast
next
case NBLOCKED: False
show ?thesis
proof
fix o
assume COMPAT: compat__assignment A o and MODELS: sem_cnf F o
show Jo’. compat_assignment A o' A sem__clause C o' A sem_cnf F o'
proof (cases sem__clause C o)
case True with COMPAT MODELS show ?thesis by blast
next
case False

let 20’ = o(var_of lit | := is_pos )
from NFALSE COMPAT have compat_assignment A %o’
by (cases ) (auto simp: compat__assignment__def)
moreover from LIC have sem_clause C %0’
unfolding sem__clause__def by (cases I; force)
moreover {
fix F assume F€F neg litl ¢ E
with MODELS have sem_ clause E %0’
unfolding sem__cnf def sem_ clause__def
apply (cases I; clarsimp)
apply (metis sem__lit.simps(1) syn__indep__lit
upd__sigma__true var_of _lit.elims)
by (metis sem__lit.simps(2) syn__indep__lit
upd__sigma,__false var__of _lit.elims)
} moreover {
fix D assume DeF neg litl € D
with CANDS have implied clause F A (C U (D — {neg_lit l})) by blast
with MODELS COMPAT have sem__clause (C U (D — {neg_lit I})) o
by (metis (no__types, lifting) implied__clause__def
mem__Collect_eq models’_def sem__cnf_insert)
with False have sem__clause (D — {neg_lit I}) o
by (auto simp: sem__clause__def)
hence sem_ clause D %' by (stmp add: sem__clause__set)
} ultimately show ?thesis unfolding sem__cnf _def by blast
qed
qed
qed

lemma abs_rat_criterion’:
assumes RAT: JleC.
sem_lit" | A # Some False
N (VDEF. neg litl € D — implied clause FF A (C U (D—{neg_lit l})))
shows redundant clause ' A C
using assms abs_rat_criterion by blast

Assign all literals of clause to false.

definition and_not C A C = \v.
if Pos v € C then Some False else if Neg v € C then Some True else A v

lemma compat__and_not_C:
assumes compat__assignment A o
assumes —sem_ clause C o
shows compat__assignment (and_not_C A C) o
by (smt SAT_Basic.sem__neg_lit and_not__C _def assms(1) assms(2)
compat__assignment__def neg__lit.simps(2) option.inject
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sem__clause__def sem__lit.simps(2))

lemma and_not__empty[simp|: and_not_C A {} = A
unfolding and_not_C _def by auto

lemma and_not_insert_None: sem_lit" | (and_not_C A C) = None
= and_not_C A (insert | C) = assign_lit (and_not_C A C) (neg_lit I)
apply (cases 1)
apply (auto simp: and_not__C_def split: if _split_asm)
done

lemma and_not_insert_False: sem_lit" | (and_not_C A C) = Some False
= and_not_C A (insert | C) = and_not_C A C
apply (cases 1)
apply (auto simp: and_not__C_def split: if _split_asm)
done

lemma sem__lit_and_not_C_conv: sem_lit" | (and_not_C A C) = Some v +— (
(I¢C A neg_lit 1¢C A sem_lit" | A = Some v)
V (lIeC A neg_lit I¢C N v=False)
V (I¢C A neg_lit leC N v="True)
V (lIeC A neg_lit leC N v=(—is_pos 1))

)

by (cases ) (auto simp: and_not_C _def)

lemma sem_lit_and_not_C_None_conv: sem_lit' | (and_not_C A C) = None +—
sem_lit' | A = None A IgC A neg_lit 1¢C
by (cases ) (auto simp: and_not__C_def)

Check for implied clause by RUP: If the clause is not blocked, assign all literals of the clause to false, and
search for an equivalent assignment (usually by unit-propagation), which has a conflict.

lemma one__step__implied:
assumes RC: —is_blocked A C =
JA4;. equiv’ F (and_not_C A C) A1 A (FEEF. is_conflict_clause A1 E)
shows implied_clause F A C
proof
fix o
assume COMPAT: compat__assignment A o
assume MODELS: sem_cnf F o

show sem__clause (C) o
proof (cases is_blocked A C)
case True
thus ?thesis using blocked_ clause_true COMPAT by auto
next
case False
from RC[OF False] obtain A; E where
EQ: equiv’ F (and_not_C A C) A;
and CONFL: E € F sem__clause’ E A1 = Some False
by auto
show ?thesis
proof (rule ccontr)
assume —sem_ clause C o
with compat__and_not_ C[OF COMPAT]
have compat__assignment (and_not_C A C) o by auto
with EQ have COMPATI: compat_assignment A1 o
by (metis (mono__tags, lifting) MODELS equiv’_def
mem__Collect__eq models’_def)
with MODELS CONFL show False using compat_ clause sem__cnf def by blast
qed
qed
qed

The unit-propagation steps of (= is_blocked ?A ?C = 3 Ay. equiv’ ?F (and_not_C ?A ?2C) A; A (FE€?F.
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sem__clause’ E Ay = Some False)) = implied__clause ?F ?A ?C can also be distributed over between the
assignments of the negated literals. This is an optimization used for the RAT-check, where an initial set of
unit-propagations can be shared between all candidate checks.

lemma two__step__implied:
assumes —is_blocked A C
= JA1. equiv’ F (and_not_C A C) A1 A (—is_blocked A1 D
— (3 As. equiv’ F (and_not_C Ay D) As A (FEEF. is_conflict_clause As E)))

shows implied clause F' A (CUD)
proof
fix o
assume COMPAT: compat__assignment A o
assume MODELS: sem_cnf F o

show sem_ clause (CUD) o
proof (cases is_blocked A C)
case True
thus ?thesis using blocked__clause__true COMPAT by auto
next
case False
from assms[OF False] obtain A; where
EQ1I: equiv' F (and_not_C A C) Ay
and RC2: (—is_blocked A1 D
— (3 As. equiv’ F (and_not_C Ay D) Ay
A (3 E€F. is_conflict_clause Az E)))
by auto

show #¢thesis
proof (rule ccontr; clarsimp)
assume —sem_ clause C o —sem__clause D o
with compat_and_not _C[OF COMPAT)
have compat__assignment (and_not_C A C) o by auto
with FQI have COMPATI: compat__assignment Ay o
by (metis (mono__tags, lifting) MODELS equiv’_def
mem,__Collect__eq models;def)
from compat__and_not_C[OF COMPATI] <— sem__clause D o) have
1: compat__assignment (and_not_C A1 D) o by auto
have —is_blocked A1 D
using COMPAT1 <— sem__clause D o blocked_clause__true by auto
with RC2 obtain A F where
EQ2: equiv’ F (and_not_C Ay D) A
and CONFL: E€F is_conflict_clause A2 E
by auto
from FEQ2 1 have COMPAT2: compat__assignment A o
by (metis (mono__tags, lifting) MODELS equiv’_def
mem__Collect_eq models’__def)
with MODELS CONFL show False using compat__clause sem__cnf def by blast
qed
qged
qed

2.4 Old assign_all_negated Formulation

definition assign_all_negated A C = let UD = {l€C. sem_lit' | A = None} in
A ++ (AL if Pos le UD then Some Fulse
else if Neg | € UD then Some True
else None)

lemma abs_rup__criterion:
assumes models’ F (assign__all_negated A C) = {}
shows implied_ clause F A C
using assms
unfolding models’_def implied_ clause_def
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apply (safe; simp)
proof (rule ccontr)
fix o
assume COMPAT: compat__assignment A o
assume S: sem_cnf F o
assume CD: Yo. compat__assignment (assign__all_negated A C) o
— sem_cnf F o
assume NS: - sem_ clause C o

from NS have VIeC. sem_lit | o = False by (auto simp: sem__clause__def)

with COMPAT have compat__assignment (assign__all_negated A C) o
by (clarsimp simp: compat__assignment__def assign__all_negated__def
split: if _split_asm) auto
with S CD show Fulse by blast
qed

2.4.1 Properties of assign_all negated

lemma sem_lit _assign__all_negated_cases[consumes 1, case_names None Neg Pos|:
assumes sem_lit' | (assign_all_negated A C) = Some v
obtains sem_lit' | A = Some v
| sem_lit' | A = None neg_lit | € C v="True
| sem_lit'" | A = None l € C v=False
using assms unfolding assign__all_negated__def
apply (cases 1)
apply (auto simp: map__add__def split: if _split_asm)
done

lemma sem__lit__assign__all_negated none_ iff:
sem__lit" | (assign__all_negated A C') = None
+— (sem_lit' | A = None A 1¢C A neg_litl & C)
unfolding assign__all_negated__def
apply (cases )
apply (auto simp: map__add__def split: if _split_asm)
done

lemma sem_ lit_assign__all _negated pres_decided:
assumes sem_lit' | A = Some v
shows sem__lit" | (assign__all_negated A C) = Some v
using assms unfolding assign__all_negated _def
apply (cases 1)
apply (fastforce simp: map__add__def split: if _split_asm)+
done

lemma sem__lit__assign__all _negated _assign:
assumes VI€C. neg lit I¢C | € C sem_lit' | A = None
shows sem__lit" | (assign__all_negated A C) = Some False
using assms unfolding assign__all_mnegated_def
apply (cases 1)
apply (auto simp: map__add__def split: if _split_asm)
done

lemma sem__lit__assign__all _negated_nequ:
sem__lit" | (assign__all_negated A C) # Some v = sem_lit' | A # Some v
by (auto simp: sem__lit_assign__all_negated_pres_decided)

lemma aan__idem][simp]:
assign__all_negated (assign__all_negated A C) C = assign__all_negated A C
by (auto introl: ext simp: assign__all_negated _def map__add__def)

lemma aan_ dbl:

assumes V1eCUC'. neg lit | ¢ CUC’
shows assign__all_negated (assign__all_negated A C) C’
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= assign__all_negated A (CUC")
using assms by (force intro!: ext simp: assign__all_negated_ def map__add__def)

lemma aan_mono2:
[CCC; Vel neg litl ¢ C]
= assign__all_negated A C C,, assign__all_negated A C’
by (auto simp: assign__all_negated__def map__add__def map__le_ def)

lemma aan__empty[simp]: assign__all_negated A {} = A
by (auto simp: assign__all_negated__def)

lemma aan_ restrict:
assign__all_negated A C |* (— wvar_of lit “*{l € C. sem_1lit' | A = None}) = A
apply (rule ext)
unfolding assign__all_negated_ def
apply (clarsimp simp: map__add__def restrict_map__def; safe)
apply simp__all
apply force
apply force
subgoal for [ by (cases ) auto
subgoal for [ v by (cases [) auto
subgoal for v | by (cases l) auto
subgoal for v | by (cases 1) auto
done

lemma aan_insert:
assumes V1'eC. sem_lit' I” A # Some True A neg_litl' ¢ C
assumes sem_lit' | A # Some True A neg_litl ¢ C
shows assign__lit (assign__all_negated A C) (neg_lit 1)
= assign__all_negated A (insert | C)
apply (rule ext)
using assms
apply (cases 1)
apply (auto simp: assign__all_negated__def map__add__def)
done

lemma aan_insert set:
assumes sem_lit' | A # None
shows assign__all_negated A (insert | C') = assign__all_negated A C
apply (rule ext)
using assms
apply (cases 1)
apply (auto simp: assign__all_negated__def map__add__def)
done

end

3 Basic Notions for the GRAT Format

theory Grat_ Basic
imports
Unit__ Propagation
Refine__Imperative_ HOL.Sepref ICF _Bindings
Exzc_Nres Monad
DRAT Misc
Synth__Definition
Dynamic__Array
Array_Map__Default
Parser _Iterator
DRAT Misc
Automatic__Refinement. Misc
begin
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hide-const (open) Word.slice

lemma list_set__assn__finite[simp, intro:
[rdomp (list_set _assn (pure R)) s; single_valued R] = finite s
by (auto simp: rdomp__def list__set__assn__def elim!: finite_set_rel transfer)

lemma list_set_assn_IS_TO_SORTED_LIST _GA’[sepref_gen__algo__rules):
[CONSTRAINT (IS_PURE IS_LEFT _UNIQUE) A;
CONSTRAINT (IS_PURE IS_RIGHT UNIQUE) A ]
= GEN_ALGO (return) (IS_TO_SORTED LIST (A_ _. True) (list_set _assn A) A)
apply (clarsimp simp: is_pure__conv list_set__assn__def
list_assn__pure_conv IS _PURE__def list_set_rel__compp)
apply (rule sepref _gen__algo__rules)
done

3.1 Input Parser

locale input_pre =
iterator it__invar’ it_next it _peek
for it_invar’ it _next and it_peek :: 'it::linorder = int +
fixes
it _end :: it

begin

definition it _invar it = itran it it_end

lemma it_invar_imp'[simp, intro]: it_invar it = it_invar’ it
unfolding it invar_def by auto

lemma it_invar_imp_mn[simp7 intro]: it_invar it = itran it it_end
unfolding it _invar_def by auto

lemma itran_invarD: itran it it _end = it_invar it
unfolding it invar_def by auto

lemma itran_invarl: [itran it it’; i¢_invar it'] = it_invar it
unfolding it_invar_def by (blast intro: itran__trans)

end

type-synonym ’it error = String.literal x int option x 'it option

locale input = input_pre it_invar’ it_next it_peek it_end
for it _invar'::'it::linorder = __ and it_next it_peek it_end +
assumes
it__end__invar|[simp, intro!]: it_invar it__end
begin

definition WF = { (it_next it, it) | it. it_invar it A it # it_end}
lemma wf WF[simp, intro]: wf WF
apply (rule wf_subset[of measure (\it. length (the_seg it it_end))])
unfolding it _invar_def WF _def
by (auto)

lemmas wf WF_trancl[simp, intro!] = wf trancl|OF wf WF)
lemma it_next_invar[simp, introl]:

[ it _invar it; it # it_end | = it_invar (it_next it)
unfolding it _invar_def by auto
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lemma it_next _wf[simp, introl:
[ it_dnvar it; it # it_end | = (it_next it, it) € WF
unfolding WF _def by auto

lemma seq_wf[simp, intro]: [seg it | it'; it_invar it'] = (it',it)€ WF*
apply (induction | arbitrary: it)
apply auto
by (metis it__invar_def it_next_wf itran__antisym itran__def itran_next
itran__trans rtrancl.intros(1) rtrancl.intros(2))

lemma Iz _string_wf[simp, intro|:
llz_string 0 it | ita; it_invar ita] = (ita, it) € WEFT
unfolding Iz string def
apply auto
by (metis input_pre.it_invar_def input_pre__azioms it_next_wf itran__def
itran__next rtrancl_into__trancl2 seq_invar2 seq_no__cyc seq_wf)

Some abbreviations to conveniently construct error messages.

abbreviation mk_err :: String.literal = it error
where mk_err msg = (msg, None, None)

abbreviation mk_errN :: String.literal = _ = 'it error
where mk_errN msg n = (msg, Some (int n), None)

abbreviation mk_errl :: = = 'it error

where mk_errl msg i = (msg, Some i, None)
abbreviation mk _errit :: = = it error

where mk__errit msg it = (msg, None, Some it)
abbreviation mk _errNit = = = = it error

where mk__errNit msg n it = (msg, Some (int n), Some it)
abbreviation mk_errlit :: = = = 'it error

where mk__errlit msg i it = (msg, Some i, Some it)

Check that iterator has not reached the end.

definition check not end it
= CHECK (it # it_end) (mk_err STR ""Parsed beyond end’")

lemma check_not_end_correct{ THEN ESPEC _trans, refine_vcg):
it_invar it => check_not_end it < ESPEC (A_. True) (A_. it # it_end)
unfolding check_not_end_def by (refine_vcg; auto)

Skip one element.
definition skip it = doFE {
EASSERT (it_invar it);
check_not__end it;
ERETURN (it_next it)

}
Read a literal

definition parse_literal it = doE {
EASSERT (it_invar it A it # it_end A it_peek it # litZ );
ERETURN (lit_c (it_peek it), it_next it)

}

Read an integer

definition parse int it = doE {
EASSERT (it_invar it);
check_not__end it;
ERETURN (it_peek it, it_next it)

}

Read a natural number

definition parse_nat ito = doFE {
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(z,it) < parse_int ito;
CHECK (z>0) (mk_errlit STR "Invalid nat” w ito);
ERETURN (nat z,it)

}

lemma parse_literal_spec|[THEN ESPEC _trans,refine_vcg):
[ét_invar it; it # it_end; it_peek it # litZ]
= parse__literal it
< ESPEC (M\_. True) (\(Lit)). it_invar it’ A (it’it)e WE™T)
unfolding parse_literal def
by refine__vcg auto

lemma skip_ spec|[ THEN ESPEC _trans,refine_vcg):
[it_invar it]
= skip it < ESPEC (\_. True) (\it'. it_invar it’ A (it',it)e WF™T)
unfolding skip__def
by refine__vcg auto

lemma parse_int_spec[THEN ESPEC _trans,refine_vcg|:
[ét_invar it]
= parse_int it < ESPEC (A_. True) (\(=,it"). it_invar it' A (it',it)e WF™)
unfolding parse int_def
by refine__vcg auto

lemma parse_nat_spec]THEN ESPEC _trans,refine_vcy]:
[it_invar it]
= parse_nat it < ESPEC (A_. True) (M(z,it"). it_invar it’ A (itit)€e WET)
unfolding parse nat_def
by refine_vcg auto

We inline many of the specifications on breaking down the exception monad

lemmas [enres_inline] = check_not__end__def skip__def parse_literal _def
parse__int__def parse_nat__def

end

3.2 Implementation
3.2.1 Literals

definition lit _rel = br lit_« lit _invar
abbreviation it _assn = pure lit_rel

interpretation lit_dflt_option: dflit_option pure lit_rel 0 return oo (=)
apply standard
subgoal by (auto simp: lit_rel_def in__br_conv lit_invar_def)
subgoal
apply sepref to__hoare
apply (sep__auto simp: lit_rel def lit_a__def in__br_conv)
done
applyS sep_auto
done

lemma neg_lit_refine[sepref _import__param]:
(uminus, neg_lit) € lit_rel — lit_rel
by (auto simp: lit_rel_def in__br_conv lit_a__def lit_invar_def)

lemma lit_o__refine[sepref _import__param):

(Az. z, lit_a) € [Az. z#0]y int_rel — lit_rel
by (auto simp: lit_rel__def lit_invar_def in__br__conv introl: frefI)
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3.2.2 Assignment
definition vv_rel = {(1::nat, False), (2, True)}

definition assignment__assn = amd__assn 0 id__assn (pure vu_rel)
lemmas [safe_constraint_rules)| = CN_FALSEI|[of is_pure assignment__assn]
type-synonym i __assignment = (nat,bool) i_map

lemmas [intf _of assn]
= intf_of assnl[where R=assignment_assn and 'a=(nat,bool) i_map]

sepref-decl-op lit_is_true: \(l::nat literal) A. sem_lit' | A = Some True
o (Id::(nat literalx_) set) — (nat_rel,bool_relymap__rel — bool _rel .

sepref-decl-op lit_is_false: A(l::nat literal) A. sem_lit' | A = Some False
o (Id::(nat literalx__) set) — (nat_rel,bool_relymap__rel — bool rel .

sepref-decl-op (no__def)
assign__lit :: _ = nat literal = __
: (nat_rel,bool_relymap_rel — (Id::(nat literalx__) set)
— (nat__rel,bool__rel)ymap__rel .

sepref-decl-op
unset__lit: A(A::nat—bool) I. A(var_of _lit | := None)
2 (nat_rel,bool_relymap_rel — (Id::(nat literalx__) set)
— (nat__rel,bool_rel)ymap_rel .

lemma [def _pat_rules|:
(=)$(sem__Lit'$1$ A)$(Some$ True) = op_lit_is_true$l$A
(=)$(sem_lit'$I1$ A)$(SomeS$ False) = op_lit_is false$I$A
by auto

lemma lit_eq impl[sepref _import_param]:
((=),(=)) € lit_rel — lit_rel — bool_rel
by (auto
stmp: lit_rel_def in__br_conv lit_a__def lit_invar__def
split: if _split_asm)

lemma var_of lit_refine[sepref_import__param]:
(nat o abs,var_of _lit) € lit_rel — nat_rel
by (auto simp: lit_rel_def lit_o__def in__br__conv)

lemma is_pos_refine[sepref import_param]:
(Az. >0, is_pos) € lit_rel — bool__rel
by (auto
simp: lit_rel _def lit_a_ def in__br__conv lit__invar__def
split: if _split_asm)

lemma op_ lit_is_true_alt: op_lit_is true l A = (let
z = A (var_of _lit l);
p = 1is_posl
m
if x = None then False
else (p A the x = True V —p A the © = False)
)

apply (cases I)
by (auto split: option.split simp: Let_ def)

lemma op_ lit_is_false_alt: op_lit_is false | A = (let
z = A (var_of _lit l);
p = 1is_posl
n
if £ = None then False
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else (p N the x = False V —p A the x = True)

)
apply (cases I)
by (auto split: option.split simp: Let__def)

definition [simp,code_unfold]: vv_eq bool z y = y+—z=2

lemma [sepref_opt__simps]:
vu_eq _bool x True «+— =2
vu__eq_bool x False +— z#£2
by simp__all

lemma vv_bool _eq refine[sepref _import_param]:
(vu_eq_bool, (=)) € vu_rel — bool_rel — bool_rel
by (auto simp: vu_rel_def)

sepref-definition op_lit_is true impl is uncurry (RETURN oo op_lit_is_true)
:: (pure lit_rel)k *q assz’gnment_assnk —a bool__assn
unfolding op_lit_is true_alt assignment__assn__def
supply option.splits|split]
by sepref

sepref-definition op_lit_is false impl is uncurry (RETURN oo op_lit_is_false)
:: (pure lit_rel)k *q asssigmnent_assn’c —a bool__assn
unfolding op_lit_is false alt assignment__assn__def
supply option.splits|split]
by sepref

definition [simp]: b2vy_conv b = b
definition [code unfold]: b2vv_conv_impl b = if b then 2 else I::nat

lemma b2vy__cony_impl_refine[sepref_import__param]:
(b2vy__conv_impl,b2vy__conv) € bool_rel — vuy_rel
by (auto simp: vu_rel_def b2vu__conv_impl_def split: if _split_asm)

lemma vv_unused0[safe__constraint_rules]: (is_unused__elem 0) (pure vy_rel)
by (auto simp: vu_rel__def)

sepref-definition assign_ lit_impl
is uncurry (RETURN oo assign__lit)
: assignmentiassnd *q (pure litirel)k —q assignment__assn
unfolding assign__lit _def assignment__assn__def
apply (rewrite at is_pos _ b2vu__conv_def[symmetric])
by sepref

term op_ unset_lit
sepref-definition unset_lit _impl
is uncurry (RETURN oo op_unset_lit)
i assz’gnment_assnd *q (pure lit_rel)’C —ra assignment__assn
unfolding op_ unset_lit_def assignment__assn__def
by sepref

sepref-definition unset_var_impl
is uncurry (RETURN oo op_map__delete)
: (pure nat_rel)’C *q assignment_assnd —ra assignment__assn
unfolding assignment__assn__def

by sepref
sepref-definition assignment__empty _impl is uncurry0) (RETURN op__map_ empty)

