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1 Regular Sets

theory Regular-Set
imports Main
begin

type-synonym ’a lang = 'a list set

definition conc :: ‘a lang = 'a lang = 'a lang (infixr @Q 75) where
A @QQ B = {zsQys | zs ys. zs:A & ys:B}

lemma [code]:
A QQ B = (%(zs, ys). zs Q ys) ‘ (A x B)
unfolding conc-def by auto

overloading word-pow == compow :: nat = 'a lang = 'a lang
begin
primrec word-pow :: nat = 'a list = 'a list where
word-pow 0 w = [] |
word-pow (Suc n) w = w Q word-pow n w
end

overloading lang-pow == compow :: nat = 'a lang = 'a lang
begin
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primrec lang-pow :: nat = 'a lang = ’a lang where
lang-pow 0 A = {[}} |
lang-pow (Suc n) A = A QQ (lang-pow n A)

end

for code generation

definition lang-pow :: nat = 'a lang = 'a lang where
lang-pow-code-def [code-abbrev]: lang-pow = compow

lemma [code]:
lang-pow (Suc n) A = A QQ (lang-pow n A)
lang-pow 0 A = {[|}
by (simp-all add: lang-pow-code-def)

definition word-pow :: nat = 'a list = 'a list where
word-pow-code-def [code-abbrev]: word-pow = compow

lemma [code]:
word-pow 0 w = ||
word-pow (Suc n) w = w @ word-pow n w
by (simp-all add: word-pow-code-def)

lemma word-pow-alt: compow n w = concat (replicate n w)
by (induct n) auto

hide-const (open) lang-pow word-pow

definition star :: ‘a lang = ’a lang where
star A= (UJn. A """ n)

1.1 Concatenation of Languages

lemma concl|[simp,intro]: v : A = v : B = uQu : A QQ B
by (auto simp add: conc-def)

lemma concE|elim]:

assumes w € A QQ B

obtains u v where v € A v € Bw = uQu
using assms by (auto simp: conc-def)

lemma conc-mono: AC C = BCD— AQa@ B C C @@ D
by (auto simp: conc-def)

lemma conc-empty[simp]: shows {} @@ A = {} and A @Q {} = {}
by auto

lemma conc-epsilon[simp]: shows {[|]} @@ A = A and A QQ {[]} = 4
by (simp-all add:conc-def)



lemma conc-assoc: (A QQ B) @@ ¢ = A QQ@ (B @@ ()
by (auto elim!: concE) (simp only: append-assoc[symmetric| concl)

lemma conc-Un-distrib:

shows A @@ (BU C)=AQ@a BU A @a C

and (AUB)@@ C=A4@a CuUBa@ac(C
by auto

lemma conc-UNION-distrib:

shows A @QQ@ UNION I M = UNION I (%i. A @@ M i)

and UNIONIM @QQ A = UNION I (%i. M i @Q A)
by auto

lemma hom-image-conc: [A\zs ys. f (xs Q ys) = fazs Q fys] = f‘ (A QQ B)
=f‘AQQf‘B
unfolding conc-def by (auto simp: image-iff ) metis

lemma map-image-conc[simp]: map f ¢ (A QQ B) = map f * A QQ map f ‘B
by (simp add: hom-image-conc)

lemma conc-subset-lists: A C lists S = B C lists S = A QQ B C lists S
by (fastforce simp: conc-def in-lists-conv-set)

1.2 Iteration of Languages

lemma lang-pow-add: A " (n +m) =4 ""n@QQ A """ m
by (induct n) (auto simp: conc-assoc)

lemma lang-pow-simps: (A "~ Sucn) = (A """ n @QQ A)
using lang-pow-add[of n Suc 0 A] by auto

lemma lang-pow-empty: {} “"n = (if n = 0 then {[]} else {})
by (induct n) auto

lemma lang-pow-empty-Suc[simp]: ({}::'a lang) ~~ Suc n = {}
by (simp add: lang-pow-empty)

lemma conc-pow-comms:
shows A Q@ (A ""n)=(4 ""n)Q@Q A
by (induct n) (simp-all add: conc-assoc[symmetric])

