Basic Proof Theory
Propositional Logic

(See the book by Troelstra and Schwichtenberg)



Abbreviations

Until further notice:

1, =, A, V, — are primitives.

T abbreviates —L

A possible simplification:
—F abbreviates F — 1|



Sequent Calculus rules

Lr=att AT=AANN
r=FA F.T=A
Fr=a t r=-Fa F
F.6I=4 r=F,A IT=G,A
FAGT=A" = FAG,A
FIT=A GI=A N=F,G,A
Fver=a 'L t=Fvea VR

N=FA G IT=A ] F.IT=G,A
FSGIr=A =F—GA

R

Notation: ¢ S means that there is a proof tree for S using the
above rules.



Admissible rules

Definition
A rule
S ... S,
Sn—l—l
is admissible if F¢ S1, ..., Fg S, together imply g Spu1.

Notation: -, S means that there is a proof tree for S with depth
< n.



Admissible rules

Lemma (Non-atomic Ax)
Fe F,T = F,A.

Lemma (Weakening)
If bnT = A then b, T = A'JA.



Admissible rules

Lemma (Inversion rules)

ALY
VR™!
AR™L
vt
—R1
—L1

If by FAGT = A then b, F,G,T = A
If -, T =FVG,A then -, T = F,G, A
If ol = FAF,A then H,T = F,A (i=1,2)
If bn LV F2,T = A then F, Fi,T = A (i=1,2)
If =, = F— G,A then +, F,T = G,A

If Fh F— G, T = A
then F, I = F,A andt, G,T = A



Admissible rules

Lemma (Contraction)

> If Fo FF,T = A then b, F,T = A
> If FoT = F,F,A then FoT = F,A

Lemma
If b T = A then FgT = A—{L}

Lemma (Atomic Cut)
If FeT = A AandbFg AT = A then Fg I = A

Lemma (Cut)
If FeT = F,Aandb¢ F.T = A then F¢ T = A



Natural Deduction rules

F G
FAG

Al
[F]

G
F—G

— I

F G

h

Fve ' Fve

Vi

F B
F—>g F g

GHE
Fve H H,




Natural Deduction rules

Rules for — are special cases of rules for —-:

[F]

i -/ -F F

—F L

-E



Hilbert System

The rule — E together with the following axioms:

F—G—F

(F-G—H —-(F>G)—-F—H
F—G—FAG

FANG—F

FAG—G

F—FVG

G—+FVG
FVG—(F—H)—(G—-H)—H
(-F—=1)—=F

Convention: — associates to the right:
F— G — Hmeans F - (G — H)
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