I um'tiass’n’c —q assignment__assn
unfolding assignment__assn__def
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apply (rewrite amd.fold__custom__empty)
by sepref

lemma assignment__assn__id_map_rel_fold:
hr_comp assignment__assn ({nat_rel, bool_rel)ymap__rel) = assignment__assn
by simp

context
notes [fcomp__norm__unfold] = assignment__assn__id_map__rel_fold
begin
sepref-decl-impl op it _is true impl.refine .
sepref-decl-impl op_ lit_is false_impl.refine .
sepref-decl-impl assign_ lit _impl.refine .
sepref-decl-impl unset_lit _impl.refine .
sepref-decl-impl unset_var_impl.refine
uses op_map_ delete.fref[ where K=Id and V=Id] .
sepref-decl-impl (no__register) assignment_empty: assignment__empty__impl.refine
uses op__map__empty.fref[where K=Id and V=Id] .
end

definition [simpl|: op__assignment__empty = op__map__empty
interpretation assignment: map__custom__empty op__assignment__empty
by unfold__locales simp
lemmas [sepref_fr_rules] = assignment__empty__hnr[folded op__assignment__empty__def]

3.2.3 Clause Database
type-synonym clausedb2 = int list

locale DB2_def loc =
fixes DB :: clausedb2
fixes frml_end :: nat
begin
lemmas amtz_pats[pat_rules del]
sublocale liti: array_iterator DB .

lemmas liti.a__assn__rdompD|dest!]

abbreviation error assn
= id_assn X, option__assn int__assn X, option__assn liti.it__assn

end

locale DB2_loc = DB2_def loc +
assumes DB_not_Nil[simp]: DB # |]
begin
sublocale input_pre liti.I liti.next liti.peek liti.end
by unfold__locales

sublocale input liti. I liti.next liti.peek liti.end
apply unfold__locales
unfolding it invar_def liti.itran__alt
apply (auto simp: ait_begin__def ait_end__def)
done

end

3.2.4 Clausemap
definition (in —) abs_cr_register
: 'a literal = "id = ('a literal — "id list) = ('a literal — 'id list)
where abs__cr_register | cid cr = case cr | of
None = cr | Some s = cr(l — mbhd_insert cid s)
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type-synonym creg = (nat list option) array

term int_encode term int_decode
term map_option

definition is_creg :: (nat literal — nat list) = creg = assn where
is_creg cr a = A af. is_nff None f a
x T(cr = f o int_encode o lit_~y)

lemmas [intf_of assn]
= intf_of assnl[where R=is_creg and 'a=(nat literal,nat list) i_map]

definition creg_ dfit_size = 16::nat
definition creg_empty :: creqg Heap
where creg _empty = dyn__array_new sz None creg_dflt _size

lemma creg__empty_rule[sep__heap_rules]: <emp> creq_empty <is_creqg Map.empty>
unfolding cregq_empty def by (sep__auto simp: is_creg_def)

definition [simp]: op_ creqg_empty = op__map__empty :: nat literal — nat list
interpretation creg: map__custom__empty op__creq _empty by unfold locales simp
lemma creg__empty_hnr[sepref_fr_rules]:

(uncurry0 creg__empty, uncurry0) (RETURN op__creg__empty))

S um'tiassnk —a 1S_creg

apply sepref _to__hoare

apply sep__auto

done

definition creg_initialize :: int = creqg = creg Heap where
creg_initialize 1 cr = do {
cr < array__set_dyn None cr (int_encode ) (Some []);
return cr

}

lemma creg_initialize__rule[sep__heap__rules]:
[ (¢,0)€lit_rel |
= <is_creg cr a> creg_initialize i a <Ar. is_creg (cr(l = [])) r>¢
unfolding creg initialize def is_creg def
by (sep__auto introl: ext simp: lit_rel_def in__br_conv int__encode__eq)

definition creg_register | cid cr = do {
x < array_get_dyn None cr (int_encode l);
case T of
None = return cr
| Some s = array_set _dyn None cr (int_encode l) (Some (mbhd_insert cid s))

}

lemma creg_register__rule[sep__heap__rules|:
[ (¢,0) € lit_rel ]
= <is_creg cr a>
creg__register i cid a
<is_creg (abs_cr_register | cid cr)>
unfolding creg register__def is_creq_def abs__cr_register__def
by (sep__auto introl: ext simp: lit_rel__def in__br_conv int__encode__eq)

lemma creg_register__hnr(sepref _fr_rules]:

(uncurry2 creg_register, uncurry2 (RETURN ooo abs__cr_register))
€ (pure lz't_rel)k *q nat_assn® xq is_creq® —q is_creg
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unfolding list__assn__pure_conv option__assn__pure__conv
apply sepref _to__hoare

apply sep__auto

done

definition op_ creg_initialize :: nat literal = (nat literal — nat list) = _
where [simp]: op__creg_initialize | cr = cr(l — [])

lemma creg_initialize__hnr[sepref_fr_rules]:
(uncurry creg_initialize, uncurry (RETURN oo op__creg_initialize))
€ (pure litirel)k *q z'sicregd —rq 1S_creg
apply sepref _to__hoare
apply sep__auto
done

sepref-register op_ creg initialize
0 nat literal = (nat literal,nat list) ¢_map
= (nat literal,nat list) i_map

sepref-register abs _cr_register :: nat literal = nat = __
it nat literal = nat = (nat literal,nat list) ¢_map
= (nat literal,nat list) i_map

term op_ map_ lookup
definition op_ creg_lookup i a = array__get_dyn None a (int__encode i)

lemma creg_lookup rule[sep__heap rules]:
[ (4,0) € lit_rel ]
= <is_creg cr a> op__creg_lookup i a <Ar.is_creg cr a * T( r = cril)>
unfolding is creg def op_creg_lookup def
by (sep__auto introl: ext simp: lit_rel_def in__br_conv)

lemma creg_lookup hnr(sepref fr_rules]:
(uncurry op__creg_lookup, uncurry (RETURN oo op__map__lookup))
€ (pure lit_rel)k *q is_creq® —4 option_assn (list_assn id__assn)
unfolding list__assn__pure conv option__assn__pure__conv
apply sepref _to__hoare
apply sep__auto
done

3.2.5 Clause Database

context
fixes DB :: clausedb?2
fixes frml_end :: nat
begin
definition item next it =
let sz = DBI(it—1) in
if sz > 0 A nat (sz) + 1 < it then
Some (it — nat (sz) — 1)
else
None

definition at_item_end it = it < frml_end

definition peek int it = DBlit
end

context DB2_ def loc

begin
abbreviation c¢cm__assn = prod__assn (amd_assn 0 nat__assn liti.it_assn) is__creg
type-synonym i_cm = (nat,nat) i_map X (nat literal, nat list) i_map
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abbreviation state__assn = nat_assn X cm__assn Xq assignment__assn
type-synonym i_state = nat X ©_cm X i_assignment

definition item_next_impl a it = do {
sz + Array.nth a (it—1);
if sz > 0 A nat (sz) + 1 < it then
return (it — nat (sz) — 1)
else
return 0
}

lemma item__next_hnr[sepref _fr_rules]:
(uncurry item__next__impl, uncurry (RETURN oo item__next))
€ liti.a__assn® %, liti.it_assn® —q dfit_option__assn 0 liti.it_assn
unfolding liti.it__assn__def liti.a__assn__def dflt _option__assn__def
apply (simp add: b__assn__pure__conv)
apply (sepref_to__hoare)
unfolding item_ next_impl _def
by (sep__auto simp: liti.I_def item_next def dfit _option_rel _aux_def)

lemma at_item__end_hnr[sepref fr_rules]:
(uncurry (return oo at_item__end), uncurry (RETURN oo at_item__end))
€ nat_assn® xq liti.it_assn® —, bool _assn
unfolding liti.it_assn_ def liti.a__assn__def dflt _option__assn__def
apply (simp add: b_assn__pure__conv)
apply (sepref_to__hoare)
apply sep__auto
done

end

3.3 Common GRAT Stuff

datatype item__type =
INVALID
| UNIT_PROP
| DELETION
| RUP_LEMMA
| RAT _LEMMA
| CONFLICT
| RAT _COUNTS

type-synonym id = nat

3.3.1 Clause Map

3.3.2 Correctness

The input to the verified part of the checker is an array of integers DB and an index F_end, such that the
range from index I::'a (inclusive) to index F_end (exclusive) contains the formula in DIMACs format.
The array is represented as a list here.

We phrase an invariant that expressed a valid formula, and a characterization whether the represented
formula is satisfiable.

definition clause DB walid DB F_end =
1< F _end N F_end < length DB
A F_invar (¢l (take F_end DB))

definition clause_DB_sat DB F_end = sat (F_a (tl (take F_end DB)))
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definition verify_sat_spec DB F_end
= clause DB walid DB F_end A clause DB _sat DB F_end

definition verify unsat_spec DB F_end
= clause_DB walid DB F_end N —clause_ DB sat DB F_end

lemma verify sat_spec DB F_end «— 1 < F_end N F_end < length DB N
(let Ist = tl (take F'_end DB) in F__invar Ist A\ sat (F_a lst))
unfolding verify sat_spec_def clause__DB_walid__def clause_ DB __sat_ def Let_ def
by auto

lemma verify_unsat_spec DB F_end +— 1 < F_end N F_end < length DB N
(let st = tl (take F_end DB) in F_invar lst \ —sat (F_a Ist))
unfolding verify unsat_spec_def clause_DB_wvalid_def clause_ DB _sat_ def Let_ def
by auto

Concise version only using elementary list operations

lemma clause DB _walid concise: clause_ DB _ wvalid DB F'_end =
1< F _end N F_end < length DB
A (let lst=tl (take F_end DB) in lst #[] — last lst = 0)
apply (rule eq_reflection)
unfolding clause_DB_walid__def F__invar__def
by auto

lemma clause DB _sat_concise:
clause DB sat DB F_end = J0o. assn__consistent o
A (V Ceset * set (tokenize 0 (tl (take F_end DB))). 3leC. o 1)
using clause__DB__sat__def
unfolding direct_sat_iff _sat[symmetric] direct_sat_def parse_ direct_def
by auto

The input describes a satisfiable formula, iff F'_end is in range, the described DIMACS string is empty or
ends with zero, and there exists a consistent assignment such that each clause contains a literal assigned to
true.

lemma verify_sat_spec_ concise:
shows wverify_sat_spec DB F_end = 1<F_end N F_end < length DB A (
let lst = tl (take F_end DB) in
(Ist#£]] — last Ist = 0)
A (Fo. assn__consistent o A (¥ CEset (tokenize 0 Ist). leset C. o 1))
unfolding verify sat_spec def clause DB __sat_concise clause_DB _walid__concise
by (simp add: Let__def)

The input describes an unsatisfiable formula, iff ' _end is in range and does not describe the empty DIMACS
string, the DIMACS string ends with zero, and there exists no consistent assignment such that every clause
contains at least one literal assigned to true.

lemma verify_unsat__spec_ concise:

verify_unsat_spec DB F_end = 1 < F_end A F_end < length DB A (

let lst = tl (take F_end DB) in

last Ist = 0

A (Bo. assn_consistent o A (¥ C€set (tokenize 0 Ist). Flcset C. o 1))
unfolding verify unsat_spec_def clause__DB _sat_concise clause DB _walid__concise
apply (rule eq_reflection)
apply (cases F_end = 1)
apply (auto simp add: Let_def tl_take)
done

end
theory Impl_List Set Ndj
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imports
Collections.Refine_ Dfit_ICF
Refine__Imperative_ HOL.IICF
Refine__Imperative_ HOL.Sepref ICF _Bindings
begin

definition [simp]: ndls_rel = br set (A_. True)
definition nd_list_set_assn A = pure (ndls_rel O (the_pure A)set_rel)

context
notes [fcomp_norm__unfold] = nd_list_set__assn__def[symmetric]
notes [fcomp_norm__unfold] = list__set__assn__def[symmetric]
begin

lemma ndls_empty_hnr_auz: ([|,op_set_empty) € ndls_rel by (auto simp: in__br_conv)
sepref-decl-impl (no_ register) ndls_empty: ndls_empty hnr_auz[sepref param] .

lemma ndls_is_empty_hnr_auz: (=) [], op_set_is_empty) € ndls_rel — bool _rel
by (auto simp: in__br_conv)
sepref-decl-impl ndls_is_empty: ndls_is_empty_hnr_auz[sepref _param] .

lemma ndls_insert_hnr_auz: ((#), op_set_insert) € Id — ndls_rel — ndls_rel
by (auto simp: in__br_conv)

sepref-decl-impl ndls_insert: ndls_insert_hnr_auz[sepref param] .

sepref-decl-op ndis_ls_copy: A\z::'a set. z :: (A)set_rel — (A)set_rel .
lemma op_ndls _ls copy hnr_aux:

(remdups, op__ndls_ls_copy)endls_rel — (Id)list_set_rel

by (auto simp: in__br__conv list__set_rel def)

sepref-decl-impl op_ ndls_ls_copy_hnr_auz[sepref_param] .
end

definition [simp]: op_ndls_empty = op__set_empty
interpretation ndls: set_ custom__empty return [| op__ndls_empty
by unfold__locales simp
sepref-register op_ ndls_empty
lemmas [sepref fr_rules| = ndls_empty__hnr(folded op_ndls_empty_def]

lemma fold_ndls ls copy: x = op_ndls_ls_copy x by simp

end

4 Unsat Checker

theory Unsat Check_Split MM

imports Impl_List Set Ndj Grat_Basic

begin
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hide-const (open) Word.slice

This theory provides a formally verified unsat certificate checker.

The checker accepts an integer array whose prefix contains a cnf formula (encoded as a list of null-terminated
clauses), and the suffix contains a certificate in the GRAT format.
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4.1 Abstract level

definition mkp_raw_err :: _ = _ = _ = (natx'prf) error where
mkp__raw__err msg I p = (msg, I, p)

locale unsat_input = input it _invar’ for it_invar’:'it:linorder = _ +
fixes prf_next :: 'prf = int x 'prf

begin
abbreviation mkp_err :: _ = (natx'prf) error

where mkp__err msg = mkp__raw__err (msg) None None

abbreviation mkp_errN :: _ =__ = (natx'prf) error
where mkp__errN msg n = mkp__raw__err (msg) (Some (int n)) None
abbreviation mkp_errl :: __ =__ = (natx'prf) error

where mkp__errl msg i = mkp__raw__err (msg) (Some i) None

abbreviation mkp_errprf :: _ = __ = (natx'prf) error

where mkp__errprf msg prf = mkp_raw__err (msg) None (Some prf)
abbreviation mkp_errNprf :: _ = _ =_ = (natx'prf) error

where mkp__errNprf msg n prf = mkp_raw__err (msg) (Some (int n)) (Some prf)
abbreviation mkp_errlprf :: _ = _ =_ = (natx'prf) error

where mkp__errlprf msg i prf = mkp_raw__err (msg) (Some i) (Some prf)

definition parse_prf :: nat x ‘prf = (_,int x (nat x 'prf)) enres
where parse_prf = A(fuel,prf). doE {
CHECK (fuel > 0) (mkp_errprf STR "' Out of fuel’” (fuel,prf));
let (z,prf) = prf_next prf;
ERETURN (z,(fuel — 1,prf))
}

definition parse_id prf = doE {
(z,prf) < parse_prf prf;
CHECK (x>0) (mkp_errlprf STR " Invalid id"' z prf);
ERETURN (nat x,prf)

}

definition parse_idZ prf = doE {
(z,prf) < parse_prf prf;
CHECK (z>0) (mkp__errIprf STR "Invalid idZ"" x prf);
ERETURN (nat x,prf)

}

definition parse_type prf = doE {

(v,prf) < parse_prf prf;

if v=1 then ERETURN (UNIT_PROP, prf)

else if v=2 then ERETURN (DELETION, prf)

else if v=3 then ERETURN (RUP_LEMMA, prf)

else if v=4 then ERETURN (RAT_LEMMA, prf)

else if v=5 then ERETURN (CONFLICT, prf)

else if v=6 then ERETURN (RAT _COUNTS, prf)

else THROW (mkp__errIprf STR "Invalid item type' v prf)
}

definition parse_prf_literal prf = doE {
(4,prf) < parse_prf prf;
CHECK (i # 0) (mkp_errprf STR "'Expected literal but found 0" prf);
ERETURN (lit_o 4, prf)

}

definition parse_prf_literalZ prf = doE {
(4,prf) < parse_prf prf;
if (i=0) then ERETURN (None,prf)
else ERETURN (Some (lit_a 1), prf)
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abbreviation at_end it = it = it_end
abbreviation at 7 it = it _peek it = litZ

definition prfWF :: ((natx'prf) x (natx'prf)) set

where prfWF = measure fst
lemma wf_prfWF|[simp, intro!]: wf prfWF unfolding prfWF _def by simp
lemma wf_prfWEFtrcl[simp, intro!]: wf (prfWF™)

by (simp add: wf_trancl)

lemma parse_prf _spec/ THEN ESPEC _trans,refine_vcg:
parse_prf prf < ESPEC (M_. True) (A(__,prf’). (prf’,prf)EprfWE™)
unfolding parse prf_def
by refine_veg (auto simp: prfWF_def)

lemma parse_id_spec] THEN ESPEC _trans,refine_vcy]:
parse__id prf
< ESPEC (\_. True) (\(z,prf"). (prf',prf)eprfWEY A 2>0)
unfolding parse id_ def
by refine__vcg auto

lemma parse_idZ__spec[ THEN ESPEC _trans,refine_vcy]:
parse__idZ prf
< ESPEC (\_. True) (M (=z,prf"). (prf’prf)eprfWE™)
unfolding parse idZ_ def
by refine__vcg auto

lemma parse_type_spec[ THEN ESPEC _trans,refine__vcgl:
parse__type prf
< ESPEC (\_. True) (\(=z,prf"). (prf’prf)eprfWE™)
unfolding parse_type def
by refine__vcg auto

lemma parse_prf_literal _spec|[THEN ESPEC _trans,refine_vcg]:
parse__prf_literal prf
< ESPEC (\_. True) (\(__,prf"). (prf’ prf)eprfWE™)
unfolding parse prf literal def
by refine_vcg auto

lemma parse_prf_literalZ__spec| THEN ESPEC _trans,refine_vcgl:
parse__prf_literalZ prf
< ESPEC (\_. True) (\(__,prf"). (prf’,prf)eprfWE™)
unfolding parse_prf literalZ__def
by refine_vcg auto

end

type-synonym clausemap = (id — var clause) X (var literal — id set)
type-synonym state = clausemap X (var — bool)

definition ¢m__invar = A\(CM,RL).
(V Ceran CM. —is_syn_taut C)
AN(Vls. RL1= Somes— s {i.3C. CMi= Some C A leC})
definition ¢cm_F = A\(CM,RL). ran CM
definition ¢m_ids = A(CM, RL). dom CM

context unsat__input begin

VL
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definition resolve_id :: clausemap = id = (__,var clause) enres
where resolve_id = A\(CM,RL) i. doE {
CHECK (i€dom CM) (mkp_errN STR "Invalid clause id'" i);
ERETURN (the (CM 1))

}

definition remove_id :: id = clausemap = (__, clausemap) enres
where remove_id = i (CM,RL). ERETURN (CM (i:=None),RL)

definition remove_ids CMRLo prf = doE {
(i,prf) < parse_idZ prf;
(CMRL,i,prf) < EWHILEIT
(AM(CMRL,i,it). c¢m_invar CMRL
AN em F CMRL C em F CMRLg
A e¢m_ids CMRL C e¢m__ids CMRLo)
(A (3, ). i#£0)
(MCMRL,i,prf). doE {
CMRL <+ remove_id i CMRL;
(i,prf) « parse_idZ prf;
ERETURN (CMRL,i,prf)
}) (CMRL07’L7pr),
ERETURN (CMRL,prf)

}

definition add_clause
:: id = war clause = clausemap = (_, clausemap) enres
where add_clause = \i C (CM,RL). doE {
EASSERT (—is_syn__taut C);
EASSERT (i¢cm_ids (CM,RL));
let CM = CM(i — O);
let RL = (\l. case RL 1 of
None = None
| Some s = if leC then Some (insert i s) else Some s);
ERETURN (CM,RL)

}

definition get_rat_candidates
i clausemap = (var — bool) = wvar literal = (__,id set) enres
where
get_rat__candidates = \(CM,RL) A l. doE {
let | = neg_lit I;
CHECK (RL | # None) (mkp_err STR "'Resolution literal not declared’’);
Wit e
let cands_raw = the (RL 1);
I A 8 A Y A A R
let cands = { i€cands_raw.
3C. CM i = Some C
AN IeC A sem_clause’ (C — {1}) A # Some True };
ERETURN cands

}

lemma resolve_id_correct{ THEN ESPEC _trans,refine_vcgl:
resolve__id CMRL i
< ESPEC (A_. i¢dom (fst CMRL)) (AC. C € em_F CMRL A fst CMRL i = Some C)
unfolding resolve_id__def
apply refine_vcg
apply (auto simp: ecm__F_def intro: ranl)
done

lemma remove_id_correct{ THEN ESPEC _trans,refine_vcy]:
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cm__invar CMRL
—> remove__id 1 CMRL
< ESPEC
(\_. False)
(ACMRL'. em_invar CMRL'
A cm_F CMRL' C ¢m_ F CMRL
A em_ids CMRL' C em_ids CMRL)
unfolding remove_id_def
apply (refine__vcg)
apply (auto
simp: cm__F_def ran__def restrict_map__def cm__invar__def cm__ids _def
split: if _split_asm,)
apply fastforce
done