lemma length-lang-pow-ub:
ALL w : A. length w < k = w : A""n = length w < kx*n
by (induct n arbitrary: w) (fastforce simp: conc-def )+

lemma length-lang-pow-1b:
ALL w : A. length w > k = w : A" "n = length w > kxn
by (induct n arbitrary: w) (fastforce simp: conc-def )+



lemma lang-pow-subset-lists: A C lists S = A """ n C lists S
by (induction n)(auto simp: conc-subset-lists|OF assms))

lemma star-subset-lists: A C lists S = star A C lists S
unfolding star-def by(blast dest: lang-pow-subset-lists)

lemma star-if-lang-pow([simp]: w : A """ n = w : star A
by (auto simp: star-def)

lemma Nil-in-star[iff]: || : star A

proof (rule star-if-lang-pow)
show [| : A °" 0 by simp

qed

lemma star-if-lang[simp]: assumes w : A shows w : star A
proof (rule star-if-lang-pow)

show w : A "" 1 using (w : A by simp
qed

lemma append-in-starl [simp]:

assumes u : star A and v : star A shows u@Qu : star A

proof —
from (u : star A obtain m where u : A *" m by (auto simp: star-def)
moreover
from (v : star A) obtain n where v : A "" n by (auto simp: star-def)
ultimately have u@uv : A *" (m+n) by (simp add: lang-pow-add)
thus ?thesis by simp

qed

lemma conc-star-star: star A QQ star A = star A
by (auto simp: conc-def)

lemma conc-star-comm:
shows A QQ star A = star A @QQ A
unfolding star-def conc-pow-comm conc-UNION-distrib
by simp

lemma star-induct][consumes 1, case-names Nil append, induct set: star]:
assumes w : star A
and P [|
and step: luv. u: A = v : star A— P v = P (uQv)
shows P w
proof —
{fixnhave w: 4 ""n = Puw
by (induct n arbitrary: w) (auto intro: <P [ step star-if-lang-pow) }
with «w : star A show P w by (auto simp: star-def)
qed



lemma star-empty[simp]: star {} = {[]}
by (auto elim: star-induct)

lemma star-epsilon[simp|: star {[|} = {[]}
by (auto elim: star-induct)

lemma star-idemp|simp]: star (star A) = star A
by (auto elim: star-induct)

lemma star-unfold-left: star A = A QQ star A U {[]} (is ?L = ?R)
proof

show ?L C ?R by (rule, erule star-induct) auto
qed auto

lemma concat-in-star: set ws C A = concat ws : star A
by (induct ws) simp-all

lemma in-star-iff-concat:
w: star A = (EX ws. set ws C A & w = concat ws & [| ¢ set ws)
(is - = (EX ws. R w ws))
proof
assume w : star A thus EX ws. R w ws
proof induct
case Nil have ?R || || by simp
thus Zcase ..
next
case (append u v)
moreover
then obtain ws where set ws C A A v = concat ws A [| ¢ set ws by blast
ultimately have ?R (uQu) (if u = [] then ws else u#ws) by auto
thus Zcase ..
qged
next
assume EX us. R w us thus w : star A
by (auto simp: concat-in-star)
qed

lemma star-conv-concat: star A = {concat ws|ws. set ws C A & [| ¢ set ws}
by (fastforce simp: in-star-iff-concat)

lemma star-insert-eps[simpl: star (insert [| A) = star(A)
proof—
{ fix us
have set us C insert [| A = EX vs. concat us = concat vs A set vs C A
(is P = EX vs. ?Q vs)
proof
let ?vs = filter (%ou. u # []) us
show 7P = ?Q) %vs by (induct us) auto
qed



} thus %thesis by (auto simp: star-conv-concat)
qed

lemma star-decom:
assumes a: ¢ € star A z # ||
shows Jab.z=a@QbAa#[|Na€ AANDE star A
using a by (induct rule: star-induct) (blast)+

lemma Ball-starl: ¥V a € set as. [a] € A => as € star A
by (induct as rule: rev-induct) auto

lemma map-image-star[simpl: map f ‘ star A = star (map f * A)
by (auto elim: star-induct) (auto elim: star-induct simp del: map-append simp:
map-append|symmetric] introl: imagel )

