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C++ Standard

25.4.1 Sorting [alg.sort]

25.4.1.1 sort [sort]
template<class RandomAccessIterator>
void sort(RandomAccessIterator first, RandomAccessIterator last);

template<class RandomAccessIterator, class Compare>
void sort(RandomAccessIterator first, RandomAccessIterator last,
Compare comp) ;
Effects: Sorts the elements in the range [first,last).

Requires: RandomAccessIterator shall satisfy the requirements of ValueSwappable (17.6.3.2). The
type of *first shall satisfy the requirements of MoveConstructible (Table 20) and of MoveAssignable
(Table 22).

Complezity: O(Nlog(N)) (where N == last - first) comparisons.
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C++ Standard

25.4.1 Sorting [alg.sort)
25.4.1.1 sort [sort]
template<class RandomdccessIterator>
joid irst, last)
template<class RandomhccossIterator, class Compare>
irst, last,
pare coup)
Effects vt the chements i the range [first,last)
Requires shall satisfy the of (17.63.2). The
type of *first shall (Table 20) and of
(Table 22)
Complezity: 6(N log(N)) (where N == last - first) comparisons.
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C++ Standard

25.4.1 Sorting
25.4.1.1 sort

tenplate<class RandomdccessIterator>
firet, last);

templatecclass RandomdccessIterator, class Cospare>
tixst,

Compare comp);

Effects: Sorts the elements in the range [first,last)

shall satisfy the

Requires:

of (
(Table 20) and of

[alg.sort]
sort]

1763.2). The

type of *#irst sha
(Table 22)

Complesity: 6(N log(N)) (where N == last - first) comparisons

{arraya p xso x snata l; | x snata hi h *x 1(I < h A h < |xso|) * $(introsort_implcos: (h—1))}

introsort_impl p I; h;

{Ar. Jaxs. arraya r xs x T(slice_sort_aux xso | h xs) % snata l; | % snats h; h}



Competitive C++ Standard

25.4.1 Sorting [alg.sort)

25.4.1.1 sort [sort]
uint64 template<class RandomdccessIterator>

votd tixst, last);

templatecclass RandomdccessIterator, class Cospare>
void tixst,

“ lst,
i Compare conp)
g Effects: Sorts the clements in the range [£irst,last)
P Reguires shall satisfy the of (17632). The
type of *fixst shall satisfy (Table 20) and of
(Table 22)
Complezity: 6(N log(N)) (where N == last - first) comparisons.
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Verified
{arraya p xso x snata l; | x snata hi h *x 1(I < h A h < |xso|) * $(introsort_implcos: (h—1))}
introsort_impl p I; h;

{Ar. Jaxs. arraya r xs x T(slice_sort_aux xso | h xs) % snata l; | % snats h; h}

introsort_implest € O(nlog n)



Competitive C++ Standard

25.4.1 Sorting [alg.sort)
25.4.1.1 sort [sort]

uint64

tenplate<class RandomdccessIterator>
void tirst, last);

templatecclass RandomdccessIterator, class Cospare>
void tixst,

“ lst,
i Compare conp)
g Effects: Sorts the clements in the range [£irst,last)
P Reguires shall satisfy the of (17632). The
type of *fixst shall satisfy (Table 20) and of
(Table 22)
Complezity: 6(N log(N)) (where N == last - first) comparisons.
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Verified
{arraya p xso x snata l; | x snata hi h *x 1(I < h A h < |xso|) * $(introsort_implcos: (h—1))}
introsort_impl p I; h;

{Ar. Jaxs. arraya r xs x T(slice_sort_aux xso | h xs) % snata l; | % snats h; h}

(An. Xc. introsort_imples: n c) € O(nlog n)



Top-Down Approach

First verification of a competitive implementation of INTROSORT with Time
Bound

Stepwise Refinement Calculus with Resource Currencies
Correctness-and-Time-Bound-Preserving Synthesis Mechanism
LLVM Semantics with Cost Model

Basic Reasoning Infrastructure (SL + TC)
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Introsort

Musser's Pseudocode

Algorithm INTROSORT(A, f, b)

Quicksort Scheme

Inputs: A, a random access data structure containing the seq
of data to be sorted, in positions A[f], ... A[b — 1];
£, the first position of the sequence
b, the first position beyond the end of the sequence
Output: A is permuted so that A[f] < A[f+1] <... < A — 1]
INTROSORT_LOOP(A, f, b, 2 ¥ FLoor.LG(b — f))
INSERTION_SORT(A, f, b)