B S
lemma rtrancl_iny_image_ss: (inv_image R f)* C iny_image (R*) f
proof (clarify)

fix a b

assume (a,b) € (inv_image R f)*

thus (a,b) € inv_image (R*) f

by induction auto

qed

lemmas rtrancl_inv_image_ssI = rtrancl_inv_image_ss[THEN set_mp]

lemma remove__ids_correct{f THEN ESPEC _trans,refine_vcy]:
[em__invar CMRL]
= remove__ids CMRL prf
< ESPEC
(A_. True)
(AM(CMRL' prf"). em__invar CMRL’
A cm_ F CMRL' C em_ F CMRL
A em_ids CMRL’ C e¢m_ids CMRL
A (prf',prf)eprfWF*

unfolding remove_ids_def

apply (refine_vecg EWHILEIT _rule[where
R=inv_image (prfWF*) (M\(_,_,prf). prf)
)

by (auto dest: rtrancl_inv_image__ssl)

lemma add__clause__correct{ THEN ESPEC _trans,refine__vcg):
[em_invar CM; i¢cm__ids CM; —is_syn_taut O] =
add__clause i C CM < ESPEC (X\_. False) (A\CM".
em_F CM' = insert C (¢cm_F CM)
A ecm__invar CM'
A cm_ids CM' = insert i (cm_ids CM)

unfolding add_clause def

apply (refine_vcg)

apply (vc__solve
simp: cm__ids_def cm__F_def ran__def restrict_map__def cm__invar_def
split: option.split
solve: asm__rl)

subgoal by fastforce

A Y B 0 K L3 I LAY BT RT111101011101ET EARLa Le oms aey

done
definition rat candidates CM A reslit

={i.3C. CM i = Some C
A neg_lit reslit € C
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A —is_blocked A (C—{neg_lit reslit})}

lemma is_syn_taut_mono_aux: is_syn_taut (C—X) = is_syn_taut C
by (auto simp: is_syn__taut_def)

lemma get_rat_candidates__correct| THEN ESPEC _trans,refine__vcg):
[ em_invar CM |
= get_rat_candidates CM A reslit
< ESPEC (A_. True) (Ar. r=rat__candidates (fst CM) A reslit)
unfolding get rat_candidates def
apply refine_wvcg
unfolding cm__invar__def rat_candidates def is_blocked__def
apply (auto dest!: is_syn_taut_mono__aux simp: ranl)
apply force
done

definition check wunit clause A C
= ESPEC (M\_. —is_unit_clause A C) (Al. is_unit_lit A C'1)

definition apply_unit i CM A = doFE {
C « resolve_id CM i;
[ < check_unit_clause A C;
EASSERT (sem_lit' | A = None);
ERETURN (assign_lit A1)

}

definition apply_units CM A prf = doFE {
(i,prf) < parse_idZ prf;
(Ai,prf) « EWHILET
(\(Asisprf). i0)
(M(A,i,prf). doE {
A + apply_unit « CM A;
(4,prf) < parse_idZ prf;
ERETURN (A,i,prf)
1) (Adpr);
ERETURN (A,prf)
}

lemma apply_unit_correct{ THEN ESPEC _trans, refine_vcg]:
apply_unit i CM A < ESPEC (\_. True) (AA'. equiv’ (cm_F CM) A A’)
unfolding apply unit_def check_unit_clause__def
apply (refine_vcg)
apply (auto simp: unit_propagation)
apply (auto simp: is_unit_lit_def)
done

lemma apply_units_correct{ THEN ESPEC _trans, refine_vcy]:
apply_units CM A prf
< ESPEC
(A_. True)
(AMA",prf"). equiv’ (cm_F CM) A A’ A (prf’,prf)EprfWFT)
unfolding apply units_def
apply (refine_vcg
EWHILET _rulelwhere
I=X(A'_, ). equiv’ (em_F CM) A A’
and R=inv_image (prfWF™) (A(__,_,prf). prf)
]
)
apply (auto dest: equiv’_trans rtrancl_inv_image__ssl)
done
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Parse a clause and check that it is not blocked.

definition parse_check_blocked A it = doE {EASSERT (it_invar it); ESPEC
(A_. True)
(A\(C,A"it"). (3L
lz_string litZ it 1 it’
A it _invar it’
A C=clause « |
A —is_blocked A C
AN A= and_not_C A C))}

IR BRI 2 LSRR o ) 1o Bome s 1 sy

definition parse_skip_listZ :: (natx'prf) = (_,natx 'prf) enres where
parse__skip_listZ prf = doE {
(w,prf) < parse_prf prf;
(_,prf) < EWHILET (A(z,prf). 2#£0) (A(z,prf). parse_prf prf) (z,prf);
ERETURN prf
}

lemma parse_skip_listZ _correct{ THEN ESPEC _trans, refine_vcg):
shows parse__skip_listZ prf
< ESPEC (\_. True) (\prf’. (prf’prf)€prfWF™)
unfolding parse skip_ listZ_ def
apply (refine_vcg EWHILET _rule[where R=inv_image (prfWF™') snd and I=)\_. True])
apply (auto dest: rtrancl_invy_image__ssI)
done

Too keep proofs more readable, we extract the logic used to check that a RAT-proof provides an exhaustive
list of the expected candidates.

definition check candidates candidates prf check = doE {
(cand,prf) < parse_idZ prf;
(candidates,cand,prf) < EWHILET
(A(_,cand,_). cand#0)
(A(candidates,cand,prf). doE {
if cand € candidates then doE {
let candidates = candidates — {cand};
prf < check cand prf;
(cand,prf) < parse_idZ prf;
ERETURN (candidates,cand,prf)
} else doE {
prf  parse_skip_listZ pr; /SN I TSI
(sprf) < parse_prf prf; /K /800 GomInay s/
(cand,prf) < parse_idZ prf;
ERETURN (candidates,cand,prf)
}

1) (candidates,cand,prf);

CHECK (candidates = {}) (mkp_errprf STR ""Too few RAT—candidates in proof’' prf);
ERETURN prf

}

lemma check__candidates_rulefTHEN ESPEC _trans, zero__var_indezes|:
assumes check__correct: /\cand prf.
[ cand€candidates |
= check cand prf
< ESPEC (M\_. True) (Aprf’. ® cand A (prf’,prf)EprfWF™)
shows check_candidates candidates prf check
< ESPEC
(A_. True)
(Aprf'. (¥ candé€ candidates. ® cand) A (prf’,prf)eprfWE™)
supply check__correct{ THEN ESPEC _trans, refine__vcg|
unfolding check__candidates def

apply (refine_vcg
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EWHILET _rulelwhere
I=X(cleft,cand,prf).
cleft C candidates
A (Y c€candidates — cleft. @ c)
and R=inv_image (prfWF') (\(_,_,prf). prf)
)

by (auto dest: rtrancl_inv_image_ssl)

I 8 14 e oy sy 1t

definition check_rup proof :: state = 'it = (natx'prf) = (_, state x 'it X (natx'prf)) enres where
check_rup__proof = MN(CM,Ay) it prf. doE {
(t,prf) < parse_id prf;
CHECK (i¢cm_ids CM) (mkp_errNprf STR "'Duplicate ID" i prf);
(C,A’,it) < parse_check_blocked Ag it;
(A',prf) < apply_units CM A’ prf;
(confl_id,prf) < parse_id prf;
confl < resolve_id CM confl_id;
CHECK (is_conflict_clause A" confl)
(mkp__errNprf STR ''Ezpected conflict clause'’ confl_id prf);
EASSERT (redundant clause (cm_F CM) Ao C);
EASSERT (i ¢ c¢cm_ids CM);
CM <+ add__clause i C CM,
ERETURN ((CM,Ao),it,prf)
}

lemma check_rup_proof _correct| THEN ESPEC _trans, refine_vcgl:
assumes [simp|: s=(CM,A)
assumes cm__tnvar CM
assumes it _invar it
shows
check_rup__proof s it prf < ESPEC (A_. True) (A\((CM',A"),it’ prf’).
cm__invar CM'’
A (sat’ (em_F CM) A — sat’ (em__F CM') A”)
A (it_invar it’) A (prf’prf)EprfWF™

unfolding check__rup_ proof def parse__check__blocked__def
apply refine__vcg
using assms
by (vc_solve
simp:
split!: if _split_asm
intro: implied__is_redundant one__step__implied syn__taut_imp_ blocked
solve: asm__rl)

Y W) i A ey Wi 0

definition check_rat_proof :: state = 'it = (nat x 'prf) = (_, state x it x (nat x 'prf)) enres where
check_rat_proof = AN(CM,Ao) it prf. doE {
(reslit,prf) < parse_prf_literal prf;

CHECK (sem__lit" reslit Ao # Some False)
(mkp__errprf STR " Resolution literal is false'' prf);

(i,prf) < parse_id prf;
CHECK (i¢cem__ids CM) (mkp_errNprf STR "'Duplicate ID" i prf);
KN 13 TV L sy 1o s Lt ity
(C,A’,it) < parse_check_blocked Ay it;
CHECK (reslit € C) (mkp_errprf STR "'Resolution literal not in clause' prf);
(A',prf) < apply_units CM A’ prf;
candidates < get_rat_candidates CM A’ reslit;
prf < check__candidates candidates prf (Acand_id prf. doE {

cand <+ resolve__id CM cand__id,

FEASSERT (—is_blocked A’ (cand—{neqg_lit reslit}));
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let A" = and_mnot_C A’ (cand—{neg_lit reslit});
(A" prf) + apply_units CM A"’ prf;
(confl_id,prf) < parse_id prf;
confl + resolve__id CM confi_id,;
CHECK (is_conflict_clause A" confl)
(mkp__errprf STR "' Expected conflict clause'’ prf);
EASSERT (implied_clause (cm_F CM) Ao (C U (cand—{neg_lit reslit})));
ERETURN prf

s

EASSERT (redundant clause (cm_F CM) Ao C);
EASSERT (i ¢ c¢cm_ids CM);

CM <+ add__clause i C CM,

ERETURN ((CM,Ao),it,prf)

lemma rat_criterion:
assumes LIC: reslite C
assumes NFALSE: sem_ lit' reslit A # Some False
assumes EQ1: equiv’ (cm_F (CM, RL)) (and_not_C A C) A’
assumes CANDS: V cand€rat candidates CM A’ reslit.
implied__clause
(em_F (CM,RL))
A
(C U ((the (CM cand)) — {neg_lit reslit}))
shows redundant__clause (cm__F (CM,RL)) A C
proof (rule abs_rat_criterion|OF LIC NFALSE]; safe)
fix D
assume A: Decm_F (CM,RL) neg_lit reslit € D

show implied__clause (cm__F (CM, RL)) A (C U (D — {neg_lit reslit}))
proof (cases is_blocked A’ (D — {neg_lit reslit}))
case False
with A obtain cand
where D=the (CM cand) and cand€rat_candidates CM A’ reslit
by (force simp: rat_candidates_def cm__F_def ran__def)
thus ?thesis
using CANDS by auto
next
case True
thus %thesis
apply (rule_tac two__step__implied)
using EQI by auto
qed
qed

lemma check_rat_proof correct{ THEN ESPEC _trans, refine_vcg|:
assumes [simp|: s=(CM,A)
assumes cm__tnvar CM
assumes it _invar it
shows
check_rat_proof s it prf < ESPEC (A_. True) (A\((CM',A"),it’ prf’).
cm__invar CM'
A (sat’ (em_F CM) A — sat’ (em_F CM') A”)
A it_invar it’ A (prf’prf)EprfWE™

unfolding check_rat_proof def parse__check_blocked__def
apply refine__vcg

subgoal using assms by auto

subgoal using assms by auto
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using assms
apply (cases CM)
apply (elim conjE exE; simp)
apply hypsubst apply simp
subgoal premises prems for reslit prfl i prf2 it’ A’ prf3 CM RL 1
proof —
from prems have A:
reslit € clause_a 1
and CMI: em_invar (CM, RL)
and RESLIT SEM: sem_lit’ (reslit) A # Some False
and INID: i¢cm_ids (CM, RL)
and NBLK: — is_blocked A (clause o I)
and EQI: equiv’ (cm_F (CM, RL)) (and_not_C A (clause_a 1)) A’
and [simp]: it_invar it’
and PRF: (prfl, prf) € prfWF™ (prf2, prfl) € prfWF™ (prf3, prf2) € prfWF*
by — assumption+

from A have ARIC: reslit € clause_a | by auto

show ?%thesis
apply (refine_vcg check_candidates _rule[where
d=\i. implied__clause
(em_F (CM,RL))
A
(clause_a 1 U (the (CM i) — {neg_lit reslit}))])
apply vc_solve
applyS (auto simp: rat_candidates_def)
subgoal
thm two_step__implied
apply (rule two__step__implied)
apply (rule exl[where z=A")
using FQ1I apply auto
done
applyS auto ||
subgoal
apply (rule rat__criterion|OF ARIC RESLIT _SEM EQI))
apply auto
done
applyS (rule CMI)
subgoal using INID by simp
subgoal using NBLK by (auto intro: syn__taut_imp__blocked)
subgoal using PRF by auto
done
qed
done

definition check_item :: state = 'it = (nat x 'prf) = (_, (state x "it x (nat x 'prf)) option) enres
where check_item = A\(CM,A) it prf. doE {
(ty,prf) < parse_type prf;
case ty of
INVALID = THROW (mkp_err STR "'Invalid item'")
| UNIT_PROP = doFE {
(A,prf) < apply_units CM A prf;
ERETURN (Some ((CM,A),it,prf))
}
| DELETION = doE {
(CM,prf) « remove_ids CM prf;
ERETURN (Some ((CM,A),it,prf))
}
| RUP_LEMMA = doFE {
s « check_rup_proof (CM,A) it prf;
ERETURN (Some s)
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}
| RAT_LEMMA = doE {

s « check__rat_proof (CM,A) it prf;
ERETURN (Some s)
}

| CONFLICT = doFE {
(i,prf) < parse_id prf;
C < resolve__id CM 1;
CHECK (is_conflict_clause A C)

(mkp__errNprf STR "'Conflict clause has no conflict” i prf);

ERETURN None

| RAT _COUNTS =
THROW (mkp__errprf STR "'Not expecting rat— counts in the middle of proof'' prf)
}

lemma check_item__correct_pre:
assumes [simp]: s = (CM,A)
assumes cm__tnvar CM
assumes [simp|: it__invar it
shows check_item s it prf < ESPEC (A\_. True) (A
Some ((CM',A"),it' prf’) =
cm__invar CM'
A (sat’ (em_F CM) A — sat’ (em_F CM') A")
A it_invar it’ A (prf’prf)EprfWE™
| None = —sat’ (em_F CM) A
)
using assms(2,3)
apply clarsimp
unfolding check__item__def
apply refine__vcg
apply (split item__type.split; intro alll impl conjl)
applyS (refine_vcg; auto)
applyS (refine_vcg; auto simp: sat’_equiv)
applyS (refine_veg; auto simp: sat’_antimono)
applyS (refine_vcg; auto)
applyS (refine_vcg; auto)
applyS (refine_veg; auto simp: conflict_clause__imp_no__models sat’_def)
applyS (refine_vcg; auto)
done

o~ o~ —

lemma check_item__correct{ THEN ESPEC _trans, refine_vcg]:
assumes case s of (CM,A) = c¢m_invar CM
assumes it__invar it
shows check_item s it prf < ESPEC (A\_. True) (case s of (CM,A) = (A
Some ((CM',A"),it" prf’) =
cm__invar CM'
A (sat’ (em_F CM) A — sat’ (em__F CM') A')
A it_invar it’ A (prf’prf)EprfWE™
| None = —sat’ (cm_F CM) A)

)
using check__item__correct_prelof s __ __ it prf] assms
apply (cases s) by auto

definition cm__empty :: clausemap where cm__empty = (Map.empty, Map.empty)
lemma cmﬁemptyiinvar[simp]: cm__invar cm__empty
by (auto simp: cm__empty__def cm__invar_def)
lemma c¢cm_F_empty[simp]: em__F c¢cm__empty = {}
by (auto simp: cm__empty_def cm__F_def)
lemma cm__ids_empty[simp|: ecm__ids em_empty = {}
by (auto simp: cm__empty_def cm__ids _def)
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lemma c¢m_ids_empty _imp F_empty: em_ids CM = {} = ecm_F CM = {}
unfolding c¢m_ F_def cm__ids_def by (auto simp: ran__def)
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definition read clause check_taut itE it A = doE {
EASSERT (A = Map.empty);
EASSERT (it_invar it A it_invar itE A itran itE it__end);
(it',(t,A)) < parse_lz
(mkp_err STR "'Parsed beyond end’’)
litZ itFE it (A_. True) (\z (t,4). doF {
let | = lit_« x;
if (sem_lit" | A = Some False) then ERETURN (True,A)
else ERETURN (t,assign_lit A 1)
1) (False,A);

A + iterate_lz litZ itE it (A_. True) (Az A. doF {
let A = A(var_of _lit (lit_a z) := None);
ERETURN A

} A

ERETURN (it',(t,A))
}

lemma clause__assignment__syn__taut _aux:
Vi (sem_lit" | A = Some True) = (I € C); is_syn_taut C] = False
apply (clarsimp simp: is_syn__taut__conv)
by (metis map__option__eq _Some option.inject sem__neg__lit')

lemma read__clause__check__taut_correct| THEN ESPEC _trans,refine_vcg|:
[étran it itE; it _invar itE; A = Map.empty] =
read_ clause check taut itE it A
< ESPEC
(A_. True)
(A(it',(t,A)). A = Map.empty
A (3. lz_string litZ it | it’
A itran it’ itE
A (t = is_syn_taut (clause_a 1))))
unfolding read_clause check__taut def
apply (refine_vcg
parse__lz_rule[where
Dd=M\ist (t,4). dom A C var_of lit‘clause_a Ist
A (t — is_syn_taut (clause_a lst))
A (=t — (V1. sem_lit' | A = Some True «— | € clause_« Ist))

]

iterate_lz_rulelwhere ®=X\__ 12 A. dom A C var_of_lit‘clause_a 12]
)
apply (vc_solve simp: not_Some__bool _if itran__invarl)
applyS auto
applyS (auto simp: is_syn__taut_def)
applyS (auto simp: assign_lit_def split: if _splits)
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applyS (auto simp: is_syn_taut_def)

applyS (force simp: sem__lit' _assign__conv split: if _splits)
applyS (auto)

applyS (auto simp: itran__ord)

applyS (auto)

applyS (auto)

applyS (auto dest: clause__assignment__syn__taut__auz)
done

definition read_cnf new
= it = it = clausemap = (_, clausemap) enres
where read__cnf_new itE it CM = doFE {
(CM,next_id,A) < tok_fold itE it (\it (CM,next_id,A). doE {
(it'(t,A)) < read_clause_check_taut itE it A;
if t then ERETURN (it', (CM,next_id+1,A))
else doE {
FASSERT (31 it'. lz_string litZ it 1 it" A it_invar it');
let C = clause_a (the_lz_string litZ it);
CM <+ add__clause next_id C' CM;
ERETURN (it',(CM,next_id+1,A))

1) (CM,1,Map.empty);
ERETURN (CM)
}

lemma read_cnf_new_correct{ THEN ESPEC _trans, refine_vcg):
[seg it lst itE; em_invar CM; em_ids CM = {}; it_invar itFE]
= read__cnf _new itE it CM
< ESPEC (A_. True) (A\(CM).
(Ist £ [] — last Ist = litZ)
A cm__invar CM
A sat (em_F CM) = sat (set (map clause_« (tokenize litZ lst)))
)
unfolding read_cnf new_ def
apply (refine_vcg tok__fold_rule[where
d=\Ist (CM,next_1id,A).
A = Map.empty
A em__invar CM
A SAT _Basic.models (cm__F CM)
= SAT _Basic.models (set (map clause_a lst))
A (Vieem _ids CM. i<next_id)
and Z=litZ and l=Ist
)
apply (vc__solve)
apply ((drule (1) lz_string_determ)?;
fastforce
simp: SAT _Basic.models__def sat__def
simp: ecm__ids_empty__imp_ F__empty itran__invarl )+
done

definition cm_ init it
:: var literal = clausemap = (__,clausemap) enres
where c¢cm__init_lit = A\l (CM,RL). ERETURN (CM,RL(l — {}))

lemma cm_init_lit _correct{ THEN ESPEC _trans, refine_vcg]:
[ em_invar CMRL; ¢m_ids CMRL = {} | =
cm__init_lit | CMRL
< ESPEC (M\_. False) (A\CMRL'. ¢cm__invar CMRL' A ¢m_ids CMRL' = {})
unfolding cm_ init_lit_def
apply refine__vcg
apply (auto simp: cm__invar_def em__ids__def ran__def)
done
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definition nit_rat_counts prf = doE {

(ty,prf) < parse_type prf;
CHECK (ty = RAT_COUNTS) (mkp_errprf STR "'Expected RAT counts item'’ prf);

(I,prf) < parse_prf_literalZ prf;
(CM,_,prf) < EWHILET (M CM,l,prf). I£None) (A(CM,l,prf). doE {
EASSERT (I#None);
let | = the l;
(prf) < parse_prf prfs  /JUsY/Iammmms Ko Sy o gy s e 5 07 IR A o o iy sty
SO

let | = neg_lit I;
CM <+ cm__init_lit | CM;

(I,prf) < parse_prf_literalZ prf;
ERETURN (CM,l,prf)
b (em_empty,lprf);

ERETURN (CM,prf)
}

lemma init_rat_counts correct{ THEN ESPEC _trans, refine_vcg):
init__rat__counts prf
< ESPEC (A_. True) (\(CM,prf"). em_invar CM A cm_ids CM = {} A (prf',prf)€prfWF™)
unfolding init_rat counts def
apply (refine_vecg EWHILET _rule[where
I=X\(CM,_, ). em_invar CM
A em_ids CM = {}
and R=inv_image (prfWF1) (A\(__,_,prf). prf)
)

by (auto dest: rtrancl_inv_image__ssl)

definition verify_unsat F_begin F_end it prf = doE {
EASSERT (it_invar it);

(CM,prf) «+ init_rat_counts prf;
CM < read_cnf new F_end F_begin CM;
let s = (CM,Map.empty);

EWHILEIT
(ASome (_,it,_) = it_invar it | None = True)
(As. s#£None)
(As. doE {
EASSERT (s#None);
let (s,it,prf) = the s;

EASSERT (it_invar it);

check__item s it prf
1) (Some (s,it,prf));