1.3 Left-Quotients of Languages
definition IQuot :: 'a = 'a lang = ’a lang
where [Quot x A = { zs. a#xs € A }

definition [Quots :: 'a list = 'a lang = 'a lang
where [Quots zs A = { ys. zs Q ys € A }

abbreviation
IQuotss :: 'a list = 'a lang set = 'a lang
where

IQuotss s As = |J (lQuots s) * As

lemma [Quot-empty[simp]: 1Quot a {} = {}
and [Quot-epsilon[simp]: 1Quot a {[|} = {}
and [Quot-char[simp]:  [Quot a {[b]} = (if a = b then {[|} else {})
and [Quot-union[simp]: [Quot a (A U B) = lQuot a A U IQuot a B
and [Quot-inter[simp]: lQuot a (A N B) = lQuot a A N IQuot a B
and [Quot-compl[simp]: 1Quot a (—A) = — lQuot a A
by (auto simp: 1Quot-def)

lemma [Quot-conc-subset: [Quot a A QQ B C [Quot a (A @Q B) (is ?L C ?R)
proof
fix w assume w € ?L
then obtain v v where w = u Qua #uec AveEB
by (auto simp: 1Quot-def)
then have ¢« # w € A QQ B
by (auto intro: concl|of a # u, simplified))
thus w € ?R by (auto simp: [Quot-def)
qed

lemma [Quot-conc [simp]: IQuot ¢ (A QQ B) = (IQuot ¢ A) @@ B U (if [|] € A
then lQuot ¢ B else {})



unfolding [Quot-def conc-def
by (auto simp add: Cons-eg-append-conv)

lemma [Quot-star [simp]: [Quot ¢ (star A) = (IQuot ¢ A) QQ star A
proof —
have incl: [| € A = IQuot ¢ (star A) C (IQuot ¢ A) QQ star A
unfolding [Quot-def conc-def
apply(auto simp add: Cons-eg-append-conv)
apply (drule star-decom)
apply (auto simp add: Cons-eq-append-conv)
done

have [Quot ¢ (star A) = [Quot ¢ (A QQ star A U {[]})
by (simp only: star-unfold-left[symmetric])

also have ... = [Quot ¢ (A QQ star A)
by (simp only: lQuot-union) (simp)
also have ... = (IQuot ¢ A) QQ (star A) U (if [| € A then IQuot c (star A) else
)
by simp
also have ... = (IQuot ¢ 4) QQ star A

using incl by auto
finally show [Quot ¢ (star A) = (IQuot ¢ A) QQ star A .
qed

lemma [Quot-diff [simp]: [Quot ¢ (A — B) = lQuot ¢ A — IQuot ¢ B
by (auto simp add: [Quot-def)

lemma [Quot-lists[simp]: ¢ : S = IQuot ¢ (lists S) = lists S
by (auto simp add: lQuot-def)

lemma [Quots-simps [simp]:
shows [Quots [| A = A
and [Quots (¢ # s) A = lQuots s (IQuot ¢ A)
and [Quots (s1 @ s2) A = IQuots s2 (IQuots s1 A)
unfolding [Quots-def |Quot-def by auto

lemma [Quots-append[iff]: v € IQuots w A +— w Qv € A
by (induct w arbitrary: v A) (auto simp add: lQuot-def)

1.4 Right-Quotients of Languages
definition rQuot :: ‘a = ’a lang = 'a lang
where rQuot t A = { zs. zs Q [z] € A }

definition rQuots :: 'a list = 'a lang = 'a lang
where rQuots s A = { ys. ys Q revxs € A }

abbreviation
rQuotss :: 'a list = 'a lang set = 'a lang



where
rQuotss s As = |J (rQuots s) ‘ As

lemma rQuot-rev-lQuot: rQuot x A = rev ‘ lQuot z (rev * A)
unfolding rQuot-def lQuot-def by (auto simp: rev-swap[symmetric))

lemma rQuots-rev-lQuots: rQuots x A = rev ‘ [Quots x (rev * A)
unfolding rQuots-def lQuots-def by (auto simp: rev-swap|symmetric))

