Syntax of Assertions

Intvar: a set of variables Aexpv ⊇ Aexp: arithmetic expressions with variables. a ::= n | X | i | a_1 aop a_2 where n ∈ N, X ∈ Loc and i ∈ Intvar. Assn ⊇ Bexp: assertions. A ::= true | false | a_1 rop a_2 | A_1 bop A_2 | ¬A | ∀i. A | ∃i. A Interpretation I : Intvar → N Av: Aexpv → (Intvar → N) → Σ → N Av[[n]] I σ = n Av[[X]] I σ = σ(X) Av[[i]] I σ = I(i) Av[[a_1 aop a_2]] I σ = (Av[[a_1]] I σ)[[aop]] (Av[[a_2]] I σ)

Semantics of Assertions (I[n/i])(j) =

8<
:^{n if i = j}

I(j) otherwise [[.]] : Assn → (Intvar → N) → Σ → T [[true]]Iσ = true [[false]]Iσ = false [[a_1 rop a_2]]Iσ = (Av[[a_1]]Iσ)[[rop]](Av[[a_2]]Iσ) [[A_1 bop A_2]]Iσ = ([[A_1]]Iσ)[[bop]]([[A_2]]Iσ)

[[∀i.A]]Iσ =

8>
><
>:

true if [[A]](I[n/i])σ = true for all n ∈ N false otherwise

[[∃i.A]]Iσ =

8>
><
>:

true if [[A]](I[n/i])σ = true for some n ∈ N false otherwise

Validity of Assertions: σ |=^I A

σ |=^I A ⇔ [[A]]Iσ = true |=^I A ⇔ for all σ : σ |=^I A |= A ⇔ for all I : |=^I A

Validity of Hoare-Triples: σ |=^I {A}c{B} σ |=^I {A}c{B} ⇔ (σ |=^I A ⇒ C[[c]]σ |=^I B) Convention:

• ⊥ is a new state representing “nontermination” • if C[[c]]σ is undefined we write C[[c]]σ = ⊥ • ⊥ |=^I B for all I and B

|= {A}c{B} ⇔ for all σ and I : σ |=^I {A}c{B}