ERETURN ()
} IR A L) B AL 0 1 o e koo iy aiions i/

lemma verify_unsat_ correct:
[seg F_begin Ist F_end; it_invar F_end; it_invar it] =
verify _unsat F_begin F_end it prf
< ESPEC (A_. True) (A_. F_invar Ist A —sat (F_a lst))
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unfolding verify unsat_def
apply (refine_vcg
EWHILEIT _ezpinv_rule[where
=X
(None) = —sat (F_a lst)
| (Some ((CM,A), it’, prf)) = it_invar it’
A em__invar CM
A (sat (F_a lst) — sat’ (em_F CM) A)
and R=iny_image (less_than <xlexx> prfWFT) (ANone = (0::nat,undefined) | Some (_, _,prf) = (1,prf))
]
)
apply vc__solve
apply assumption
applyS (auto)
applyS (auto simp: F_o__def F_invar_def)
applyS (clarsimp split: option.splits; auto)
applyS (auto split!: option.split_asm)
applyS (auto simp: F_o__def F_invar_def)
applyS (auto split: option.split__asm)
applyS (auto split: option.split_asm)
done

o~ — —

end — proof parser

4.2 Refinement — Backtracking

type-synonym bt__assignment = (var — bool) X var set

definition backtrack A T = A|(-T)
lemma backtrack__empty[simp]: backtrack A {} = A
unfolding backtrack__def by auto

definition is backtrack A’ T' A = T'Cdom A’ N A = backtrack A’ T’
lemma is_backtrack__empty[simp]: is_backtrack A {} A
unfolding is backtrack def by auto
lemma is backtrack not undec:
[ is_backtrack A" T' A; var_of lit leT' ] = sem_lit' | A’ # None
unfolding is_backtrack_def apply (cases l) by auto

lemma is_backtrack__assignl:
lis_backtrack A" T’ A; sem_lit' | A’ = None; x = var_of _lit ]
= is_backtrack (assign_lit A’ 1) (insert z T') A
unfolding is backtrack__def backtrack__def
apply (cases I; simp; intro conjl)
by (auto simp: restrict_map__def)

context unsat_input begin

definition assign_lit_bt = AA T I. doF {
FASSERT (sem_lit' | A = None A var_of litl ¢ T);
ERETURN (assign_lit A 1, insert (var_of lit 1) T)

}

definition apply_unit_bt i CM A T = doFE {
C < resolve__id CM 1;
[ < check_unit_clause A C;
assign_lit_bt A Tl

}

definition apply_units_bt CM A T prf = doFE {
(i,prf) < parse_idZ prf;
((A,T),i,prf) « EWHILET
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(A(A, T),i,prf). i#0)
(A((A,T),i,prf). doE {
(A, T) « apply_unit_bti CM A T;
(i,prf) « parse_idZ prf;
ERETURN ((A,T).i,prf)
B (A, T),i,prf);
ERETURN ((A,T),prf)
}

definition parse_check blocked_bt A it = doE {EASSERT (it_invar it); ESPEC
(A_. True Xey/ s/ /sise /)7 500 /%)
(MC,(A,T"),it"). F1.
lz_string litZ it 1 it’
A it_invar it’
A C=clause ol
A —is_blocked A C
ANA =and not CAC
A T'={ v. v€var_of lit‘C AN A v = None })}

definition and_not_C_bt A C = doE {
EASSERT (—is_blocked A C);
ERETURN (and_not_C A C, { v. v€var_of lit‘C N A v = None })

}

definition check_candidates’ candidates A prf check = doE {
(cand,prf) < parse_idZ prf;
(candidates,A,cand,prf) < EWHILET
(A(__,_,cand,_). cand+#0)
(A(candidates,A,cand,prf). doE {
if cand € candidates then doE {
let candidates = candidates — {cand};
(A,prf) + check cand A prf;
(cand,prf) < parse_idZ prf;
ERETURN (candidates,A,cand,prf)
} else doFE {
prf < parse__skip_ listZ prf;
(_,prf) < parse_prf prf;
(cand,prf) < parse_idZ prf;
ERETURN (candidates,A,cand,prf)

}
1) (candidates,A,cand,prf);

CHECK (candidates = {}) (mkp_errprf STR ''Too few RAT— candidates in proof' prf);
ERETURN (A,prf)

}

lemma check__candidates’_refine__ca[refine]:
assumes [simplified,simp]: (candidatesi,candidates)€ld (prfi,prf)€ld
assumes [refine|: \candi prfi cand prf A
[(candi,cand)€ld; (prfi,prf)eld; (A',A)€ld]
= check’ candi A’ prfi
<Up UNIV ({(Ayprf).prf) | prf. True })
(check cand prf)
shows check_candidates’ candidatesi A prfi check’
<Up UNIV {((A.prf).prf) | prf. True )
(check__candidates candidates prf check)
unfolding check candidates’ _def check candidates def
apply refine_rcg
supply RELATESI[where R={((c,A,prf),(c,prf))| ¢ prf. True}, refine_dref RELATES]
supply RELATESI[where R={((A,prf),prf) | prf. True }, refine_dref RELATES]
apply refine__dref _type
apply (vc_solve simp: RELATES__def)
done
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lemma check__candidates’__refine[refine]:
assumes [simplified,simp|:
(candidatesi,candidates)€ld (prfi,prf)eld (Ai,A)eld
assumes FRID: Id C ER
assumes [refinel:
Ncandi prfi cand prf A" A. [(candi,cand)€1d; (prfi,prf)eld; (A’,A)€ld]
= check’ candi A" prfi <Ur ER (Idx.Id) (check cand A prf)
shows check_candidates’ candidatesi Ai prfi check’
<lr ER (Idx.Id) (check_candidates’ candidates A prf check)
unfolding check_candidates’ _def check candidates def
apply refine_rcg
apply refine_dref type
using ERID
apply (vc_solve solve: asm__rl)
done

definition check rup proof bt :: state = 'it = (natx 'prf) = (_, state x 'it X (natx'prf)) enres where
check__rup__proof_bt = A(CM,A) it prf. doE {
(i,prf) < parse_id prf;
CHECK (i¢cm_ids CM) (mkp_errNprf STR ''Duplicate ID"' i prf);
(C,(A,T),it) < parse__check_blocked_bt A it;
((A,T),prf) < apply_units_bt CM A T prf;
(confl_id,prf) < parse_id prf;
confl + resolve__id CM confi_id,;
CHECK (is_conflict_clause A confl)
(mkp__errNprf STR ''Ezpected conflict clause'’ confl_id prf);
EASSERT (i ¢ c¢cm_ids CM);
CM <+ add__clause i C CM,
ERETURN ((CM ,backtrack A T),it,prf)

}

definition check_rat_proof bt :: state = 'it = (nat x 'prf) = (_,state x 'it X (nat x 'prf)) enres where
check_rat_proof _bt = \(CM,A) it prf. doE {
(reslit,prf) + parse_prf_literal prf;

CHECK (sem_lit' reslit A # Some Fulse)
(mkp__errprf STR " Resolution literal is false'' prf);

(t,prf) < parse_id prf;
CHECK (i¢cm__ids CM) (mkp_errNprf STR "'Duplicate ID" i prf);
(C,(A,T),it) < parse_check_blocked bt A it;
CHECK (reslit € C) (mkp_errprf STR "'Resolution literal not in clause' prf);
((A,T),prf) « apply_units_bt CM A T prf;
candidates < get_rat_candidates CM A reslit;
(A,prf) < check_candidates’ candidates A prf (Acand_id A prf. doE {

cand <+ resolve__id CM cand__id,;

(A,T2) + and_not_C bt A (cand—{neg_lit reslit});
((A,T2),prf) < apply_units_bt CM A T2 prf;
(confl_id,prf) < parse_id prf;
confl < resolve__id CM confl_id;
CHECK (is__conflict__clause A confl)

(mkp__errprf STR "' Expected conflict clause'’ prf);
ERETURN (backtrack A T2,prf)

13
EASSERT (i ¢ cm_ids CM);

CM <+ add_clause i C CM;
ERETURN ((CM,backtrack A T),it,prf)
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definition bt _assign_rel A
={ (A T),AY| A’ T. T Cdom A’ N A= A{(-T) }
definition bt need bt rel Ao

=br (A_. Ao) M(A",T'). T'Cdom A’ A backtrack A’ T' = Aop)

IR0 0 0 L G 172 KBTI PN 1541 A P B s L o ) 1 B 1y KRN Y e 14y I
KR L OB )

lemma bt_rel_simps:
((Ai,T),A)ebt_assign_rel Ag = Ai=A A backtrack A T = Ao A TCdom A
((Ai,T),A)ebt_need_bt_rel Ay = A=Ao A backtrack Ai T = Ao N TCdom Ai
unfolding bt_assign_rel def bt_need_bt_rel_def
by (auto simp: backtrack__def in__br_conv)

lemma bt _in_bta rel: T C dom A = ((A,T),A)ebt_assign_rel (backtrack A T)
by (auto simp: bi__assign_rel _def backtrack__def)

lemma and_not_C_bt_refine[refine]: [ —is_blocked A C; (Ai,A)eld; (Ci,C)eld |
= and_not_C_bt Ai Ci <{yg UNIV (bt_assign_rel A) (ERETURN (and_not_C A C))
apply (auto
simp: pw__ele_iff refine__pw__simps
simp: and_not_C_bt_def and_not__C _def bt__assign__rel_def restrict_map__def
split!: if _splits intro!: ext)
apply force
apply force
apply (metis var_of lit.elims)
apply force

apply force
apply (force simp: is_blocked__alt sem__clause’_true__conv)

apply (force simp: is_blocked__alt sem__clause’_true__conv)
done

lemma parse_check_blocked bt_refine[refine]: | (Ai,A)€ld; (iti,it)eld |
— parse__check__blocked_ bt Ai iti
< g UNIV (Id X, bt_assign_rel A x, Id) (parse_check_blocked A it)
unfolding parse check__blocked__bt__def parse__check__blocked__def
apply clarsimp
apply (refine_rcg)
apply (clarsimp simp: econc_fun_ESPEC; rule ESPEC _rule)
apply (clarsimp simp: bt__assign__rel__def; safe; simp?)

subgoal for __ _ it
by (cases lit; auto simp: and_not__C_def; force)

subgoal
apply (
clarsimp
simp: and_not__C_def restrict_map__def is__blocked__def
intro!: ext;
safe)
apply (force|force simp: sem__clause’_true__conv)+
done
subgoal by auto
done

lemma assign_lit_bt_refine[refine]:
[ sem_lit" | A = None; ((Ai, Ti),A)€bt_assign_rel Ag; (li,l)eld ]
= assign__lit_bt Ai Ti li
<{g UNIV (bt_assign_rel Ag) (ERETURN (assign_lit A 1))
unfolding assign__lit_bt _def assign__lit _def bt__assign__rel__def
apply refine_vcg
applyS simp
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subgoal by (cases 1) auto
subgoal by (cases Il; auto simp: restrict_map__def introl: ext)
done

lemma apply__unit_bt_refine[refine]:
[ (#,i)eld; (CMi,CM)eld; ((Ai, T%),A)Ebt_assign_rel Ao |
= apply__unit_ bt i CMi Ai Ti
<{Ug UNIV (bt_assign_rel Ag) (apply_unit i CM A)
unfolding apply unit bt _def apply unit_def
apply refine_rcg
apply refine_dref _type
apply (vc_solve dest!: bt_rel _simps)
done

lemma apply_units _bt_refine[refine]:
[ (CMi,CM)eld; ((Ai,Ti),A)ebt_assign_rel Ao; (iti,it)eld |
= apply_units bt CMi Ai Ti iti
<Ur UNIV (bt_assign_rel Ao X, Id) (apply_units CM A it)
unfolding apply units bt def apply_units def
supply RELATESI|[of bt_assign_rel A for A, refine_dref RELATES)]
apply refine_rcg
apply refine_dref type
apply auto
done

term check__rup_proof
lemma check_rup_proof bt_refine[refine]:
[ (si,s)eld; (iti,it)eld; (prfi,prf)€ld ]
= check_rup__proof bt si iti prfi <yg UNIV Id (check_rup__proof s it prf)
unfolding check__rup_ proof bt _def check_rup_proof def
apply refine_rcg
apply refine_dref type
apply (auto simp: bt_in_bta_rel dest!: bt_rel simps)
done

lemma check_rat_proof _bt_refine[refine]:
[ (si,s)eld; (iti,it)eld; (prfi,prf)€ld ]
= check_rat_proof bt si iti prfi <{}g UNIV Id (check_rat_proof s it prf)
unfolding check__rat_proof bt_def check_rat_proof def
apply refine_rcg
apply refine_dref type
apply (auto simp: bt_in_bta_rel dest!: bt_rel _simps) /Dukes/ iy

done

definition check_item_ bt :: state = it = (nat x 'prf) = (_, (state x ‘it x (nat x 'prf)) option) enres
where check__item__bt = A\(CM,A) it prf. doE {
(ty,prf) < parse_type prf;
case ty of
INVALID = THROW (mkp_err STR "'Invalid item'’)

| UNIT_PROP = doE {
(A,prf) + apply_units CM A prf;
ERETURN (Some ((CM,A),it,prf))

| DELETION = doE {
(CM,prf) < remove_ids CM prf;
ERETURN (Some ((CM,A),it,prf))

| RUP_LEMMA = doF {
s < check_rup__proof_bt (CM,A) it prf;
ERETURN (Some s)

| RAT _LEMMA = doE {
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s « check_rat_proof bt (CM,A) it prf;
ERETURN (Some s)

| CONFLICT = doE {
(¢,prf) < parse_id prf;
C « resolve_id CM 1;
CHECK (is_conflict_clause A C)
(mkp__errNprf STR "'Conflict clause has no conflict’ i prf);
ERETURN None
}
| RAT_COUNTS =
THROW (mkp__errprf STR "'Not expecting rat— counts in the middle of proof'' prf)
}

lemma check item bt refine[refine]: [(si,s)€ld; (iti,it)€ld; (prfi,prf)€ld]
= check__item_ bt si iti prfi <|g UNIV Id (check_item s it prf)
unfolding check_item_ bt_ def check_item__def
apply refine_rcg
apply refine_dref type
applyS simp

subgoal
apply (split item__type.split; intro impl conjl; simp)
apply (refine_rcg; auto)
apply (refine_rcg; auto)
done
done

definition verify _unsat_bt F_begin F_end it prf = doE {
EASSERT (it_invar it);

(CM,prf) «+ init_rat_counts prf;
CM < read_cnf new F_end F_begin CM;
let s = (CM,Map.empty);

EWHILEIT
(ASome (_,it, ) = it _invar it | None = True)
(As. s#None)
(As.
doE {
EASSERT (s#None);
let (s,it,prf) = the s;

EASSERT (it_invar it);

check__item_ bt s it prf
}) (Some (s,it,prf));
ERETURN ()
} SR O3 IS B AR L 1 ol s i s s ey iy

lemma verify_unsat_bt_refine[refinel:
[ (F_begini,F_begin)€ld; (F_endi,F_end)€ld; (iti,it)€ld; (prfi,prf)€ld |
= verify_unsat_bt F_begini F_endsi ili prfi
<{g UNIV Id (verify_unsat F_begin F_end it prf)
unfolding verify unsat_bt_def verify__unsat__def
apply refine_rcg
apply refine_dref type
apply vc__solve
done
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end — proof parser

4.3 Refinement 1

Model clauses by iterators to their starting position

type-synonym ('it) clausemapl = (id — 'it) x (var literal — id list)
type-synonym ('it) statel = ('it) clausemapl X (var — bool)

context unsat_input begin

definition cref rel
= { (cref,C). I it'. lz_string litZ cref 1 it’
A it _snvar it’
A C = clause_a 1}
definition next it rel
= { (cref,it’). 1. lz_string litZ cref L it’ A it_invar it'}

definition clausemapl_rel
= (Id — (cref_rel)option_rel) X, (Id — (br set (A_. True))option__rel)
abbreviation statel_rel = clausemapi1_rel X, Id

definition parse_check__clause cref ¢ f s = doE {
(it,s) < parse_lz (mkp_err STR "'Parsed beyond end'’) litZ it_end cref ¢ (Az s. doE {
EASSERT (xz # litZ);
let | = lit_«a x;
fls
} s
ERETURN (s,it)
}

lemma parse__check__clause__rule__auzx:
assumes [[simp]: I {} s
assumes F_RL:
ANCls. [ICs;cs] = fls< ESPEC (A_. True) (I (insert! C))
assumes [simp]: it_invar cref
shows parse__check_clause cref ¢ f s < ESPEC
DO S AT N True)
(A(s,it"). 3 C.
1Cs
A (¢ s —> it_invar it’
A (cref,C) € cref rel
A (cref,it") € next it rel)
)
unfolding parse check_ clause__def
apply (refine_vcg parse_lz_rule[where ®=\l s. I (clause_a 1) s])
apply (vc_solve simp: F_RL)
apply (auto simp: cref _rel_def next_it_rel def dest!: itran_invarD)
done

lemma parse_check__clause__rule:
assumes [0: I {} s
assumes [simp]: it_invar cref
assumes F_RL:

ANCLls. [ICs;cs] = fls< ESPEC (\_. True) (I (insert! C))
assumes ACsit". [I Cs; —cs] = Q (s,it))
assumes A\C s it'.

[ ICs;cs;(cref,it’)enext it_rel; (cref,C)ecref rel | = Q (s,it”)
shows parse__check__clause cref ¢ f s < ESPEC (A_. True) Q
apply (rule order__trans)
apply (rule parse__check__clause_rule__auz[of I, OF 10])
apply (erule (1) F_RL)
apply fact
using assms(4,5)
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by (fastforce simp: ESPEC _rule_iff next_it_rel_def cref rel def)

I 1o ) B e Ao s/

definition iterate clause cref ¢ f s =
iterate_lz litZ it_end cref ¢ (Ax s. f (lit_a x) s) s

lemma iterate clause rule:
assumes CR: (cref,C)€ecref _rel
assumes [0: I {} s
assumes F_RL: ANC1 [ s.
[IC1s; CICC;leC;cs] = fls< ESPECE (I (insertl C1))
assumes T IMP: N\s. [c¢s; ICs] = Ps
assumes C_IMP: As C1. [ -cs; CICC; I Cl s = Ps
shows iterate_clause cref ¢ f s < ESPEC E P
proof —
from CR obtain [ it’ where
ISLZ: Iz _string litZ cref | it’
and INV: it invar it’
and [simp]: C = clause_« |
by (auto simp: cref _rel_def)

show ?%thesis
unfolding iterate_ clause__def
apply (refine_vcg
iterate_lz rule[OF ISLZ, where ®=M\I1 12 s. I (clause_« 1) s))
apply vc__solve
applyS (simp add: INV itran__ord)
applyS (simp add: 10)
applyS (rule F_RL; auto)
applyS (erule C_IMP; assumption?; auto)
applyS (auto intro: T__IMP)
done
qed

definition check_unit_clausel A cref = doE {
ul « iterate__clause cref (Aul. True) (Al ul. doE {
CHECK (sem_lit' I A # Some True)
(mkp_err STR " True literal in clause assumed to be unit'’);
if (sem_lit' | A = Some False) then ERETURN ul
else doFE {
CHECK (ul = None V ul = Some l)
(mkp_err STR "'2—undec in clause assumed to be unit'’);
ERETURN (Some 1)
}
1) None;
CHECK (ul # None) (mkp_err STR "'Conflict in clause assumed to be unit’’);
EASSERT (ul # None);
ERETURN (the ul)

}

lemma check_unit_clausel _refine[refine]:
assumes [simplified, simp|: (Ai,A)€ld
assumes CR: (cref,C)€Ecref _rel
shows check_unit_clausel Ai cref <{gUNIV Id (check_unit_clause A C)
unfolding check_unit_clausel def check_unit_clause_def econc_ fun__univ_id
apply refine__vcg
apply (refine_vcyg iterate_clause_rule][OF CR, where
I=X\C" ul. case ul of
None = sem__clause’ C' A = Some False
| Some | = is_unit_lit A C' ]
)

apply (auto split: option.splits simp: is_unit_clause__def)
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subgoal by (smt Diff iff insert_iff is_unit_lit_def sem__clause’_false_conv)

subgoal by (smt Diff _empty Diff _insert0 boolopt__cases__aux.cases
insertl1 insert_ Diff1 is_unit_lit_def
sem__clause’_false__conv)

subgoal by (simp add: is_unit_lit_def)

subgoal apply (drule (2) is_unit_lit _unique__ss)

using sem_ not_ false the unit_lit by blast

subgoal using is_unit_clausel unit_contains no__true by blast

subgoal using is_unit_clausel unit_contains _no__true by blast

subgoal by (simp add: unit_clause_sem’)

done

definition resolve_idl = AN(CM,_) i. doE {
CHECK (i€edom CM) (mkp_errN STR "Invalid clause id'" i);
ERETURN (the (CM 7))

}

lemma resolve_id1_refine[refine]:
[ (CMi,CM)€eclausemapl rel; (ii,i)€1d |
= resolve__id1 CMi i <{g UNIV cref _rel (resolve_id CM 1)
unfolding resolve_id1 def resolve id_ def clausemapl rel def
apply (cases CM; cases CMji)
apply (clarsimp simp: pw__ele_iff refine_pw__simps)
apply (auto dest!: fun_relDlwhere z=i and z'=i] elim: option_relE)
done

definition apply_unitl_bt i CM A T = doF {
C + resolve_id1 CM 1
| < check_unit_clausel A C;
assign_lit_ bt A Tl

}

lemma apply_unitl _bt_refine[refine]:
[ (i,9)eld; (CMi,CM)€Eclausemapl__rel; (Ai,A)€ld; (Ti,T)eld |
= apply_unitl_bt i CMi Ai Ti < ygUNIV Id (apply_unit_bt i CM A T)
unfolding apply unit_bt_def apply unitl bt def
apply refine_rcg
apply (vc_solve)
done

definition apply_units1_bt CM A T prf = doF {
(i,prf) < parse_idZ prf;
((A,T),i,prf) + EWHILET
(4, 7),4,pr). i0)
(M(A,T),i,prf). doE {
(A, T) < apply_unitl_bti CM A T;
(i,prf) + parse_idZ prf;
ERETURN ((A,T),i,prf)
b (A, T),iprf);
ERETURN ((A,T),prf)
}

lemma apply_unitsl_bt_refine[refine]:
[ (CMi,CM)eclausemapl_rel; (Ai,A)eld; (Ti,T)eld; (iti,it)eld |
= apply_unitsl_bt CMi Ai Ti iti < g UNIV Id (apply_units_bt CM A T it)
unfolding apply unitsi__bt_def apply units bt _def
apply refine__rcg
apply refine__dref type
apply vc_solve
done

definition apply_unitl i CM A = doFE {
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C <« resolve_id1 CM 1;
I < check_unit_clausel A C;
ERETURN (assign__lit Al)