lemma rQuot-empty[simp]: rQuot a {} = {}
and rQuot-epsilon[simp]: rQuot a {[|} = {}
and rQuot-char[simp]:  rQuot a {[b]} = (if a = b then {[|} else {})
and rQuot-union[simpl: rQuot a (A U B) = rQuot a A U rQuot a B
and rQuot-inter[simp]:  rQuot a (A N B) = rQuot a A N rQuot a B
and rQuot-compl[simp]:  rQuot a (—A) = — rQuot a A
by (auto simp: rQuot-def)

lemma [Quot-rQuot: IQuot a (rQuot b A) = rQuot b (IQuot a A)
unfolding [Quot-def rQuot-def by auto

lemma rQuot-lIQuot: rQuot a (IQuot b A) = IQuot b (rQuot a A)
unfolding [Quot-def rQuot-def by auto

lemma rev-simp-invert: (zs Q [z] = rev zs) = (28 = x # rev xs)
by (induct zs) auto

lemma rev-append-invert: (zs @ ys = rev zs) = (zs = rev ys @ rev zs)
by (induct zs arbitrary: ys rule: rev-induct) auto

lemma image-rev-lists[simp|: rev ‘ lists S = lists S
proof (intro set-eql)
fix zs
show xs € rev ‘ lists S +— wxs € lists S
proof (induct xs rule: rev-induct)
case (snoc z s)
thus ?case by (auto intro!: image-eql[of - rev] simp: rev-simp-invert)
qged simp
qed

lemma image-rev-conc[simp]: rev * (A QQ B) = rev * B QQ rev ¢ A
by auto (auto simp: rev-append|symmetric] simp del: rev-append)

lemma image-rev-star[simp]: rev ‘ star A = star (rev * A)
by (auto elim: star-induct) (auto elim: star-induct simp: rev-append[symmetric]
simp del: rev-append)

lemma rQuot-conc [simp]: rQuot ¢ (A QQ B) = A QQ (rQuot ¢ B) U (if [ € B
then rQuot ¢ A else {})
unfolding rQuot-rev-lQuot by (auto simp: image-image image-Un)



lemma rQuot-star [simp]: rQuot ¢ (star A) = star A QQ (rQuot ¢ A)
unfolding rQuot-rev-lQuot by (auto simp: image-image)

lemma rQuot-diff [simp]: rQuot ¢ (A — B) = rQuot ¢ A — rQuot ¢ B
by (auto simp add: rQuot-def)

lemma rQuot-lists[simp]: ¢ : S = rQuot ¢ (lists S) = lists S
by (auto simp add: rQuot-def)

lemma rQuots-simps [simp]:
shows rQuots [| A = A
and rQuots (¢ # s) A = rQuots s (rQuot ¢ A)
and rQuots (s1 @ s2) A = rQuots s2 (rQuots s1 A)
unfolding rQuots-def rQuot-def by auto

lemma rQuots-append[iff]: v € rQuots w A +— v Q revw € A
by (induct w arbitrary: v A) (auto simp add: rQuot-def)

1.5 Two-Sided-Quotients of Languages
definition biQuot :: 'a = 'a = 'a lang = 'a lang
where biQuot zy A ={zs.z #12sQyl € A}

definition biQuots :: 'a list = 'a list = 'a lang = 'a lang
where biQuots zs ys A = { zs. s Q 2s Q rev ys € A }

abbreviation
biQuotss :: 'a list = 'a list = 'a lang set = 'a lang
where

biQuotss xs ys As = |J (biQuots xs ys) ‘ As

lemma biQuot-rQuot-lQuot: biQuot vy A = rQuot y (IQuot z A)
unfolding biQuot-def rQuot-def [Quot-def by auto

lemma biQuot-l1Quot-rQuot: biQuot z y A = lQuot x (rQuot y A)
unfolding biQuot-def rQuot-def lQuot-def by auto

lemma biQuots-rQuots-1Quots: biQuots x y A = rQuots y (IQuots x A)
unfolding biQuots-def rQuots-def [Quots-def by auto

lemma biQuots-lQuots-rQuots: biQuots x y A = lQuots = (rQuots y A)
unfolding biQuots-def rQuots-def [Quots-def by auto