Algorithm INTROSORT_LOOP(A, f, b, depth_limit)
Inputs: A, f, b as in INTROSORT;
depth_limit, a nonnegative integer
Output: A is permuted so that A[i] < A[j]
for all i, j: f <i < j < b and size_threshold < j — i
while b — f > size_threshold
do if depth_limit = 0
then HEAPSORT(A, f, b)
return
depth_limit := depth_limit — 1
p := PARTITION(A, f, b, MEDIAN_OF_3(A[f], A[f+(b—f)/2], A[b—1]))
INTROSORT_LOOP(A, p, b, depth_limit)
b:=p
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introsort xs | h =

n < return h—I; ($sub)

ifc n > 1 then (%)
xs <— almost_sortspec Xs | h;  ($aimost_sort)
xs < final_sortspec xs | h; ($finai_sort)
return xs

else return xs
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return xs

else return xs

slice__sor. tspec $slice_sort
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introsort xs | h = e introsort < |lc Ey (slice_sortspec $slice_sort)
n < return h—I; ($sun) B
if.n > 1 then ($1) e E; :: currency — currency — N

xs + almost_sortspec xs | h;  ($amost_sort) o E; slice_sort = $<up + S + $ir
xs < final_sortspec xs | h ($finai_sort -

return Xs + $almost“_sort + $final_sort
else return xs



introsort_rec xs | h d =
assert (I < h);
n<h—1
ifc n > 7 then
if. d = 0 then
slice_sortgpec xs | h

else
(xs, m) < partitiongec xs | h;
d'+d—1;

xs 4— introsort_rec xs | m d”;
xs <— introsort_rec xs m h d’;
return xs

else return xs

($5up)

($r)

(3eq)

($sorte (1 (h-1)))

($partitionc (h'l ) )
($sub)
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introsort_rec xs | h d =
assert (I < h);
n<h-—1
ifc n > 7 then
if. d = 0 then
slice_sortgpec xs | h

else
(xs, m) < partitiongec xs | h;
d'«—d—-1;

xs 4— introsort_rec xs | m d”;
xs <— introsort_rec xs m h d’;
return xs

else return xs

($5up)

($r)

(3eq)

($sorte (1 (h-1)))

($partitionc (h‘l ))
($sub)

@ 4 n=nlogn

e introsort_rec < |¢ E; (almost_sortspec $aimost_sort)
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introsort_rec xs | h d =
assert (I < h);
n<h-—1
ifc n > 7 then
if. d = 0 then
slice_sortgpec xs | h

else
(xs, m) < partitiongec xs | h;
d'«—d—-1;

xs 4— introsort_rec xs | m d”;
xs <— introsort_rec xs m h d’;
return xs

else return xs

($5up)

($r)

(3eq)

($sorte (1 (h-1)))
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($sub)

@ 4 n=nlogn
e introsort_rec < |¢ E; (almost_sortspec $aimost_sort)

@ introsort_receost (n, d) =

$sortc (,u n) + $partitionc dxn
+ ((d+1)xn)*($ir 2 + $can 2 + Seq + $1t + Ssup 2)



introsort_rec xs | h d =
assert (I < h);
n<h-—1
ifc n > 7 then
if. d = 0 then
slice_sortgpec xs | h
else

(xs, m) < partitiongec xs | h;

d+d-1;
xs 4— introsort_rec xs | m d”;

xs <— introsort_rec xs m h d’;

return xs
else return xs

($5up)

($r)

(3eq)

($sorte (1 (h-1)))

($partitionc (h‘l ))
($sub)

@ 4 n=nlogn
e introsort_rec < |¢ E; (almost_sortspec $aimost_sort)
@ introsort_receost (n, d) =

$sortc (,u n) + $partitionc dxn
+ ((d+1)xn)*($ir 2 + $can 2 + Seq + $1t + Ssup 2)

e Ep almost_sort = introsort_reccost (h — 1, d)



Stepwise Refinement

Refine slice_sortspec with HEAPSORT in O(nlog n)

Refine partitionspec in O(n)
Refine final_sortspec with INSERTIONSORT in O(T n)
e Unguarded Optimization

Synthesis to LLVM Code
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Final result
(introsorts, slice_sortspec introsort_impleost) € Id — Id — Id — Id
(introsortimpy, introsorts) € arraya — snata — snata — arraya
{arraya p xso x snata I | x snata ht h * (1 < h A h < |xso|) * $(introsort_implcos: (h—1))}

introsort_impl p I+ h;
Ar. Jaxs. arraya r xs * T(slice_sort_aux xsg | h xs) * snata I+ | x snata h; h
T t

(An. Zc. introsort_impleos: n ¢) € O(nlog n) (An. introsort_imples: n cmp) € O(nlog n)
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In the Paper

Nondeterministic Result Monad with Time (NREST)
Refinement Patterns + Automation

Synthesis Mechanism (Connecting NREST with LLVM Monad)
LLVM Semantics + Cost Model

e Basic Reasoning Infrastructure



Conclusion

@ Verification of a State-of-the-Art Sorting Algorithm
o Competitive and Verified
o Stepwise Refinement with Resource Analysis
o Future Work
o Improved Tooling
o Further Case Studies
o Other Resources: e.g. Stack Size
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Thank you!