}

lemma apply_unitl__refine[refinel:
[ (ii,5)eld; (CMi,CM)€E clausemapl_rel; (Ai,A)€ld |
= apply_unitl it CMi Ai < yg UNIV Id (apply_unit i CM A)
unfolding apply_unit_def apply_unitl_def
apply refine_rcg
apply (vc_solve)
done

definition apply units! CM A prf = doFE {
(t,prf) < parse_idZ prf;
(A,i,prf) + EWHILET
(\(Ari.prf). i0)
(MA,i,prf). doE {
A <+ apply _unitl i CM A;
(i,prf) < parse_idZ prf;
ERETURN (A,i,prf)
D (Ayiprf);
ERETURN (A,prf)
}

lemma apply_unitsl_refine[refine]:
[ (CMi,CM)eclausemapl rel; (Ai,A)eld; (iti,it)eld |
= apply_units]1 CMi Aiiti < g UNIV Id (apply_units CM A it)
unfolding apply units1_def apply units def
apply refine_rcg
apply refine__dref type
apply vc_solve
done

lemma dom__and_not_C_diff _auz: [—is_blocked A C]
= dom (and_not_C A C) — dom A = {v € var_of _lit * C. A v = None}
apply (auto simp: is_blocked_def sem__clause’_true__conv)
apply (auto simp: dom__def and_not_C _def split: if _split_asm)
apply force

apply force
subgoal for [ by (cases ) auto

done

lemma dom__and_not_C_eq: dom (and_not_C A C) = dom A U var_of_lit‘C
apply (safe; clarsimp?)
apply (force simp: and_not_C_def dom__def split: if _split_asm) ||
apply (force simp: and_not_C_def) ||
subgoal for [ by (cases l) (auto simp: and_not_C _def)
done

lemma backtrack _and_not_C _trail _eq: [ is_backtrack (and_not C A C) T A]
= T ={v € wvar_of lit*C. Av= None}
apply (safe; clarsimp?)
subgoal
apply (clarsimp
simp: is_backtrack__def backtrack__def
stmp: dom__and_not_C_eq restrict_map__def)
apply (frule (1) set_rev_mp; clarsimp)
apply (metis option.distinct(1))
done
subgoal
apply (clarsimp simp: is_backtrack_def backtrack_def restrict_map__def)

51



by meson

subgoal
apply (clarsimp simp: is_backtrack__def backtrack_def restrict_map__def)
by (metis sem_lit"_none_conv sem_lit_and_not_C_None__conv)

done

definition parse_ check blockedl Ao cref = doE {
((A,T),it") < parse_check__clause cref (A_. True) (Al (A,T). doE {
CHECK (sem_lit" |l A # Some True) (mkp_err STR "'Blocked lemma clause'’);
if (sem_lit" | A = Some False) then ERETURN (A,T)
else doFE {
EASSERT (sem_lit' | A = None);
EASSERT (var_of _litl ¢ T);
ERETURN (assign_lit A (neg_lit 1), insert (var_of lit1) T)
}
1} (Ao, {});
ERETURN (cref,(A,T),it")
}

lemma parse__check_blocked1__refine[refine]:
assumes [simplified, simp]: (Ai,A)eld (iti,it)eld
shows parse__check_blockedl Ai iti
< g UNIV (cref_rel x, Id x, Id) (parse_check_blocked bt A it)
unfolding parse_check__blocked__bt__def
apply refine__rcg
unfolding econc_fun ESPEC
apply simp
unfolding parse check__blockedl _def
apply (refine_vcyg
parse__check__clause__rule[where I=\C (A',T").
is_backtrack A’ T' A
A —is_blocked A C
ANA" "= and _not CAC
]
)
apply (vc_solve
stmp: and__not_insert_False
stmp: is__backtrack__assignl is__backtrack_not_undec)

subgoal by (auto
simp: is_blocked__insert_iff sem__lit _and_mnot_C__conv
intro: is_blockedI1 is_blockedI2) [|
subgoal by (auto simp: not_Some__bool if) |]
subgoal by (auto simp: is_blocked__insert_iff sem_lit_and_not_C_None__conv) ||
subgoal by (auto simp: simp: and_not_insert_None) ||
subgoal
apply (clarsimp simp: next_it_rel_def cref_rel_def)
apply (drule (1) lz_string_determ)
apply (intro exl conjl;
assumption?;
auto simp: backtrack_and_not_C_trail _eq; fail)
done
done

definition check conflict clausel prfo A cref
= iterate__clause cref (A_. True) (Al _. doFE {
CHECK (sem_lit' | A = Some False)
(mkp__errprf STR "' Expected conflict clause’’ prfo)

H O

lemma check__conflict_clausel__refine[refine]:
assumes [simplified,simp]: (Ai,A)€ld
assumes CR: (cref,C)€cref _rel
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shows check_conflict_clausel ity Ai cref
<{g UNIV Id (CHECK (is_conflict clause A C) msg)
proof —
have ES_REW: g UNIV Id (CHECK (is_conflict_clause A C) msg)
= ESPEC (M\_. —is_conflict_clause A C) (A_. is_conflict_clause A C)
by (auto simp: pw__eeq iff refine_pw__simps)

show ?thesis
unfolding check__conflict _clausel__def ES_REW
apply (refine_vcg
iterate__clause_rule[OF CR, where I=\C __. is_conflict_clause A C])
by (auto simp: sem__clause’_false__conv)
qed

definition lit_in_clausel cref | = doFE {
iterate__clause cref (Af. =f) (Mz _. doE {
ERETURN (I=lx)
1) False

}

lemma lit_in__clausel__correct{THEN ESPEC _trans, refine_vcgl:
assumes CR: (cref,C) € cref _rel
shows lit_in_clausel cref lc < ESPEC (A_. False) (Ar. r <— lce()
unfolding /it _in_ clausel _def
apply (refine_vcg iterate_clause_rulelOF CR, where I=\C r. r +— lce()])
by auto

definition lit_in_ clause_and_not_true A cref lc = doE {
f < iterate__clause cref (Mf. f#£2) (Al f. doE {
if (I=lc) then ERETURN 1
else if (sem_lit' | A = Some True) then ERETURN 2
else ERETURN f
1 (0::nat);
ERETURN (f=1)

}

lemma lit_in__clause__and_not_true_correct{ THEN ESPEC _trans, refine_vcg|:
assumes CR: (cref,C) € cref_rel
shows lit_in_ clause_and_not_true A cref lc
< ESPEC (X\_. Fulse)
(Ar. 7 +— lceC A sem_ clause’ (C—{ic}) A # Some True)

unfolding /it _in_ clause_and_not_true def
apply (refine_vcyg iterate__clause_rule][OF CR, where I=\C f. f€{0,1,2}

A (f=2 +— sem__clause’ (C—{lc}) A = Some True)

A (f=1 — lceC)

A (f=0 — lcg¢ O)])

by (vc__solve simp: insert_minus__eq sem__clause’ _true_conv solve: asm_ rl)

definition and_not_C_excl A cref exl = doF {
iterate__clause cref (A_. True) (Al (A,T). doE {
if (I # exl) then doE {
EASSERT (sem_lit' | A # Some True);
if (sem_lit' | A # Some False) then doE {
FEASSERT (var_of litl ¢ T);
ERETURN (assign_lit A (neg_lit 1), insert (var_of _lit 1) T)
} else
ERETURN (A,T)
} else
ERETURN (A,T)

D (A1)
}
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lemma and_not_C_excl_refine[refine]:
assumes [simplified,simp]: (Ai,A)€ld
assumes CR: (cref,C) € cref _rel
assumes [simplified,simp]: (exli,exl)€ld
S B A WA AR
shows and_mnot_C __excl Ai cref exli
<|yg UNIV (Idx,Id) (and_not_C bt A (C—{exl}))

unfolding and_not_C bt _def
apply (rule EASSERT _bind_refine_right)
apply (simp add: econc_fun_ERETURN)
unfolding and_not_C __excl def
apply (refine_vcg iterate_clause_rule[OF CR,

where I=)\C' (A", T"). A’ = and_not_C A (C' — {eal})

A is_backtrack A" T’ A])

apply (vc_solve simp: insert_minus__eq)
subgoal

by (auto

simp: sem__lit_and_not_C_conv sem__clause’_true_conv is_blocked _alt)

subgoal

by (meson boolopt_cases__auzx.cases is_backtrack_not_undec)
subgoal

by (metis (full_types) and_not_insert_None boolopt _cases _aux.cases

insert_minus__eq)

subgoal

by (metis (full_types) boolopt_cases__aux.cases is_backtrack__assignl

sem__lit" _none_conv var_of _lit_neg__eq)

subgoal by (simp add: and_not_insert_False)
subgoal using backtrack _and_mnot_C_trail _eq by blast
done

definition get_rat_candidates!

i ('it) clausemapl = (var — bool) = wvar literal = (__,id set) enres

where

get_rat_candidates] = N\(CM,RL) A l. doE {
let | = neg_lit I;
let cands_raw = RL I,
CHECK (—is_None cands_raw) (mkp_err STR ''Resolution literal not declared’);
/B N feididnes)
let cands__raw = the cands__raw;
AT EB NS0 o Ly,

L A O A R J S e omisiony e/
cands < enfoldli cands_raw (A_. True) (Mi s. doE {

let cref = CM 1;
if —is_None cref then doE {
let cref = the cref;
lant < lit_in_ clause__and_not_true A cref I;
if lant then doE {
FABSERI i) 5
ERETURN (insert i s)
} else ERETURN s
} else ERETURN s

H Ak
FERETURN cands

}

I OIS K L o s jitlisatios) s ) 1 A i s T e ey 1o ) o a7 it
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lemma get_rat_candidates1_refine[refine]:
assumes CMR: (CMi,CM)e clausemapl_rel
assumes [simplified, simp|: (Ai,A)€ld (resliti,reslit)eld
shows get_rat_ candidates! CMi Ai resliti
<|g UNIV (Id) (get_rat_candidates CM A reslit)
unfolding get rat_candidatesl__def get_rat_candidates def
apply (rewrite at Let (RL _) _ in case CMi of (CM,RL) = X Let_ def)
apply refine_rcg
apply refine__dref type
apply vc_solve
subgoal
using CMR
by (auto
simp: clausemapl__rel def cref rel def
dest!: fun_relD[where t=neq_lit reslit and z'=neqg_lit reslit]
elim: option__relE
)
SIBGA 101111 1 11T 111 Aoy SO IR 1 s OBl A S e Kot ey L 1 LA L1000 111 vy
TG B0 LB ot L I B A 5 o I 33 1111 By 1.1 o i i i L 4oy

S o LN 1111 /e
subgoal premises prems for CM RL CMi RLi cands__raw

proof —
from CMR prems have
CM__ref: (CMi, CM) € Id — (cref_rel)option_rel and
RL_ref: (RLi, RL) € Id — (br set (A_. True))option__rel
by (auto simp: clausemapl_rel def in__br_conv)

define cands_rawi where cands_rawi = the (RLi (neg_lit reslit))
from prems fun_relD[OF RL_ref IdI[of neg lit reslit]|
have [simp]|: cands_raw = set cands__rawi MSY/Eomas/iomt
unfolding cands_rawi_def by (auto simp: in__br_conv elim: option_relE)
note cands_rawi__def[symmetric,simp]

show ?thesis
apply (refine_vcg enfoldli_rule[where I=M\I1 12 s.
s Iyl s = { i€set 1. 3C.
CM i = Some C
A neg_lit reslite C
A sem__clause’ (C — {neg_lit reslit}) A # Some True }])
apply vc__solve

subgoal for i 11 12
using fun_relD[OF CM__ref IdI[of i]]
by (auto elim: option_relE simp: cref _rel_def in__br_conv)
focus apply (rename_tac i 11 12)
apply (subgoal tac (the (CMi i), the (CM 7)) € cref _rel, assumption)
subgoal for i 11 (2
using fun_relD[OF CM__ref IdI[of ]|
by (force elim!: option__relE simp: cref _rel _def in__br_conv) /Tukes/86me/ tinye/
solved
subgoal for i 11 12
using fun_relD[OF CM__ref IdI|[of i]]
by (auto elim!: option_relE simp: cref _rel__def in__br_conv)
subgoal for i 11 12
using fun_relD[OF CM__ref IdI|[of i]]
by (auto elim!: option_relE simp: cref _rel__def in__br_conv)
done
qged
done

definition backtrackl A T = do {
ASSUME (finite T);
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FOREACH T (Az A. RETURN (A(z:=None))) A
}

lemma backtrackl_correct{THEN SPEC _trans, refine_vcg):
backtrackl A T < SPEC (Ar. r = backtrack A T)
unfolding backtrack1__def
apply (refine_vcg FOREACH _rule[where I=\it A’. A’ = backtrack A (T—it)))
apply (vc_solve simp: backtrack__def)
by (auto simp: it_step_insert_iff restrict_map__def intro!: ext)

definition (in —) abs_cr_register_ndj
i 'a literal = "id = ('a literal — "id list) = ('a literal — 'id list)
where abs_cr_register_ndj | cid cr = case cr | of

None = cr | Some s = cr(l — cid#s)

definition register_clausel cid cref RL = doE {
iterate__clause cref (A_. True) (Al RL. doE {
ERETURN (abs__cr_register_ndj | cid RL)
1) RL
}

%ﬁﬁﬂ/ﬁ/ﬂ//VWIZ///W%WW#WW%/I/?/////////W#/W%/M%/W/‘/WW/W/M//WW%/%/W/W/////////W%W///ﬁ///%ﬁ/ﬂ’lm’/ﬂ

definition RL_upd cid C RL = (Al. case RL | of
None = None
| Some s = if leC then Some (insert cid s) else Some s)

lemma RL_upd_empty[simp]: RL_upd cid {} RL = RL
by (auto simp: RL_upd__def split: option.split)

lemma RL_upd_insert eff:
RL_upd cid C RL | = Some s
= RL_upd cid (insert | C) RL = (RL_upd cid C RL)(l — insert cid s)
by (auto simp: RL__upd__def split: option.split if _split_asm introl: ext)

lemma RL_upd_insert noeff:
RL _upd cid C RL | = None => RL_upd cid (insert | C) RL = RL upd cid C RL
by (auto simp: RL_upd__def split: option.split if _split_asm intro!: ext)

lemma register__clausel__correct| THEN ESPEC_trans, refine_vcy]:
assumes CR: (cref,C)€ecref _rel
assumes RL: (RLi,RL)€ld — (br set (A_. True))option_rel
S T L KA e N s R
shows register__clausel cid cref RLi
< ESPEC (X\_. False)
(ARLi'. (RLi', RL_upd cid C RL) € Id — (br set (A_. True))option__rel)
proof —
show ?%thesis
unfolding register clausel__def abs_cr_register_ndj_def
apply (refine_vcg
iterate__clause__rule][OF CR, where
I=\C RLi'. (RLi', RL_upd cid C RL)
€ Id — (br set (A_. True))option_rel]

)

apply (vc_solve solve: asm__rl)

subgoal for [
using fun_relD[OF RL IdI[of l]] by simp
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subgoal for C'| RL I’
applyl (frule fun_relD[OF __ IdI[of 1]])
applyl (frule fun_relD[OF __ IdI[of I'])
applyl (erule option_relE;

stmp add: RL_upd_insert_eff RL__upd_insert_noeff)

applyS (auto simp: in__br_conv mbhd_insert_correct mbhd__insert_invar) ||
done

subgoal for RLi I’
applyl (drule fun_relD[OF __ IdI[of 1))
applyl (erule set_rev_mp[OF __ option_rel_mono))
applyS (auto simp: in__br_conv mbhd__invar_exit)
done

done

qed

definition add_clausel
i id = it = ('it) clausemapl = (_,('it) clausemapl) enres
where add__clausel = \i cref (CM,RL). doE {
let CM = CM(i — cref);
RL < register_clausel i cref RL;
ERETURN (CM,RL)

}

lemma add_clausel _refine[refine]:
[ (it,9)eld; (cref,C)ecref _rel; (CMi,CM)€ clausemapl rel | =
add__clausel ii cref CMi <|g UNIV clausemapl_rel (add_clause i C CM)
unfolding add_clausel__def add__clause__def
apply (cases CMi; cases CM; simp only: split)
subgoal for _ RLi__ RL
apply refine__vcg
supply RELATESI|of Id — _, refine_dref RELATES)
supply RELATESI[of br set (A_. True), refine_dref RELATES)
apply refine_dref type
applyS assumption
applyS (erule fun_relD[rotated, where f=RLi and f'=RL];
auto simp: clausemapl__rel_def)
S SHH000 34085
applyl clarsimp subgoal for RLi’ |
apply (drule fun_relD[OF __ IdI[of 1]])
apply (cases RLi' I; cases RL I; simp)
applyS (auto simp: RL__upd__def split: if _split_asm) |]
applyS (auto simp: RL__upd_def split: if _split_asm) ||
applyS (auto
simp: RL__upd__def cref rel_def in__br_conv
split: if _split_asm)
done
subgoal
apply (simp add: clausemap1_rel def)
apply parametricity
by auto
done
done

definition check_rup_proof1
i ('it) statel = "it = (natx'prf) = (_,("it) statel X it x (natx'prf)) enres
where
check_rup__proofl = AN(CM,A) it prf. doE {
(i,prf) < parse_id prf;
CHECK (i¢cm_ids CM) (mkp_errNprf STR "' Duplicate ID" i prf);
(cref,(A,T),it) < parse_check_blockedl A it;
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((A,T),prf) + apply_unitsl_bt CM A T prf;
(confl_id,prf) < parse_id prf;

confl + resolve__id1 CM confl id;
check__conflict _clausel prf A confl;

CM < add_clausel i cref CM;

A « enres_lift (backtrackl A T);
ERETURN ((CM,A),it,prf)

lemma c¢cm1_rel_imp__eq ids[simp):
assumes (cml,cm)€Eclausemapl rel
shows c¢m__ids cm1 = cm__ids cm
proof —
show ?thesis using assms
apply (rule_tac 1dD)
unfolding clausemapl _rel _def cm_ids def
apply parametricity
apply (force elim!: option_relE dest: fun_relD[OF __ IdI])
done
qed

lemma check__rup_ proofl__refine[refine]:
assumes SR: (si,s)Estatel rel
assumes [simplified, simp]: (iti,it)eld (prfi,prf)eld
shows check_rup proofl si iti prfi
<{rg UNIV (statel_rel x, Id x, Id) (check_rup_proof bt s it prf)
proof —
have REW: ERETURN (i,CM, backtrack A T) = doE {
let A = backtrack A T,
ERETURN (i,CM,A)} for i CM A T
by auto

note [refine_dref RELATES| = RELATESI|of clausemapl_rel]

show ?thesis
unfolding check__rup_ proofl__def check__rup__proof bt _def
unfolding REW
using SR
apply refine_rcg
apply refine__dref type
apply (vc_solve)

subgoal by (intro refine_dref RELATES) /000 mofie /110 s sUosu sisons ki o ais s e AT S 77 4os,
Yiiiniiiiiiiini it 2 e e

subgoal by refine_vcg auto
done
qed

definition check rat candidates part1 CM reslit candidates A prf =
check__candidates’ candidates A prf (Acand_id A prf. doE {
cand < resolve_id1 CM cand__id,;

(A, T2) + and_not_C _excl A cand (neg_lit reslit);
((A,T2),prf) < apply_unitsl_bt CM A T2 prf;
(confl_id,prf) < parse_id prf;

confl < resolve__id1 CM confl_id,;
check__conflict_clausel prf A confl;

A «+ enres_lift (backtrackl A T2);

ERETURN (A,prf)

H

definition check_rat_proofl
i ('it) statel = it = (nat x ‘prf) = (_,('it) statel x 'it x (nat x 'prf)) enres
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where
check_rat_proofl = \(CM,A) it prf. doE {
(reslit,prf) < parse_prf_literal prf;
CHECK (sem__lit" reslit A # Some False)
(mkp__errprf STR "' Resolution literal is false'’ prf);
(i,prf) < parse_id prf;
CHECK (i¢cm_ids CM) (mkp_errNprf STR ''Ids must be strictly increasing’’ i prf);
(cref,(A,T),it) < parse__check_blockedl A it;

CHECK__monadic (lit_in_ clausel cref reslit)
(mkp__errprf STR " Resolution literal not in clause’ prf);
((A,7),prf) < apply_units1_bt CM A T prf;
candidates < get_rat_candidates1 CM A reslit;
(A,prf) + check_rat_candidates_part] CM reslit candidates A prf;
CM <+ add_clausel i cref CM;
A <« enres_lift (backtrackl A T);
ERETURN ((CM,A),it,prf)
}

lemma check__rat_proofl__refine|[refine]:
assumes SR: (si,s)Estatel rel
assumes [simplified, simp]: (iti,it)€ld (prfi,prf)€ld
shows check__rat__proofl si iti prfi
<{r UNIV (statel_rel X, Id x, Id) (check_rat_proof bt s it prf)
proof —
have REW1: ERETURN (i,CM, backtrack A T') = doE {
let A = backtrack A T,
ERETURN (i,CM,A)} for i CM A T
by auto

have REW2: ERETURN (backtrack A T, it) = doE {
let A = backtrack A T
ERETURN (A,it)} for A T it
by auto

show ?thesis
unfolding check__rat_proofl__def check_rat_proof bt _def
check__rat__candidates _partl def
unfolding REW! REW?2
using SR
apply refine_vcg
supply RELATESI[of Id — Id, refine_dref RELATES]
apply refine_dref type
supply [[goals_limit=1]]
apply (vc_solve solve: asm_rl RELATESI) //T0Kes/M3/1ime it/
done
qed

definition remove id1
it id = (‘cref) clausemapl = (_,(‘cref) clausemapl) enres
where remove_idl = \i (CM,RL). ERETURN (CM(i:=None),RL)

lemma remove_id1_refine[refine]:
[ (ii,9)eld; (CMi,CM)eE clausemapl_rel |
= remove_id1 it CMi <|g UNIV clausemapl__rel (remove_id i CM)

unfolding remove_id1__def remove_id_ def

by (auto
simp: pw__ele_iff refine_pw_simps clausemapl rel def
stmp: in__br_conv restrict_map__def
dest: fun__relD
elim: option__relE
split: prod.split
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)

definition remove idsl
o (‘eref) clausemapl = (nat x 'prf) = (_,(‘cref) clausemapl x (nat x 'prf)) enres
where
remove__ids1 CM prf = doE {
(i,prf) < parse_idZ prf;
(CM,i,prf) + EWHILET
(A(i,). i#0)
(MCM,i,prf). doE {
CM <+ remove_idl i CM,
(i,prf) < parse_idZ prf;
ERETURN (CM,i,prf)
1) (CM.iprf):
ERETURN (CM,prf)