lemma biQuot-empty[simp]:  biQuot a b {} = {}
and biQuot-epsilon[simp]: biQuot a b {[|} = {}
and biQuot-char[simp]:  biQuot a b {[c]} = {}
and biQuot-union[simp]: biQuot a b (A U B) = biQuot a b A U biQuot a b B
and biQuot-inter[simp]:  biQuot a b (A N B) = biQuot a b A N biQuot a b B
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and biQuot-compl[simp]:  biQuot a b (—A) = — biQuot a b A
by (auto simp: biQuot-def)

lemma biQuot-conc [simp]: biQuot a b (A QQ B) =
lQuot a A QQ rQuot b B U
(if [ € AN € B then biQuot a b A U biQuot a b B
else if ] € A then biQuot a b B
else if [] € B then biQuot a b A

else {})
unfolding biQuot-rQuot-lQuot by auto

lemma biQuot-star [simp]: biQuot a b (star A) = biQuot a b A U IQuot a A QQ
star A QQ rQuot b A
unfolding biQuot-rQuot-lQuot by auto

lemma biQuot-diff [simp]: biQuot a b (A — B) = biQuot a b A — biQuot a b B
by (auto simp add: biQuot-def)

lemma biQuot-lists[simp]: a : S = b : § = biQuot a b (lists S) = lists S
by (auto simp add: biQuot-def )

lemma biQuots-simps [simp]:
shows biQuots [| [ A=A
and biQuots (a#as) (b#bs) A = biQuots as bs (biQuot a b A)
and [length s1 = length t1; length s2 = length t2] —
biQuots (s1 @Q s2) (t1 Q t2) A = biQuots s2 t2 (biQuots s1 t1 A)
unfolding biQuots-def biQuot-def by auto

lemma biQuots-append[iff]: v € biQuots u w A «— v Q@ v Q rev w € A
unfolding biQuots-def by auto

1.6 Arden’s Lemma

lemma arden-helper:

assumes eq: X = A QQ X U B

shows X = (A4 " Sucn) @@ X U (Um<n. (4 """ m) QQ B)
proof (induct n)

case ()

show X = (A """ Suc 0) @@ X U (Um<0. (4 """ m) QQ B)

using eq by simp

next

case (Suc n)

have ih: X = (A " Sucn) @@ X U (Um<n. (A """ m) QQ B) by fact
also have ... = (A "" Sucn) @@ (4 @@ X U B) U (Um<n. (A ""m) @QQ B)
using eq by simp

also have ... = (4 "" Suc (Suc n)) @QQ X U ((A "" Suc n) @@ B) U (Um<n.
(A ""m) QQ B)
by (simp add: conc-Un-distrib conc-assoc[symmetric] conc-pow-comm)
also have ... = (4 *" Suc (Suc n)) @@ X U (m<Sucn. (A "~ m) QQ B)
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by (auto simp add: le-Suc-eq)
finally show X = (A " Suc (Suc n)) @@ X U (m<Sucn. (A ""m) QQ B)
qed
lemma Arden:
assumes [| ¢ A
shows X = 4AQQ X U B +— X = star A QQ B
proof
assume e¢q: X = AQQ X U B
{ fix w assume w : X
let ?n = size w
from (] ¢ A have ALL u : A. length v > 1
by (metis Suc-eq-plusl add-leD2 le-0-eq length-0-conv not-less-eq-eq)
hence ALL u : A""(%n+1). length u > ?n+1
by (metis length-lang-pow-lb nat-mult-1)
hence ALL u : A""(%n+1)QQX. length u > ?n+1
by (auto simp only: conc-def length-append)
hence w ¢ A""(?n+1)QQX by auto
hence w : star A @QQ B using (w : X) using arden-helper|OF eq, where
n="7n]
by (auto simp add: star-def conc-UNION-distrib)
} moreover
{ fix w assume w : star A QQ B
hence EX n. w : A""n Q@ B by(auto simp: conc-def star-def)
hence w : X using arden-helper[OF eq] by blast
} ultimately show X = star A QQ B by blast
next
assume eq: X = star A QQ B
have star A = A QQ star A U {[]}
by (rule star-unfold-left)
then have star A @QQ B = (4 QQ star A U {[]}) @@ B

by metis

also have ... = (A QQ star A) Q@ B U B
unfolding conc-Un-distrib by simp

also have ... = A QQ (star A @QQ B) U B

by (simp only: conc-assoc)
finally show X = A Q@ X U B
using eq by blast
qed

lemma reversed-arden-helper:
assumes eg: X = X Q@ AU B
shows X = X @QQ (A "" Suc n) U (Um<n. BQQ (4 " m))
proof (induct n)
case (
show X = X @QQ (4 “" Suc 0) U (Um<0. B QQ (A """ m))
using eq by simp