}

lemma remove__idsl__refine[refinel:
[ (CMi,CM)€Eclausemapl_rel; (prfi,prf)€ld |
= remove_idsl CMi prfi <z UNIV (clausemapl rel X, Id) (remove_ids CM prf)
unfolding remove__ids1__def remove_ids_def EWHILET _def /I ReGistin & EiILBEIL éfne
Vi 7
supply RELATESI|of clausemapl__rel, refine_dref RELATES)]
apply refine_rcg
apply refine__dref type
apply vc_solve
done

definition check iteml1
i ('it) statel = it = (nat x 'prf) = (_,((it) statel x 'it x (nat X 'prf)) option) enres
where check_item1 = \(CM,A) it prf. doE {
(ty,prf) < parse_type prf;
case ty of
INVALID = THROW (mkp_err STR "'Invalid item'’)
| UNIT_PROP = doE {
(A,prf) « apply_units] CM A prf;
ERETURN (Some ((CM,A),it,prf))
}
| DELETION = doE {
(CM,prf) + remove_ids1 CM prf;
ERETURN (Some ((CM,A),it,prf))
}
| RUP_LEMMA = doFE {
s < check_rup_proofl (CM,A) it prf;
ERETURN (Some s)
}
| RAT_LEMMA = doE {
s + check_rat_proofl (CM,A) it prf;
ERETURN (Some s)
}
| CONFLICT = doF {
(i,prf) « parse_id prf;
cref < resolve__id1 CM i,
check__conflict_clausel prf A cref;
ERETURN None
}
| RAT _COUNTS = THROW (mkp__errprf
STR ""Not ezpecting rat—counts in the middle of proof’ prf)

lemma check__item1__refine[refine]:
assumes SR: (si,s)Estatel__rel
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assumes [simplified, simp]: (iti,it)€ld (prfi,prf)€ld
shows check_item1 si iti prfi
<{r UNIV ((statel__rel x, Id X, Id)option_rel) (check_item_bt s it prf)
unfolding check_item1 def check_item_ bt _def
apply refine__rcg
using SR
apply refine__dref type
applyS simp
apply (split item__type.split; intro alll impl conjl; clarsimp)
apply ((refine_rcg, refine_dref type?); auto; fail)+
done

lemma check_item1__deforest: check_item! = (A(CM,A) it prf. doE {

(ty,prf) < parse_prf prf;

if ty=1 then doE {
(A,prf) < apply_units1 CM A prf;
ERETURN (Some ((CM,A),it,prf))

}

else if ty=2 then doE {
(CM,prf) + remove_ids1 CM prf;
ERETURN (Some ((CM,A),it,prf))

else if ty=3 then doE {
s < check_rup_proofl (CM,A) it prf;
ERETURN (Some s)

else if ty=4 then doE {
s + check_rat__proofl (CM,A) it prf;
ERETURN (Some s)

else if ty=>5 then doE {
(i,prf) < parse_id prf;
cref < resolve_idl1 CM i,
check__conflict__clausel prf A cref;
ERETURN None
}
else if ty=6 then
THROW (mkp__errprf STR "'Not expecting rat— counts in the middle of proof'' prf)
else
THROW (mkp__errlprf STR "'Invalid item type'’ ty prf)
}

unfolding check_item1 _def parse_type def
R M 801 0 1t e i)/
apply (intro ext)

apply (simp split: prod.split)

apply (intro alll impl)

apply (fo_rule fun__cong arg_cong)+
apply (intro ext)

apply (simp split: prod.split)

done

definition (in —) cm_emptyl :: (‘cref) clausemapl
where cm__emptyl = (Map.empty, Map.empty)

lemma cm__empty_refine[refine]: (cm__emptyl, cm__empty) € clausemapl_rel
unfolding cm__emptyl_def cm__empty_ def clausemapl rel def
by auto

definition is_syn_taut! cref A = doE {
EASSERT (A = Map.empty);
(t,A) + iterate_clause cref (A(t,A). —t) (Al (t,A). doE {
if (sem_lit" | A = Some False) then ERETURN (True,A)
else if sem_lit' | A = Some True then ERETURN (False,A) /UL 606 hans ilaek for/its)/
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else doE {
FEASSERT (sem_lit" | A = None);
ERETURN (False,assign__lit A 1)

}
1) (False,A);

VG S8 S RS 8 s st/
A « iterate__clause cref (A_. True) (Al A. doE {

let A = A(var_of _lit | := None);
ERETURN A
1) 4

ERETURN (t,A)
}

lemma is_syn_tautl_correct{ THEN ESPEC _trans, refine_vcy]:
assumes CR: (cref,C)Ecref _rel
assumes [simp]: A = Map.empty
shows is_syn_taut! cref A
< ESPEC (X\_. Fulse) (A(t,A). (t <— is_syn_taut C) N A=Map.empty)
proof —
show ?thesis
unfolding is_syn_tautl def
apply (refine_vcg
iterate__clause_rule]OF CR, where I=\C (t,A).
(t — is_syn_taut C)
A (=t — (V1. sem_lit' | A = Some True «— 1€QC))
A dom A C var_of lit‘C]
iterate__clause__rule][OF CR,
where I=\C" A. (dom A C var_of_lit{(C — C"))]
)
apply
apply
apply (auto simp: is_syn_taut_def) [|
apply (auto simp: sem__lit' _assign__conv split: if _splits) ||
apply (force simp: sem__lit' _assign__conv split: if _splits) [|
subgoal premises prems for __ A
proof —
from prems have
SL: V1. sem_lit' | A = Some True +<— l€C and
TAUT: is_syn_ taut C
by auto

ve__solve simp: not__Some__bool__if)
auto)

~ A~~~

from TAUT obtain [ where I€C neg litl € C
by (auto simp: is_syn__taut_conv)
with SL
have sem_lit' | A = Some True sem_lit" (neg_lit ) A = Some True
by (auto simp del: sem_neg_lit")
thus False by simp
qed
subgoal by fastforce
subgoal by (fastforce simp: is__syn_ taut_def)
done
qed
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definition read_cnf newl
it = it = it clausemapl = (_, "it clausemapl) enres
where read__cnf_newl! itE it CM = doFE {
(CM next_id,A) <+ tok_fold itE it (\it (CM,next_id,A). doFE {
(it',(t,A)) < read_clause_check_taut itE it A;
if t then ERETURN (it', (CM,next_id+1,A))
else doE {
FEASSERT (31 it’. lz_string litZ it 1 it');
let C = it;
CM <+ add__clausel next_id C' CM;
ERETURN (it',(CM,next_id+1,A))
}
1) (CM,1,Map.empty);
ERETURN (CM)
}

lemma read__cnf _newl _refine[refine]:
assumes [simplified,simpl: (F_begini, F_begin)€ld (F_endi,F'_end)eld
assumes [simp]: (CMi,CM)é€ clausemapl_rel
shows read_cnf newl F_endi F_begini CMi
< yg UNIV (clausemapl_ rel)
(read__cnf_new F_end F_begin CM)
unfolding read cnf newl def read cnf new def
apply refine_rcg
supply RELATESI|of clausemapl_rel, refine_dref RELATES)
apply refine_dref type
apply vc__solve
applyS auto
subgoal unfolding cref rel def by auto
done

definition cm_init lit]
i war literal = ('it) clausemapl = (_,("it) clausemapl) enres
where cm__init_lit1 = A\l (CM,RL). ERETURN (CM,RL(l — []))

definition init_rat_counts! prf = doE {

(ty,prf) < parse_type prf;
CHECK (ty = RAT_COUNTS) (mkp_errprf STR "'Ezpected RAT counts item'’ prf);

(I,prf) < parse_prf_literalZ prf;

(CM,_,prf) <+ EWHILET (A(CM,l,prf). I£None) (AM(CM,l,prf). doE {
EASSERT (I#None);
let | = the I

(_prf) < parse_prf prf;

let | = neg_lit I
CM + cm__init_lit1 | CM;

(I,prf) < parse_prf_literalZ prf;
ERETURN (CM,l,prf)
1) (em_emptyl,l,prf);

ERETURN (CM,prf)
}

lemma init_rat_countsl__refine[refine]:
assumes [simplified,simp|: (prfi,prf)€ld
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shows init_rat_counts! prfi <{yg UNIV (clausemapl_rel x, Id) (init_rat_counts prf)
unfolding init_rat _countsl _def init_rat_counts__def
cm__ingt_lit__def cm__init_lit1__def
apply refine_rcg
supply RELATESI|of clausemapl__rel, refine_dref RELATES)]
apply refine__dref type
apply (vc_solve simp: cm__empty_refine)
subgoal by (auto simp: clausemapl__rel_def in__br_conv dest!: fun_relD)
done

lemma init_rat_countsl__deforest: init_rat_countsl prf = doE {
(ty,prf) < parse_prf prf;
CHECK (ty=1Vity=2Viy=3Viy=4Vity=5Vity=56)
(mkp__errIprf STR "'Invalid item type’ ty prf);
CHECK (ty = 6) (mkp_errprf STR "'Expected RAT counts item'’ prf);
(I,prf) <+ parse_prf_literalZ prf;
(CM,Lprf) « EWHILET
(AM(CM,l,prf). I£None)
(MCM,Lprf). doE {
EASSERT (l#None);
let | = the I

(_,prf) + parse_prf prf;
let | = neg_lit I
CM <+ cm__init_lit1 | CM,

(I,prf) < parse_prf_literalZ prf;
ERETURN (CM,l,prf)
}) (em_emptyl,1,prf);
ERETURN (CM,prf)
}
unfolding init_rat countsl def parse type def
apply (simp split: prod.split)
apply (fo_rule fun__cong arg_cong)+
apply (intro ext)
apply (simp split: prod.split)
done

definition verify _unsat! F_begin F_end it prf = doE {
EASSERT (it_invar it);
(CM,prf) < init_rat_counts! prf;
CM < read_cnf _newl F_end F__begin CM;
let s = (CM,Map.empty);
EWHILEIT
(ASome (__,it, ) = it_invar it | None = True)
(As. s#None)
(As. doE {
EASSERT (s#None);
let (s,it,prf) = the s;
EASSERT (it_invar it);
check__iteml s it prf

}) (Some (s,it,prf));
ERETURN ()

} ST [ O 5 KRR T30 S Y 1y omascsy e hntiont) )
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lemma verify_unsatl__refine[refine]:
[ (F_begini,F_begin)€ld; (F_endi,F_end)€ld; (iti,it)eld; (prfi,prf)€ld |
= verify_unsatl F_begini F_endi iti prfi
<Ug UNIV Id (verify_unsat_bt F_begin F__end it prf)
unfolding verify unsatl__def verify_unsat_bt_def
apply refine_rcg
supply RELATESI|of statel__rel, refine_dref RELATES]
apply (auto elim: option_relF)
done

end

4.4 Refinement 2
4.4.1 Getting Out of Exception Monad

context unsat_input
begin
lemmas [enres_inline] = parse_id_ def parse_idZ__def parse_prf_literal _def parse_prf_literalZ__def

synth-definition parse_prf_bd is [enres_unfolds]: parse_prf prf = X
apply (rule CNV_eqD)
unfolding parse prf def
apply opt_enres _unfold
apply (rule CNV_1)
done
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synth-definition check_unit_clausel bd
is [enres_unfolds]: check_unit_clausel A cref = X
apply (rule CNV_eqD)
unfolding check unit_ clausel__def iterate__clause__def pgrane/ iz a¢f
apply opt_enres unfold
apply (rule CNV_I)
done

— Optimization to reduce map lookups
lemma resolve_id1_alt: resolve_idl = (A(CM,_) i. doE {
let x = CM 1
if (z=None) then THROW (mkp_errN STR "Invalid clause id"’ 7)
else ERETURN (the z)
b
unfolding resolve_id1 def
apply (intro ext)
apply (auto simp: pw__eeq_iff refine_pw__simps Let_def split: if _split_asm)
done

synth-definition resolve_id1_bd is [enres_unfolds]: resolve_idl CM cid = X
apply (rule CNV_eqD)
unfolding resolve_id1 _alt
apply opt_enres_unfold
apply (rule CNV_1)
done

synth-definition apply unitl bt bd
is [enres__unfolds]: apply _unitl_bti CM A T =
apply (rule CNV_egD)
unfolding apply unitl bt def assign_lit bt _def
apply opt_enres_unfold
apply (rule CNV_1I)
done
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synth-definition apply unitsi__bt _bd
is [enres_unfolds]: apply_unitsl_bt CM A T units = X
apply (rule CNV_eqD)
unfolding apply unitsi__bt_ def
apply opt_enres_unfold
apply (rule CNV_1)
done

synth-definition apply_unitl_bd is [enres_unfolds]: apply unitl i CM A = K
apply (rule CNV_egD)
unfolding apply unitl def
apply opt_enres_unfold
apply (rule CNV_1I)
done

synth-definition apply unitsl_bd
is [enres_unfolds]: apply units] CM A units = X
apply (rule CNV_egD)
unfolding apply units1_ def
apply opt_enres_unfold
apply (rule CNV_I)
done

synth-definition remove idsl_bd
is [enres__unfolds]: remove__idsl CM prf = X
apply (rule CNV_eqD)
unfolding remove_idsl _def remove_idl def
apply opt_enres_unfold
apply (rule CNV_1)
done

synth-definition parse check_blocked1 bd
is [enres_unfolds]: parse__check_blockedl A cref = X
apply (rule CNV_egD)
unfolding parse__check__blocked1__def parse__check__clause__def porse//2//867
apply opt_enres unfold
apply (rule CNV_I)
done

synth-definition check__conflict clausel__bd
is [enres__unfolds]: check__conflict_clausel prfo A cref = K
apply (rule CNV_egD)
unfolding check__conflict_clausel__def iterate__clause__def iteptie// 14/ /0¢f
apply opt_enres_unfold
apply (rule CNV_I)
done

synth-definition and_not C _excl bd
is [enres_breakdown]: and_not_C_excl A cref exl = enres_lift X

unfolding and_not_C _excl_def iterate_clause_def warighe/ 12/ 4¢f/

by opt__enres unfold

synth-definition lit _in_ clause__and_not_true bd
is [enres_breakdown]: lit_in__clause__and_not_true A cref lc = enres_lift X

unfolding lit_in_ clause__and_not_true_def iterate_clause__def jtépte//M//a4)
by opt__enres__unfold

synth-definition lit_in_ clause_ bd
is [enres_breakdown]: lit_in__clausel cref lc = enres_lift X

unfolding lit_in_ clausel _def iterate__clause__def jtémate /b /aef

by opt_enres_unfold
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synth-definition get rat_candidates1__bd
is [enres_unfolds]: get_rat_candidates! CM A | = x
apply (rule CNV_egD)
unfolding get rat_candidates!__def
apply opt_enres_unfold
apply (rule CNV_1I)
done

synth-definition add_ clausel bd
is [enres_breakdown]: add_clausel i it CM = enres_lift

unfolding add_ clausel__def register__clausel _def iterate_ clause__def iyenie/ 14/ 3¢f
by opt__enres__unfold

synth-definition check_rup_proofl bd
is [enres_unfolds]: check_rup_proofl s it prf = 1
apply (rule CNV_egD)
unfolding check_rup_proofl def
apply opt_enres_unfold
apply (rule CNV_1)
done

term check rat_candidates partl
synth-definition check_rat_candidates parti_bd
is [enres__unfolds]:
check__rat__candidates__partl CM reslit candidates A prf = x
apply (rule CNV_eqD)
unfolding check_rat_candidates partl def
check__candidates’ _def parse__skip__listZ__def poyseyib el
apply opt_enres_unfold
apply (rule CNV_I)
done

synth-definition check rat_proofl bd
is [enres_unfolds]: check_rat_proofl s it prf = X
apply (rule CNV_eqD)
unfolding check_rat_proofl__def
apply opt_enres_unfold
apply (rule CNV_1I)
done

synth-definition check_item1 bd is [enres_unfolds]: check_item1 s it prf = X
apply (rule CNV_egD)
unfolding check_item1__deforest
apply opt_enres_unfold
apply (rule CNV_I)
done

synth-definition is_syn_tauti_bd
is [enres_breakdown]: is_syn_tautl cref A = enres_lift X

unfolding is_syn_ tautl def iterate_ clause__def werote/ 12/ d¢f

by opt__enres unfold
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synth-definition read_ clause__check_taut bd
is [enres_unfolds]: read_clause__check_taut F_end F_begin A = X
apply (rule CNV_eqD)
unfolding read_clause__check__taut__def paysé/ 14/ /aeyeraie/ a6
apply opt_enres_unfold
apply (rule CNV_I)
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done

synth-definition read_cnf newl bd
is [enres_unfolds]: read_cnf newl F_begin F_end CM = X
apply (rule CNV_egD)
unfolding read_cnf newl def tok_fold_def
apply opt_enres_unfold
apply (rule CNV_1I)
done

synth-definition init_rat_countsl bd
is [enres_unfolds]: init_rat_countsl prf = X
apply (rule CNV_egD)
unfolding init_rat_countsl _deforest cm__init_lit1_ def
apply opt_enres_unfold
apply (rule CNV_I)
done
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synth-definition verify unsatl__bd
is [enres__unfolds]: verify_unsatl F_begin F_end it prf = X
apply (rule CNV_eqD)
unfolding verify unsatl__def
apply opt_enres_unfold
apply (rule CNV_1)
done

end

4.4.2 Instantiating Input Locale

locale GRAT def loc = DB2 def loc +
fixes prf_next :: 'prf = int x 'prf

locale GRAT loc = DB2 loc DB frml_end + GRAT __def loc DB frml_end prf_next
for DB frml_end and prf_next :: 'prf = int x 'prf

context GRAT loc
begin
sublocale unsat_input liti.next liti.peek liti.end liti.I prf_next
apply unfold_locales
done

end

4.4.3 Extraction from Locale

named-theorems eztrloc__unfolds

concrete-definition (in GRAT loc) parse_prf2_loc
uses parse_prf_bd__def[unfolded extrloc_unfolds]
declare (in GRAT loc) parse_prf2_loc.refine[extrloc_unfolds]
concrete-definition parse_ prf2
uses GRAT loc.parse_prf2_loc_def[unfolded extrloc__unfolds]
declare (in GRAT loc) parse_prf2.refine]OF GRAT _loc__axioms, extrloc__unfolds

concrete-definition (in GRAT loc) parse__check__blocked2 loc
uses parse__check__blocked1_bd__def[unfolded extrloc__unfolds|
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declare (in GRAT loc) parse__check__blocked2_loc.refine[extrloc__unfolds]
concrete-definition parse_ check__blocked2

uses GRAT _loc.parse__check__blocked2_loc__def[unfolded extrloc__unfolds|
declare (in GRAT loc) parse__check__blocked2.refine]OF GRAT loc__azioms, extrloc__unfolds]

concrete-definition (in GRAT loc) check_unit_clause2_loc
uses check_unit_clausel_bd__def[unfolded extrloc__unfolds]
declare (in GRAT loc) check_unit_clause2_loc.refine[extrloc__unfolds]
concrete-definition check _unit_clause2 uses GRAT _loc.check_unit__clause2_loc__def[unfolded extrloc__unfolds
declare (in GRAT loc) check_unit_clause2.refinelOF GRAT loc__azioms, extrloc_unfolds]

concrete-definition (in GRAT loc) resolve_id2_loc
uses resolve_id1__bd_def[unfolded extrloc_unfolds]
declare (in GRAT loc) resolve_id2 loc.refine[extrlioc _unfolds|
concrete-definition resolve_id2 uses GRAT _loc.resolve_id2_loc__def[unfolded extrloc__unfolds]
declare (in GRAT loc) resolve_id2.refine]OF GRAT loc__azioms, extrloc_unfolds

concrete-definition (in GRAT loc) apply_units2_loc
uses apply_unitsl__bd_ def[unfolded apply_unitl_bd_def extrloc_unfolds
declare (in GRAT loc) apply units2_loc.refine|extrloc_unfolds]
concrete-definition apply_units2 uses GRAT _loc.apply__units2_loc_def[unfolded extrloc__unfolds]
declare (in GRAT loc) apply_units2.refineOF GRAT loc__axioms, extrloc_unfolds]

concrete-definition (in GRAT loc) apply units2_bt_loc
uses apply_unitsl_bt_bd_def[unfolded apply unitl bt bd_def extrloc__unfolds]
declare (in GRAT loc) apply_units2_bt_loc.refinelextrloc__unfolds]
concrete-definition apply_units2_ bt uses GRAT _loc.apply__units2_bt_loc_def[unfolded extrloc__unfolds
declare (in GRAT loc) apply_units2_bt.refine]OF GRAT loc_azioms, extrioc_unfolds]

concrete-definition (in GRAT loc) remove__ids2_loc
uses remove__idsl_bd_ def[unfolded extrloc__unfolds]
declare (in GRAT loc) remove_ids2_loc.refine[extrloc_unfolds]
concrete-definition remove__ids2 uses GRAT _loc.remove_ids2_loc__def[unfolded extrloc__unfolds|
declare (in GRAT loc) remove_ids2.refine]lOF GRAT loc_azioms, extrloc_unfolds]

concrete-definition (in GRAT loc) check_conflict_clause2_loc
uses check__conflict_clausel _bd__def[unfolded extrloc_unfolds]
declare (in GRAT loc) check__conflict_clause2_loc.refine[extrloc__unfolds|
concrete-definition check_conflict _clause2 uses GRAT _loc.check__conflict__clause2_loc__def[unfolded extrioc__unfolds]
declare (in GRAT loc) check__conflict_clause2.refine]OF GRAT _loc__azxioms, extrloc__unfolds]

concrete-definition (in GRAT loc) and_not_C_excl2_loc
uses and_not__C_excl_bd__def[unfolded extrloc_unfolds]
declare (in GRAT _loc) and_not_C _excl2_loc.refine|extrloc__unfolds]
concrete-definition and_not_C_excl2 uses GRAT _loc.and_not_C_excl2_loc_ def[unfolded extrloc_unfolds]
declare (in GRAT loc) and_not_C_excl2.refinel OF GRAT _loc__axioms, extrloc__unfolds]

concrete-definition (in GRAT loc) lit_in_clause__and_not_true2_loc
uses lit_in_clause_and_not_true_bd_def[unfolded extrloc__unfolds]
declare (in GRAT loc) lit_in_ clause__and_not_true2_loc.refine[extrloc_unfolds]
concrete-definition lit_in_ clause__and_not_true2 uses GRAT loc.lit_in__clause__and_not_true2_loc__def[unfolded
extrloc__unfolds]
declare (in GRAT loc) lit_in_clause_and_not_true2.refine]OF GRAT _loc__axioms, extrloc__unfolds)

concrete-definition (in GRAT loc) get_rat_candidates2_loc
uses get_rat__candidates1__bd__def[unfolded extrloc__unfolds]
declare (in GRAT loc) get_rat_candidates2_loc.refinelextrloc__unfolds]
concrete-definition get rat_candidates? uses GRAT loc.get_rat_candidates2_loc_def[unfolded extrloc__unfolds]
declare (in GRAT loc) get_rat_candidates2.refine]OF GRAT _loc__azioms, extrloc__unfolds

concrete-definition (in GRAT loc) backtrack2_loc
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uses backtrackl _def[unfolded extrloc_unfolds]
declare (in GRAT loc) backtrack2_loc.refine|extrloc_unfolds]
concrete-definition backtrack? uses GRAT _loc.backtrack?2_loc__def[unfolded extrloc_unfolds]
declare (in GRAT loc) backtrack2.refine]OF GRAT loc_azioms, extrloc__unfolds]

concrete-definition (in GRAT loc) add_ clause2_loc
uses add_ clausel bd_def[unfolded extrloc_unfolds]
declare (in GRAT loc) add_clause2 loc.refine[extrioc__unfolds]
concrete-definition add_ clause2 uses GRAT _loc.add__clause2_loc__def[unfolded extrloc__unfolds)
declare (in GRAT loc) add_ clause2.refine] OF GRAT _loc_azioms, extrloc_unfolds

concrete-definition (in GRAT loc) check_rup__proof2_loc
uses check_rup_proofl_bd_def[unfolded extrloc_unfolds]
declare (in GRAT loc) check_rup_proof2_loc.refine[extrloc__unfolds)
concrete-definition check _rup _proof2 uses GRAT _loc.check__rup__proof2_loc_def[unfolded extrloc__unfolds|
declare (in GRAT loc) check_rup proof2.refine] OF GRAT _loc__azioms, extrloc_unfolds

concrete-definition (in GRAT loc) lit_in_ clause2_loc
uses lit_in_clause_bd_ def[unfolded extrloc_unfolds)
declare (in GRAT loc) lit_in_ clause2_loc.refine[extrloc__unfolds]
concrete-definition lit_in_clause2 uses GRAT _loc.lit_in__clause2_loc__def[unfolded extrloc__unfolds]
declare (in GRAT loc) lit_in_clause2.refine]OF GRAT loc_azioms, extrloc__unfolds|

concrete-definition (in GRAT loc) check_rat_candidates _part2_loc
uses check_rat__candidates__partl__bd_def[unfolded extrloc__unfolds|
declare (in GRAT loc) check_rat_candidates__part2_loc.refine[extrioc__unfolds|
concrete-definition check rat _candidates _part2 uses GRAT loc.check_rat_candidates part2_loc_def[unfolded
extrloc__unfolds]
declare(in GRAT _loc) check_rat_candidates_part2.refine]OF GRAT _loc__azioms, extrloc__unfolds|

concrete-definition (in GRAT loc) check_rat_proof2_loc
uses check__rat_proofl__bd__def[unfolded extrloc_unfolds
declare (in GRAT loc) check_rat_proof2 loc.refine[extrloc_unfolds]
concrete-definition check_rat_proof2 uses GRAT _loc.check_rat_proof2_loc__def[unfolded extrloc__unfolds
declare (in GRAT _loc) check_rat_proof2.refine|OF GRAT _loc__azioms, extrloc__unfolds|

concrete-definition (in GRAT _loc) check__item2_loc
uses check__item1__bd__def[unfolded extrloc__unfolds]
declare (in GRAT loc) check_item2_loc.refinelextrloc__unfolds
concrete-definition check_item2 uses GRAT _loc.check__item2_loc__def[unfolded extrloc__unfolds]
declare (in GRAT _loc) check__item2.refine|OF GRAT _loc__axioms, extrloc__unfolds]

concrete-definition (in GRAT _loc) is__syn__taut2_loc
uses is_syn__tautl__bd_def[unfolded extrloc__unfolds]
declare (in GRAT loc) is_syn_ taut2_loc.refine[extrioc__unfolds
concrete-definition is_syn_taut2 uses GRAT _loc.is_syn__taut2_loc_def[unfolded extrloc__unfolds]
declare (in GRAT loc) is_syn__taut2.refine]OF GRAT _loc__azioms, extrloc_unfolds]
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concrete-definition (in GRAT loc) read_clause__check__taut2_loc
uses read__clause__check__taut_bd__def[unfolded extrloc__unfolds
declare (in GRAT _loc) read__clause__check__taut2_loc.refine[extrloc__unfolds]
concrete-definition read clause check taut2 uses GRAT loc.read_clause__check_taut2_loc_def[unfolded extr-
loc_unfolds)
declare (in GRAT loc) read__clause__check__taut2.refine[OF GRAT _loc__axioms, extrloc__unfolds]

concrete-definition (in GRAT loc) read_cnf new2_loc

uses read__cnf_newl__bd__def[unfolded extrloc__unfolds]
declare (in GRAT loc) read__cnf_new2_loc.refinelextrioc__unfolds
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concrete-definition read cnf _new2 uses GRAT loc.read__cnf _new2_loc_def[unfolded extrloc__unfolds)
declare (in GRAT loc) read_cnf new2.refine]OF GRAT _loc__axioms, extrloc__unfolds
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concrete-definition (in GRAT loc) init_rat_counts2_loc
uses init_rat__countsl__bd_def[unfolded extrioc__unfolds]
declare (in GRAT loc) init_rat_counts2_loc.refine|extrloc_unfolds]
concrete-definition init_rat_counts2 uses GRAT loc.init_rat_counts2_loc_ def[unfolded extrloc__unfolds
declare (in GRAT _loc) init_rat_counts2.refine] OF GRAT _loc__azioms, extrloc__unfolds]

concrete-definition (in GRAT loc) verify_unsat2_loc
uses verify_unsatl__bd_def[unfolded extrloc_unfolds]
declare (in GRAT loc) verify unsat2_loc.refinelextrloc_unfolds)
concrete-definition verify_unsat2 uses GRAT _loc.verify_unsat2_loc__def|unfolded extrloc__unfolds]
declare (in GRAT loc) verify_unsat2.refine]OF GRAT loc_azioms, extrloc_unfolds]
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4.4.4 Synthesis of Imperative Code

definition creg_register_ndj | cid cr = do {
x < array_get_dyn None cr (int_encode l);
case z of
None = return cr
| Some s = array_set_dyn None cr (int_encode 1) (Some (cid#s))

}

lemma creg_register_ndj_rule[sep__heap__rules]:
[ (4,0) € lit_rel ]
= <is__creg cr a>
creg__register_ndj i cid a
<is_creg (abs_cr_register_ndj l cid cr)>¢
unfolding creg_register _ndj_def is_creq_def abs_cr_register_ndj_def
by (sep__auto introl: ext simp: lit_rel_def in__br_conv int__encode__eq)

lemma creg_register_hnr[sepref _fr_rules|:
(uncurry2 creg_register_ndj, uncurry2 (RETURN ooo abs__cr_register_ndyj))
€ (pure litirel)k xq nat_assn® xq isicregd —q 1S__creg
unfolding list__assn__pure conv option__assn__pure_conv
apply sepref to__hoare
apply sep__auto
done

sepref-register abs_cr_register_ndj :: nat literal = nat = _

it nat literal = nat = (nat literal,nat list) i_map
= (nat literal,nat list) i_map

context GRAT def loc
begin
lemma pr_next hnr[sepref _import_param): (prf_next,prf_next) € Id — Id x, Id
by auto

definition prfi_assn :: nat x 'prf = _ where prfi_assn = id_assn

definition prfn_assn :: ("prf = int x ‘prf) = _ where prfn_assn = id_assn
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abbreviation errorp _assn
= (id_assn :: String.literal = _) X, option__assn int_assn Xq option__assn prfi_assn

lemma prfi_assn_pure[safe__constraint_rules]: is_pure prfi_assn by (auto simp: prfi_assn__def)
term prf next
end

sepref-decl-intf 'prf i_prfi is nat x 'prf
sepref-decl-intf ‘prf i_prfn is ‘prf = int x 'prf

context
fixes DB :: clausedb2
fixes frml_end :: nat
fixes prf_next :: 'prf = int x 'prf
begin
interpretation GRAT def loc DB frml_end prf next .

. . A ~
abbreviation state__assn’ = cm__assn X, assignment__assn
type-synonym i_state’ = i_cm x i_assignment

term parse_prf2 thm  parse_prf2_def

lemmas [intf_of assn] =
intf_of _assnl[where R=prfi_assn and 'a="prf i_prfi]
intf_of _assnI[where R=prfn_assn and 'a='prf i_prfn]

term mkp_raw__err
lemma mkp_raw__err_hnr[sepref _fr_rules]:
(uncurry2 (return ooo mkp__raw__err), uncurry2 (RETURN ooo mkp__raw__err))
€ id_assn® xq (option__assn z'ntiassn)k *q (option__assn prﬁiassn)k —>a €TTOTP__assn
unfolding prfi_assn__def option__assn__pure conv
apply sepref to__hoare
by (sep__auto simp: prod__assn__def split: prod.split)

sepref-register mkp_ raw__err :
String.literal = int option = 'prf i_prfi option
= String.literal x int option x 'prf i_prfi option

definition parse_prf_impl (prfn = 'prf = int x 'prf) = A(fuel::nat,prf).
if fuel > 0 then do {
let (z,prf) = prfn prf;
return (Inr (z,(fuel—1,prf)))
} else
return (Inl (mkp_raw_err (STR " Out of fuel’’) None (Some (fuel, prf))))

lemma parse_prf_impl_hnr[sepref fr_rules|:
(uncurry parse__prf_impl, uncurry parse_prf2) € prn_assn® % prfi_assn
—>q ETTOTP__aSSN 4 int_assn X, prfi_assn
unfolding parse prf impl_def parse__prf2 def prfn__assn__def prfi_assn_def mkp__raw__err_def
apply sepref to__hoare
by sep__auto

sepref-register parse prf2
= prfi_prfn = 'prfi_prfi = ("prf i_prfi error + int x ‘prf i_prfi) nres

d

term read_ clause_check _taut2

sepref-definition read_ clause_ check_taut3 is uncurryd read_ clause__check__taut2
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i liti.a__assn® %o liti.it_assn® xq liti.it_assn® *q assignment_assnd
—q €rrorp__assn +q liti.it_assn Xq bool _assn X, assignment__assn
unfolding read_clause_check__taut2_def
supply [[goals_limit = 1]]
supply liti.itran__ord|dest]
supply sum.splits[split]
supply liti.itran__antisym|[simp]
by sepref
lemmas [sepref_fr_rules] = read__clause__check__taut3.refine
sepref-register read_clause check__taut2
tint list = nat = nat = 1_assignment
= ('prf i_prfi error + nat X bool x i_assignment) nres

sepref-definition add_ clause3 is uncurryd add_clause2
:: liti.aiassn’C *q natiassn’c *q liti.itiassnk *q cmiassnd —a CM__assn
unfolding add_clause2 def
supply [[goals_limit = 1]]

by sepref
sepref-register add_clause2 :: int list = nat = nat = 1_cm = i_cm nres
lemmas [sepref fr_rules] = add__clause3.refine
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sepref-definition read_cnf new3 is uncurryd read__cnf new?2

o liti.a__assn® xq liti.it_assn® %, liti.it_assn® x4 cm__assn®

—>q ETTOTDP__assSn +q CM__assn

unfolding read cnf new?2 def

apply (rewrite at (_,_,1,%) assignment.fold__custom__empty)

supply [[id_debug, goals_limit=1]]

by sepref
sepref-register read_cnf new?2

i int list = nat = nat = i_cm = ('prf i_prfi error + i_cm) nres
lemmas [sepref fr_rules] = read cnf new3.refine

sepref-definition parse_ check_blocked3 is uncurry2 parse__check__blocked2

o liti.a__assn® *q assignmentiassnd xq liti.it_assn®

—ra €TTOTP__aSSN +q

liti.it__assn

Xq (assignment__assn X, list_set_assn id__assn)

Xq liti. it _assn
unfolding parse_check__blocked2__def
apply (rewrite at (__, _, %) ls.fold__custom__empty)
apply (rewrite in insert (var_of _lit _) __ fold_set_insert_dj)
supply split[sepref_opt__simps]
supply [[goals_limit = 1]]
by sepref

term parse__check__blocked2
sepref-register parse_check__blocked?2
= int list = 1_assignment = nat
= ('prf i_prfi error + nat x (i_assignment x nat set) x nat) nres
lemmas [sepref fr_rules| = parse__check__blocked3.refine

sepref-definition check_ unit_clause3 is uncurry2 check_unit_clause2
i liti.a_assn® xq assignment__assn® x4 (liti.itiassn)k
—q sum__assn errorp__assn (pure lit_rel)
unfolding check_unit_clause2__def

p supply option.split_asm|[split] AN M BB B0 IO 08 M G330 10 sl 3 Aty oy i v e
by sepref
lemmas [sepref fr_rules| = check_unit_clause3.refine
sepref-register check_unit_ clause2
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i int list = 1_assignment = nat = ('prf i_prfi error + nat literal) nres

sepref-definition resolve_id3 is uncurry resolve__id2
i cm_assnk *q nat_assn’c —rq SUm__assn errorp__assn liti.it_assn
unfolding resolve_id2 def
supply option.splits[split]
by sepref
term resolve_1d2
sepref-register resolve id2
:: (nat) clausemapl = nat = __ 1 i_cm = nat = ('prf i_prfi error + nat) nres
lemmas [sepref fr_rules] = resolve__id3.refine

term apply units2
sepref-definition apply_units3 is uncurry4 apply_units2
2 liti.a__assn® %, prfn_assn® x, cm_assn® x, (assignment_assn)? . prfi_assn®
—>q ETTOTDP__assn +q assignment__assn Xq prfi_assn
unfolding apply units2 _def
by sepref
sepref-register apply units? :: _ = _ = (nat) clausemapl = __
:int list = 'prfi_prfn = i_cm = i_assignment = 'prfi_prfi
= ('prfi_prfi error + i_assignment X 'prf i_prfi) nres
lemmas [sepref fr_rules] = apply units3.refine
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sepref-definition apply_units3 bt is uncurryd apply__units2_bt
liti.a_assnk
*q prfn_assnk
%q cm._assn®
*q (assignment_assn)d
xq (list__set__assn natiassn)d
*q prfi_assn®
—>q ETTOTP__aSSN ~+q
(assignmentiassn X list _set assn natiassn) Xq Prfi_assn
unfolding apply_units2 bt _def
apply (rewrite in insert (var_of _lit _) __ fold_set_insert_dj)
supply [[id__debug, goals_limit = 1]]
by sepref

sepref-register apply units2 bt :: _ = __ = (nat) clausemapl = __
int list = 'prfi_prfn = i_cm = i_assignment = nat set = 'prfi_prfi
= ('prfi_prfi error + (i_assignment x nat set) x 'prf i_prfi) nres
lemmas [sepref fr_rules| = apply_units3_bt.refine

term remove_ids2
sepref-definition remove__ids3 is uncurry2 remove__ids2

2 prin_assn® s, em__assn® %4 prfi_assn®

—>q ETTOTP__assSn 44 c¢m__assn X prfi__assn

unfolding remove__ids2__def

supply [[¢d__debug, goals_limit = 1]]

by sepref
sepref-register remove_ids2 :: __ = (nat) clausemapl = __

= prfi_prfn = i_cm = 'prfi_prfi = ("prfi_prfi error + i_cm X 'prfi_prfi) nres
lemmas [sepref fr_rules] = remove_idsS3.refine

term check__conflict_clause2
sepref-definition check conflict_clause8 is uncurry3 check__conflict_ clause2
o liti.aiassnk *q prﬁiassnk *q assignmentiassnk *q liti.itiassm’C
—>q SUM__QSST €TTOTDP__aSSN unit_assn
unfolding check conflict_clause2 def
supply [[¢d_debug, goals_limit = 1]]
by sepref
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sepref-register check__conflict clause2
i int list = 'prfi_prfi = i_assignment = nat = ('prf i_prfi error + unit) nres
lemmas [sepref fr_rules| = check__conflict_clause3.refine

term and_ not C _excl2
sepref-definition and_not_C _excl3 is uncurry3 and_not__C _excl2
2 liti.a__assn® x4 (assignment_assn)? x, (liti.it_assn)¥ =, (pure lit_rel)*
—q prod__assn assignment__assn (list__set__assn nat__assn)
unfolding and_not_C__excl2 def
apply (rewrite at (__, %) Is.fold__custom__empty)
apply (rewrite in insert (var_of _lit _) __ fold_set_insert_dj)
by sepref
sepref-register and_not C _excl2
int list = 1_assignment = nat = nat literal
= (i_assignment X nat set) nres
lemmas [sepref fr_rules] = and_not_C_excl3.refine

sepref-definition lit_in_ clause _and_not_true8

is uncurry3 lit_in__clause__and_not_true2

i liti.a__assn® %, (assignment_assn)® x, liti.it_assn® . (pure lit_rel)®

—q bool _assn

unfolding lit_in_ clause _and_not_true2 def

by sepref
lemmas [sepref fr_rules] = lit_in_clause_and_not_trueS.refine
sepref-register lit_in_ clause and_not_true2

i int list = (nat,bool) i_map = nat = nat literal = bool nres

sepref-definition get rat candidates3 is uncurry3 get_rat_candidates?2

2 liti.a__assn® x, cm_assn® x, (assignment__assn)® xq (pure lit_rel)*
—a SUM__aSSN errorp__assn (listisetiassn natiassn)

unfolding get_rat_candidates?2_def

supply option.splits[split]

apply (rewrite ndls.fold__custom__empty)

apply (rewrite in RETURN (Inr 1) fold_ndls_ls_copy)

by sepref

sepref-register get rat_candidates?2
:ant list = i_cm = i__assignment = nat literal
= ('prf i_prfi error + nat set) nres
lemmas [sepref fr_rules| = get_rat__candidates3.refine

sepref-definition backtracks is uncurry backtrack2
i (assignmentiassn)d *q (listisetiassn natiassn)k —q assignment__assn
unfolding backtrack2__def
by sepref
sepref-register backtrack? :: (nat—bool) =
11 1__assignment = nat sel = 1_assignment nres
lemmas [sepref fr_rules| = backtrack3.refine
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lemma not_in_cm_ids_unf: i¢cm_ids CM <— (case CM of (CM,_) = is_None (CM 1))
unfolding ¢m_ids_def by (cases CM) (auto split: option.splits)

sepref-definition check rup__proof8 is uncurry4 check_rup_proof2
i liti.a__assn® x4 prfn_assn’c *q (state_assn')d xq liti.it_assn® xq prﬁ_assnd
—>a €TTOTP__asSsSn +q state_assn’ Xq liti.it_assn Xq prfi_assn
unfolding check__rup_proof2__def
apply (rewrite not_in_cm__ids_unf)
by sepref
sepref-register check__rup_ proof2
o int list = 'prfi_prfn = i_state’ = nat = 'prfi_prfi
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= ('prf i_prfi error + i_state’ X nat x 'prfi_prfi) nres
lemmas [sepref fr_rules] = check_rup_proof3.refine

term [lit_in_ clause2

sepref-definition lit_in_clause3 is uncurry2 lit_in_ clause2
:: liti.aiassnk *q lz'tz'.itiassn’C *q litiassnk —q bool __assn
unfolding lit in_ clause2_def

by sepref
sepref-register lit_in_clause? :: int list = nalt = nat literal = bool nres
lemmas [sepref fr_rules] = lit_in_ clause3.refine

term check_rat_candidates_part2
sepref-definition check rat candidates part3
is uncurry6 check_rat_candidates_part2 ::
liti.aiassnk
*g prfn_assnk
*q cm._assn®
*q lit_assnk
xq (list__set__assn nat__assn)
*q assignmentiassnd
xq prfi_assn?
—q errorp_assn +4 (assignment__assn X prfi_assn)
unfolding check_rat_candidates part2 def
supply [[goals_limit = 1, id_debug]]
by sepref ko8 oing/
sepref-register check rat_candidates _part2 :: _ = __ = (nat) clausemapl = __
:int list = 'prfi_prfn = i_cm = nat literal = nat set = i_assignment = "prf i_prfi
= ('prfi_prfi error + i_assignment x 'prf i_prfi) nres
lemmas [sepref fr_rules] = check_rat_candidates_part3.refine

d

term check_rat_proof2
sepref-definition check rat_proof3 is uncurryj check_rat_proof2
oo liti.a__assn® x4 prfn_assn’c *q (state_assn')d xq liti.it_assn® xq prﬁ_assnd
—>a ErToTp__assn +q state__assn’ Xq liti.it_assn X4 prfi_assn
unfolding check_rat_proof2_def short_circuit_conv
supply [[goals_limit = 1, id_debug]]
supply if _splits]split!]
apply (rewrite not_in__cm__ids_unf)
by sepref /ukes/I8004/
sepref-register check_rat_proof2
:int list = 'prfi_prfn = i_state’ = nat = 'prfi_prfi
= ('prfi_prfi error + i_state’ X nat X 'prfi_prfi) nres
lemmas [sepref fr_rules| = check_rat_proof3.refine

term check item?2
sepref-definition check item3 is uncurry4 check_item?2
i liti.a__assn® x4 prin_assn® x4 (stateiassn’)d o liti.it_assn® x, prfi_assn?
—q €rrorp__assn +, option__assn (state_assn' Xq liti.1t_assn X4 prﬁ_assn)
unfolding check_item2_def
supply [[goals_limit = 1, id_debugl]
by sepref
sepref-register check item2
:int list = 'prfi_prfn = i_state’ = nat = 'prfi_prfi
= ('prfi_prfi error + (i_state’ X nat X 'prfi_prfi) option) nres
lemmas [sepref fr_rules] = check_item3.refine

term is_syn_ taut2
sepref-definition is_syn_ taut3 is uncurry2 is_syn_taut2
i liti.aiassnk *q liti.itiassnk *q assignmentiassnd
—q bool_assn X, assignment__assn
unfolding is_syn_taut2 def
by sepref
sepref-register is_syn_taut2
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:ant list = nat = 1_assignment = (bool X i_assignment) nres
lemmas [sepref fr_rules] = is_syn_ taut3.refine
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term init_rat counts?2
sepref-definition init _rat_counts3 is uncurry init_rat_counts2
i prfniassnk *q prﬁiassnd —q errorp_assn +q (cm__assn Xq prfi_assn)
unfolding init_rat_counts2_def cm__emptyl_ def
apply (rewrite at (X,_) amd.fold__custom__empty)
apply (rewrite at (__,X) creg.fold__custom__empty)
apply (rewrite at RETURN (_,XX) op__creg_initialize__def[symmetric])
supply [[goals_limit = 1, id_ debug]]
by sepref
sepref-register init_rat_counts2
= 'prfi_prfn = 'prfi_prfi = ("prfi_prfi error + i_cm x 'prfi_prfi) nres
lemmas [sepref fr_rules| = init_rat_counts3.refine

term wverify unsat?2
sepref-definition verify_unsat3 is uncurrys verify__unsat2
liti.a_assnk
*q prfn_assnk
*q liti.itiassnk
*q liti.it_assnk
xq liti.it_assn®
*q prfi_assn?
—>q €rTOTp__assn +q unit__assn
unfolding verify unsat2_def
apply (rewrite at Let (__,1X) assignment.fold__custom__empty)
Y 2 L el el L A I el i o 2
YA Y 7 Y e
supply [[goals_limit = 1, id_debugl]
supply option.splits[split] JWRIIN IGO0 NS S Essm somp)/

by sepref

end

definition verify_unsat__split_impl_wrapper DBi prf_next F_end it prf = do {
lenDBi < Array.len DBi;

if (0 < F_end N F_end < lenDBi A 0 < it A it < lenDBi) then
verify_unsat3 DBi prf _next 1 F_end it prf
else
return (Inl (STR "Invalid arguments’’,None, None))
}

lemmas [code] = DB2_def loc.item__next_impl_def
export-code verify unsat_split _impl_wrapper checking SML__imp