12



next
case (Suc n)
have ih: X = X @QQ (A " Suc n) U (Um<n. B @Q (A “" m)) by fact

also have ... = (X @@ AU B) @Q (A """ Sucn) U (Um<n. BQQ (A """ m))
using eq by simp
also have ... = X @Q (A " Suc (Suc n)) U (B @@ (A "" Suc n)) U (m<n.

B @a (A "" m))
by (simp add: conc-Un-distrib conc-assoc)
also have ... = X Q@ (A4 "" Suc (Suc n)) U (Um<Suc n. B @Q (A " m))
by (auto simp add: le-Suc-eq)
finally show X = X Q@ (A "" Suc (Suc n)) U (Um<Sucn. B QQ (A """ m))
qed
theorem reversed-Arden:
assumes nemp: [| ¢ A
shows X = X Q@ AU B +— X = B QQ star A
proof
assume eq: X = X Q@ AU B
{ fix w assume w : X
let n = size w
from (] ¢ A have ALL u : A. length u > 1
by (metis Suc-eq-plusl add-leD2 le-0-eq length-0-conv not-less-eq-eq)
hence ALL u : A*"(%n+1). length u > ?n+1
by (metis length-lang-pow-Ib nat-mult-1)
hence ALL u : X @QQ A""(?n+1). length v > ?n+1
by (auto simp only: conc-def length-append)
hence w ¢ X @@ A""(?n+1) by auto
hence w : B QQ@ star A using (w : X) using reversed-arden-helper|OF eq,
where n=7n]
by (auto simp add: star-def conc-UNION-distrib)
} moreover
{ fix w assume w : B QQ star A
hence EX n. w : B Q@ A" "n by (auto simp: conc-def star-def)
hence w : X using reversed-arden-helper|OF eq] by blast
} ultimately show X = B QQ star A by blast
next
assume eq: X = B QQ star A
have star A = {[]} U star A QQ A
unfolding conc-star-comm[symmetric]

by (metis Un-commute star-unfold-left)
then have B QQ star A = B QQ ({[]} U star A QQ A)

by metis

also have ... = B U B QQ (star A QQ A)
unfolding conc-Un-distrib by simp

also have ... = B U (B QQ star A) @Q A

by (simp only: conc-assoc)
finally show X = X @@ AU B
using eq by blast
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qed

1.7 Lists of Fixed Length
abbreviation listsN where listsN n S = {zs. zs € lists S N length xs = n}

lemma tl-listsN: A C listsN (n + 1) S = ¢l ‘A C listsNn S
proof (intro image-subsetl)

fix zs assume A C listsN (n + 1) Sazs € A

thus ¢l zs € listsN n S by (induct zs) auto
qed

lemma map-tl-listsN: A C lists (listsN (n + 1) S) = map tl * A C lists (listsN
n S)
proof (intro image-subsetl)
fix xss assume A C lists (listsN (n + 1) S) xss € A
hence set zss C listsN (n + 1) S by auto
hence Vs € set xss. tl xs € listsN n S using tl-listsN [of set zss S n| by auto
thus map tl zss € lists (listsN n S) by (induct xss) auto
qed

end

2 JI-Extended Regular Expressions

2.1 Syntax of regular expressions

datatype 'a rexp =
Zero |
One |
Atom 'a |
Plus ('a rezp) ('a rexp) |
Times ('a rexp) ('a rexp) |
Star ('a rexp) |
Not ('a rexp) |
Inter (‘a rexp) ('a rexp) |
Pr ('a rexp)

Lifting constructors to lists

fun rexp-of-list where
rexp-of-list OP N [ = N
| rexp-of-list OP N [z] = x
| rexp-of-list OP N (z # xs) = OP z (rexp-of-list OP N zs)

abbreviation PLUS = rexp-of-list Plus Zero

abbreviation TIMES = rexp-of-list Times One
abbreviation INTERSECT = rexp-of-list Inter (Not Zero)
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lemma list-singleton-induct [case-names nil single cons]:
assumes nil: P ||
assumes single: Az. P [z]
assumes cons: Az y zs. P (y # xs) = P (z # (y # xs))
shows P s
using assms

proof (induct xs)
case (Cons z zs) thus ?case by (cases xs) auto

qged simp

Term ordering
instantiation rexp :: (order) {order}

begin

fun le-rexp :: (‘az:order) rexp = (‘a::order) rexp = bool
where

le-rexp Zero - = True
| le-rexp - Zero = False
| le-rexp One - = True

e-rezp - One = False
l 0 Fal
| le-rexp (Atom a) (Atom b) = (a <= b)
| le-rexp (Atom -) - = True
e-rexp - (Atom -) = Fulse
l A Fal
| le-rexp (Star r) (Star s) = le-rexp r s
e-rexp (Star -) - = True
l S T
| le-rexp - (Star -) = False
| le-rezp (Not r) (Not s) = le-rexp r s
| le-rexp (Not -) - = True
e-rexp - (Not -) = False
l N Fal
e-rexp (Plus rr us s s') =
l Pl " (Pl !
(if 1 = s then le-rexp v’ s’ else le-rexp r 3)
| le-rexp (Plus - -) - = True
e-rexp - (Plus - -) = False
l Pl Fal
| le-rexp (Times r r') (Times s s') =
(if r = s then le-rexp v’ s’ else le-rexp T $)
| le-rexp (Times - -) - = True
e-rexp - (Times - -) = False
l T% Fal
| le-rexp (Inter r r') (Inter s s') =
(if r = s then le-rexp ' s’ else le-rexp r )
| le-rexp (Inter - -) - = True
| le-rexp - (Inter - -) = False
| le-rexp (Prr) (Prs) = le-rexp r s

definition less-eg-rexp where r < s = le-rexp r s
definition less-rexp where r < s = le-rexp rs AN r # s

lemma le-rexp-Zero:

le-rexp r Zero = r = Zero
by (induct ) auto
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lemma le-rexp-refl[intro:
le-rexp r r
by (induct ) auto

lemma le-rexp-antisym:
[le-rexp r s; le-rexp s 1] = r = s
by (induct r s rule: le-rexp.induct) (auto dest: le-rexp-Zero)

lemma le-rexp-trans:

[le-rexp 7 s; le-rexp s t] = le-rexp rt
proof (induct r s arbitrary: t rule: le-rexp.induct)

fix v ¢ assume le-rexp (Atom v) t thus le-rexp One t by (cases t) auto
next

fix s1 s2 t assume le-rexp (Plus s1 s2) t thus le-rexp One t by (cases t) auto
next

fix s1 s2 t assume le-rexp (Times s1 s2) t thus le-rexp One t by (cases t) auto
next

fix s t assume le-rexp (Star s) t thus le-rexp One t by (cases t) auto
next

fix s t assume le-rexp (Not s) ¢ thus le-rexp One t by (cases t) auto
next

fix s1 s2 t assume le-rexp (Inter s1 s2) ¢ thus le-rexp One t by (cases t) auto
next

fix s t assume le-rexp (Pr s) t thus le-rexp One t by (cases t) auto
next

fix v u t assume le-rexp (Atom v) (Atom u) le-rexp (Atom u) t

thus le-rexp (Atom v) t by (cases t) auto

next

fix v s1 s2 t assume le-rexp (Plus s s2) t thus le-rexp (Atom v) t by (cases
t) auto
next

fix v s1 s2 t assume le-rexp (Times s1 s2) t thus le-rexp (Atom v) t by (cases
t) auto
next

fix v s t assume le-rexp (Star s) t thus le-rexp (Atom v) t by (cases t) auto
next

fix v s t assume le-rexp (Not s) t thus le-rexp (Atom v) t by (cases t) auto
next