4.5 Correctness Theorem
context GRAT loc begin

lemma verify__unsat3_correct__auz[sep__heap_ rules|:

I L NN s K Ly s

assumes SEG: liti.seg F'_begin Ist F_end
assumes itl[simp]: it_invar F_end it_invar it
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shows
<DBi . DB>
verify__unsat8 DBi prf_next F_begin F_end it prf
<Ar. DBi vq DB * 1(—isl 1 — F_invar lst A —sat (F_a lst))>:
proof —
note verify_unsat2.refine] OF GRAT _loc__axioms, symmetric, THEN meta__eq_to__obj eq|
also note verify_unsat2_loc.refine[symmetric, THEN meta_eq to_ obj eq]
also note verify_unsatl__bd.refine[symmetric]
also note verify_unsatl_refine[OF IdI IdI 1dI]
also note verify_unsat_bt_refine[OF IdI IdI IdI]
also note verify _unsat_correct|OF SEG itl]
finally have C1I: verify_unsat2 DB prf_next F_begin F_end it prf
< ESPEC (MA_. True) (A_. F_invar lst A = sat ((F_a« Ist)))
by (auto simp: pw__ele_ iff refine_pw__simps)

from C1 have NF: nofail (verify_unsat2 DB prf_next F_begin F_end it prf)
by (auto simp: pw__ele_iff refine_pw__simps)

note A = verify_unsat3.refine[of DB, to__hnr]
note A = A
of prf prfit it F_end F_end F_begin F_begin prf_next prf_next DB DB,
unfolded autoref tag defs]
note A = A[THEN hn__refineD)
note A = A[OF NF)
note 4 = A
unfolded hn__ctxt_def liti.it_assn__def liti.a__assn__def
b__assn__pure__conv list_assn__pure__conv sum__assn__pure__conv
option__assn__pure__conv prod__assn__pure__conv,
unfolded pure__def,
simplified, rule_format

]

from C1 have 1: RETURN z < wverify_unsat2 DB prf_next F__begin F_end it prf
= —isl z — F_invar Ist A —sat (F_a lst) for z
unfolding enres unfolds
apply (cases z)
apply (auto simp: pw_le_iff refine__pw__simps)
done

from SEG have [ begin: liti.I F_begin by auto

show ?thesis
apply (rule cons_rule[OF __ __ A])
applyS (sep__auto simp: prfi_assn__def prfn__assn__def pure__def)
applyS (sep_auto dest!: 1 simp: sum.disc__eq_case split: sum.splits)
applyS (simp add: I_begin)
done
qed
end

Main correctness theorem: Given an array DBi that contains the integers DB, the verification algorithm
does not change the array, and if it returns a non-Inl value, the formula in the array is unsatisfiable.

theorem wverify unsat__split_impl_wrapper_correct[sep__heap__rules]:
shows
<DBi 4 DB>
verify _unsat__split_impl _wrapper DBi prf_next F_end it prf
<Aresult. DBi +q DB * 1(—isl result — verify__unsat_spec DB F_end)>+
proof —

{

assume A: 1 < F_end F_end < length DB 0 < it it < length DB

then interpret GRAT loc DB F_end
apply unfold_locales by auto
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have SEG: liti.seg 1 (slice 1 F_end DB) F_end
using <1 < F_endy» <F_end < length DB»
by (simp add: liti.seq_slicel)

have INV: it _invar F_end it_invar it
subgoal
by (meson SEG it_end_invar it_invar_imp_ran
itran__invarD liti.itran__alt liti.itran__refl liti.seq__invar2)
subgoal
by (metis <0 < ity it < length DB liti.seq__exists exists_lel
it_invar_imp__ran
itran__invarD it__end__invar liti.itran__alt liti.itran__refl
liti.seg__invarl)
done

have UlI: slice 1 F_end DB = tl (take F_end DB)
unfolding Misc.slice__def
by (metis One_nat__def drop_ 0 drop_Suc__Cons drop__take list.sel(3) tl_drop)

have U2: F_invar (tl (take F_end DB)) A = sat (F_a (tl (take F_end DB)))
< verify_unsat_spec DB F_end
unfolding verify unsat_spec_ def clause__DB_valid_def clause_ DB __sat__def
using A by auto

note verify_unsatd_correct _auz[OF SEG INV, unfolded Ul U2|
} note [sep__heap__rules] = this

show ?thesis
unfolding verify unsat_split _impl _wrapper__def by sep__auto
qed

end

5 Satisfiability Check

theory Sat_Check
imports Grat_Basic
begin

5.1 Abstract Specification

locale sat_input = input it _invar’ it_next it _peek it _end for it invar’ :: 'it::linorder = bool
and it_next it_peek it _end

context sat_input begin

definition read_assignment it = doE {
let A = Map.empty;
check_not__end it;
(A,_) «+ EWHILEIT (A(_,it). it_invar it A it#it_end) (A(_,it). it_peek it # litZ) (A(A,it). doE {
(1,it) < parse_literal it;
check_not__end it;
CHECK (sem_lit' Il A # Some False) (mk_errit STR "'Contradictory assignment’’ it);
let A = assign_lit A l;
ERETURN (A,it)
b (A,it);
ERETURN A
}

We merely specify that this does not fail, i.e. termination and assertions.

lemma read__assignment__correct{ THEN ESPEC _trans, refine_vcg):
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it__invar it = read__assignment it < ESPEC (A_. True) (A_. True)
unfolding read assignment__def

apply (refine_veg EWHILEIT rule[where R=inv_image (WF™") snd))
apply vc_solve

done

definition read clause_check_sat itE it A = doE {
EASSERT (it_invar it A it_invar itE A itran itE it__end);
parse__lz
(mk_errit STR "'Parsed beyond end'’ it)
litZ itE it (A_. True) (Az r. doE {
let |l = lit_« x;
ERETURN (r V (sem_lit'" | A = Some True))
}) False

}

lemma read__clause__check__sat__correct{ THEN ESPEC _trans, refine_vcg):
[étran it itE; it_invar tE] =
read_ clause_check_sat itE it A
< ESPEC
(A_. True)
(X(it',r). 3. lz_string litZ it 1 it' A ditran it’ itE
A (r +— sem__clause’ (clause_a l) A = Some True))
unfolding read_ clause_check__sat__def
apply (refine_vcg parse_lz_rule|
where ® = A\l r. r «— sem_ clause’ (clause_a 1) A = Some True
1)
apply (vc_solve simp: itran__invarl)
subgoal by (auto simp: sem__clause’_true_conv)
subgoal by auto
done

definition check sat it itE A = doE {
tok__fold itE it (Ait __. doE {
(it',r) + read_clause__check__sat itE it A;
CHECK (r) (mk_errit STR "'Clause not satisfied by given assignment’’ it);
ERETURN (’L't/,())
B0
}

term sem__cnf

lemma obtain__compat_assignment: obtains o where compat__assignment A o
proof

show compat__assignment A (Az. A © = Some True) unfolding compat__assignment__def by auto
ged

lemma check__sat__correct| THEN ESPEC _trans, refine_vcg|:
[seg it lst itE; it_invar itE] = check__sat it itE A
< ESPEC (A_. True) (A_. F_invar Ist A\ sat (F_a Ist))
unfolding check_sat_def
apply (refine_vcg tok_fold rule[where
& = \ist __. V Ceset (map clause_a lst). sem__clause’ C A = Some True and Z=litZ and I=Ist

]

apply (vc_solve simp: F_invar_def)

subgoal
apply (rule obtain__compat__assignment|of A])
apply (auto simp: F_o_ def sat_def sem__cnf _def dest: compat__clause)
done

done

80



definition verify _sat F_begin F_end it = doE {
A « read__assignment it;
check__sat F_begin F_end A

}

lemma verify_sat_correct{ THEN ESPEC _trans, refine_vcg|:
[seg F_begin st F_end; it_invar F_end; it_invar it]
= verify_sat F_begin F_end it < ESPEC (A_. True) (A_. F_invar Ist A sat (F_a lst))
unfolding verify sat_def
apply refine_wvcg
apply assumption
by auto

end

5.2 Implementation

context sat_input begin

5.2.1 Getting Out of Exception Monad

synth-definition read__assignment_bd is [enres__unfolds]: read__assignment it = X
apply (rule CNV_egD)
unfolding read assignment__def
apply opt_enres _unfold
apply (rule CNV_1I)
done

synth-definition read_ clause__check__sat_bd is [enres_unfolds|: read__clause__check__sat itE it A = 1
apply (rule CNV_eqD)
unfolding read_clause_check__sat_def
apply opt_enres unfold
apply (rule CNV_1I)
done

synth-definition check_sat_bd is [enres_unfolds]: check_sat it itF = X
apply (rule CNV_egD)
unfolding check__sat_def
apply opt_enres_unfold
apply (rule CNV_I)
done

synth-definition verify _sat_bd is [enres__unfolds|: verify_sat F_begin F_end it = X
apply (rule CNV_eqD)
unfolding verify sat_def
apply opt__enres _unfold
apply (rule CNV_1I)
done

end

5.3 Extraction from Locales

named-theorems eztrioc_unfolds

context DB2 loc begin
sublocale sat__input liti.I liti.next liti.peek liti.end
by unfold_locales
end

concrete-definition (in DB2 loc) read__assignment2_loc

uses read__assignment__bd__def[unfolded extrloc__unfolds]
declare (in DB2_loc) read_assignment2_loc.refinelextrloc__unfolds]
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concrete-definition read_assignment2 uses DB2_loc.read__assignment2_loc__def[unfolded extrloc__unfolds]
declare (in DB2_loc) read__assignment2.refine]OF DB2_loc__azioms, extrloc__unfolds]

concrete-definition (in DB2 loc) read_ clause__check__sat2_loc
uses read__clause__check__sat_bd__def[unfolded extrloc__unfolds]
declare (in DB2_loc) read_clause__check__sat2_loc.refine[extrloc__unfolds|
concrete-definition read clause_check sat2 uses DB2_loc.read_ clause_check_sat2_loc_def[unfolded extrloc_unfolds]
declare (in DB2_loc) read__clause__check__sat2.refine]lOF DB2_loc__azioms, extrloc__unfolds]

concrete-definition (in DB2 loc) check__sat2_loc
uses check__sat_bd__def[unfolded extrloc__unfolds
declare (in DB2_loc) check_sat2_loc.refine|extrloc__unfolds]
concrete-definition check sat2 uses DB2_loc.check_sat2_loc_def[unfolded extrloc__unfolds]
declare (in DB2_loc) check__sat2.refineOF DB2_loc__azioms, extrloc_unfolds]

concrete-definition (in DB2 loc) verify_sat2_loc
uses verify_sat_bd__def[unfolded extrloc__unfolds]
declare (in DB2_loc) verify_sat2_loc.refine[extrioc__unfolds
concrete-definition verify_sat2 uses DB2 loc.verify_sat2_loc_def[unfolded extrloc_unfolds]
declare (in DB2_loc) verify_sat2.refine[OF DB2_loc__axioms, extrloc__unfolds]

5.3.1 Synthesis of Imperative Code

context
fixes DB :: clausedb2
fixes frml_end :: nat
begin
interpretation DB2 def loc DB frml_end .

term read__assignment2

sepref-definition read__assignment3 is uncurry read__assignment2
i liti.aiassnk *q liti.itiassnk —>q ETTOT_assn -+, assignment__assn
unfolding read_assignment2__def
apply (rewrite in Let Map.empty assignment.fold__custom__empty)
by sepref

sepref-register read__assignment2 :: int list = nat = (nat error + i_assignment) nres
lemmas [sepref fr_rules| = read__assignment3.refine

term read clause check sat2
sepref-definition read clause check sat3 is uncurry3 read_ clause _check__sat2
i liti.a__assn® %o liti.it_assn® *, liti.it_assn® *q assz’gmnem‘_assn’C —q error_assn +, liti.it_assn X, bool assn
unfolding read clause check__sat2 def
supply [[goals_limit = 1]]
supply liti.itran__antisym|[simp]
supply sum.splits[split]
by sepref
sepref-register read_clause__check__sat2 :: int list = nat = nat = i_assignment = (nat error + natxbool) nres
lemmas [sepref fr_rules| = read_ clause__check__sat3.refine

term check sat2
sepref-definition check sat3 is uncurry3 check__sat2
o liti.aiassnk *q liti.itiassnk *q liti.itiassn’“ *q assignmentiassnk —>q E€rror_assn +, unit_assn
unfolding check_sat2 def
by sepref
sepref-register check_sat2 :: int list = nat = nat = i_assignment = (nat error + unit) nres
lemmas [sepref fr_rules] = check__sat3.refine

term verify sat2

sepref-definition verify sat3 is uncurry8 verify_sat2
s liti.a__assn® xq liti.it_assn® % liti.it_assn® %, liti.it_assn
unfolding verify sat2_ def
by sepref

k o error_assn 4o unit_assn

82



sepref-register verify_sat2 :: int list = nat = nat = nat = (nat error + unit) nres
lemmas [sepref fr_rules| = verify_sat3.refine

end

definition verify_sat_impl_wrapper DBi F_end = do {
lenDBi < Array.len DBi;
if (0<F_end N F_end < lenDBi) then
verify sat3 DBi 1 F_end F_end
else
return (Inl (STR "Invalid arguments’’,None, None))

}

export-code verify sat_impl_wrapper checking SML_ imp

5.4 Correctness Theorem

context DB2 loc begin
lemma verify_sat3 _correct:
assumes SEG: liti.seg F_begin Ist F'_end
assumes itl[simp]: it_invar F_end it_invar it
shows <DBi —, DB> verify_sat3 DBi F_begin F_end it <Ar. DBi o, DB x (—isl r — F_invar lst A sat
(F_a lst)) >4
proof —
note verify_sat2.refine[of DB F_begin F_end it, OF DB2_loc__azioms,symmetric, THEN meta__eq_to_obj _eq|
also note verify_sat2_loc.refine[symmetric, THEN meta__eq_to__obj_eq]
also note verify__sat_bd.refine[symmetric]
also note verify_sat__correct|OF SEG it order_refl]
finally have C1: verify_sat2 DB F_begin F_end it < ESPEC (A_. True) (A_. F_invar lst A sat (F_« Ist)) .

from C1 have NF: nofail (verify_sat2 DB F_begin F_end it)
by (auto simp: pw__ele_iff refine__pw__simps)

note A = verify_sat3.refine[of DB, to_hnr, of it it F_end F_end F__begin F__begin, unfolded autoref _tag_defs]
note A = A[THEN hn__refineD)
note A = A[OF NF)
note A = A[

unfolded hn__ctxt_def liti.it_assn__def liti.a__assn__def

b_assn__pure__conv list__assn__pure__conv sum__assn__pure__conv option__assn__pure__conv prod__assn__pure__conuv,

unfolded pure__def,

simplified, rule_format

]

from C1 have 1: RETURN xz < wverify_sat2 DB F_begin F_end it = —isl x — F_invar Ist A sat (F_« lst)
for z
unfolding enres unfolds
apply (cases z)
apply (auto simp: pw_le_iff refine_pw__simps)
done

from SEG have I _begin: liti.I F_begin by auto

show ?%thesis
apply (rule cons_rule[OF _ __ A])
applyS sep__auto
applyS (sep__auto dest!: 1 simp: sum.disc__eq _case split: sum.splits)
applyS (simp add: I_begin)
done
qed

end

theorem verify_sat_impl_wrapper_correct[sep__heap__rules]:
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shows
<DBi v+, DB>
verify_sat__impl_wrapper DBi F_end
<Aresult. DBi —o DB x 1(—isl result — verify_sat_spec DB F_end)>
proof —

{

assume A: 1 < F _end F_end < length DB

then interpret DB2 loc DB F_end
apply unfold_locales by auto

have SEG: liti.seg 1 (slice 1 F_end DB) F_end
using (1 < F_end> <F_end < length DB»
by (simp add: liti.seq_slicel)

have INV: it_invar F_end
subgoal
by (meson SEG it_end_invar it_invar_imp_ran
itran__invarD liti.itran__alt liti.itran__refl liti.seq__invar2)
done

have Ul: slice 1 F_end DB = tl (take F_end DB)
unfolding slice_ def
by (metis Misc.slice__def One_nat_def drop_0 drop__Suc__ Cons drop__take list.sel(3) tl_drop)

have U2: F_invar (tl (take F_end DB)) A sat (F_a (tl (take F_end DB)))
«— verify_sat_spec DB F_end
unfolding verify sat_spec_def clause_ DB _wvalid_def clause_ DB _sat_ def using A
by simp

note verify_sat3_correct{OF SEG INV INV, unfolded U1 U2
} note [sep__heap_rules] = this

show %thesis
unfolding verify sat_impl _wrapper__def
by sep__auto

qed

end

6 Code Generation and Summary of Correctness Theorems

theory Grat_Check_Code Ezxporter
imports Unsat_ Check Unsat_ Check_Split_ MM Sat_ Check
begin

6.1 Code Generation

We generate code for verify unsat_impl_wrapper and verify sat_impl_wrapper.

The first statement is a sanity check, that will make our automated regression tests fail if the generated code
does not compile.

The second statement actually exports the two main functions, and some auxiliary functions to convert
between SML and Isabelle integers, and to access the sum data type of Isabelle, which is used to encode the
checker’s result.

export-code

verify _unsat__impl_wrapper
verify__unsat__split_impl_wrapper
verify sat_impl_wrapper
checking SML__imp
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export-code
verify _sat_impl_wrapper
verify__unsat__impl_wrapper
verify unsat__split_impl _wrapper
int__of _integer
integer__of _int
integer_of nat
nat__of _integer

isl projl projr Inr Inl Pair
in SML_imp module-name Grat_Check file code/gratchk__export.sml

6.2 Summary of Correctness Theorems

In this section, we summarize the correctness theorems for our checker

The precondition of the triples just state that their is an integer array, which contains the DIMACS repre-
sentation of the formula in the segment from indexes [1..<F_end]. The postcondition states that the array is
not changed, and, if the checker does not fail, the F'_end index will be in range, the DIMACS representation
of the formula is valid, and the represented formula is satisfiable or unsatisfiable, respectively.

Note that this only proved soundness of the checker, that is, the checker may always fail, but if it does not,
we guarantee a valid and (un)satisfiable formula.

theorem
<DBi +—, DB>
verify_sat__impl_wrapper DBi F_end
<Aresult. DBi +—q DB x 1(—isl result — verify_sat_spec DB F_end) >
by (rule verify_sat_impl_wrapper_correct)

theorem
<DBi +—, DB>
verify__unsat__impl_wrapper DBi F_end it
<Aresult. DBi —, DB * 1(—isl result — verify_unsat_spec DB F_end) >,
by (rule verify_unsat_impl_wrapper__correct)

theorem
shows
<DBi —, DB>
verify _unsat_split_impl_wrapper DBi prf_next F_end it prf
<Aresult. DBi —q DB x 1(—isl result — verify_unsat_spec DB F_end) >
by (rule verify_unsat__split_impl_wrapper__correct)

The specifications for a formula being valid and satisfiable/unsatisfiable can be written up in a very concise
way, only relying on basic list operations and the notion of a consistent assignment of truth values to integers.

An assignment is consistent, if each non-zero integer is assigned the opposite of its negated value.

lemma assn_consistent o «— (V1. [0 — o 1 = (- o (—1)))
by (rule assn__consistent__def)

The input described a valid and satisfiable formula, iff the F_end index is in range, the corresponding
DIMACS string is empty or ends with a zero, and there is a consistent assignment such that each represented
clause contains a true literal.

lemma
verify_sat_spec DB F_end = I<F_end N F_end < length DB A (
let Ist = tl (take F_end DB) in
(Ist#£]] — last lst = 0)
A (Fo. assn__consistent o A (V¥ CEset (tokenize 0 Ist). Fleset C. o 1))
by (rule verify_sat_spec__concise)

The input describes a valid and unsatisfiable formula, iff F'_end is in range and does not describe the empty
DIMACS string, the DIMACS string ends with zero, and there exists no consistent assignment such that
every clause contains at least one literal assigned to true.

lemma
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verify_unsat_spec DB F_end = 1 < F_end N F_end < length DB A (
let Ist = tl (take F_end DB) in
last Ist = 0
A (Bo. assn_consistent o A (¥ C€set (tokenize 0 Ist). Ficset C. o 1))
by (rule verify__unsat_spec__concise)

end
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