fix v s1 s2 ¢t assume le-rexp (Inter s1 s2) t thus le-rexp (Atom v) t by (cases
t) auto
next

fix v s t assume le-rexp (Pr s) t thus le-rexp (Atom v) t by (cases t) auto
next

fixrst

assume [H: At. local.le-rexp v s = local.le-rexp s t = local.le-rexp r t

and le-rexp (Star r) (Star s) le-rexp (Star s) t

thus local.le-rexp (Star 1) t by (cases t) auto

next
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fix r s1 s2 t assume le-rexp (Plus s1 s2) t thus le-rexp (Star r) ¢t by (cases t)
auto
next

fix r s1 s2 t assume le-rexp (Times sI s2) t thus le-rexp (Star r) t by (cases
t) auto
next

fix r s t assume le-rexp (Not s) t thus le-rexp (Star ) t by (cases t) auto
next

fix r s1 s2 t assume le-rexp (Inter s1 s2) t thus le-rexp (Star r) t by (cases t)
auto
next

fix r s t assume le-rezp (Pr s) t thus le-rexp (Star r) ¢t by (cases t) auto
next

fixrst

assume [H: At. local.le-rexp r s = local.le-rexp s t = local.le-rexp r t

and le-rexp (Not r) (Not s) le-rexp (Not s) t

thus local.le-rexp (Not r) t by (cases t) auto
next

fix r s1 s2 t assume le-rexp (Plus s1 s2) t thus le-rexp (Not r) t by (cases t)
auto
next

fix r s1 s2 t assume le-rexp (Times sl s2) t thus le-rexp (Not r) t by (cases
t) auto
next

fix r s1 s2 ¢t assume le-rexp (Inter sI s2) t thus le-rexp (Not r) t by (cases t)
auto
next

fix r s t assume le-rexp (Pr s) t thus le-rexp (Not r) t by (cases t) auto
next

fix ri r2s1s2t

assume A\t. r1 = s1 = local.le-rexp 12 2 = local.le-rexp s2 t = local.le-rexp
2t

NAt. 11 # s1 = local.le-rexp r1 s1 = local.le-rexp s1 t = local.le-rexp
rlt
le-rexp (Plus r1 v2) (Plus s1 s2) le-rexp (Plus s1 s2) t

thus le-rexp (Plus r1 r2) t by (cases t) (auto split: split-if-asm intro: le-rexp-antisym)
next

fix r1 72 s1 s2 t assume le-rexp (Times s1 s2) t thus le-rexp (Plus r1 r2) t by
(cases t) auto
next

fix r1 r2 sl s2 t assume le-rexp (Inter s1 s2) t thus le-rexp (Plus r1 r2) t by
(cases t) auto
next

fix r1 r2 s t assume le-rexp (Pr s) t thus le-rexp (Plus r1 r2) t by (cases t)
auto
next

fix ri r2 sl s2t

assume A\t. r1 = s1 = local.le-rexp 12 $2 = local.le-rexp s2 t = local.le-rexp
r2t
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NAt. 11 # s1 = local.le-rexp r1 s1 = local.le-rexp s1 t = local.le-rexp
rlt
le-rexp (Times r1 r2) (Times s1 s2) le-rexp (Times s1 s2) t
thus le-rexp (Times r1 r2) t by (cases t) (auto split: split-if-asm intro: le-rexp-antisym)
next
fix 71 r2 s1 s2 t assume le-rexp (Inter s1 s2) t thus le-rexp (Times r1 r2) t by
(cases t) auto
next
fix r1 r2 s t assume le-rexp (Pr s) t thus le-rexp (Times r1 r2) t by (cases t)
auto
next
fix r1 r2 s1 s2t
assume At. r1 = s1 = local.le-rexp r2 s2 = local.le-rexp s2 t = local.le-rexp
2t
At. r1 # s1 = local.le-rexp r1 s1 = local.le-rexp s1 t = local.le-rexp
rlt
le-rexp (Inter r1 r2) (Inter s1 s2) le-rexp (Inter s1 s2) t
thus le-rexp (Inter r1 r2) t by (cases t) (auto split: split-if-asm intro: le-rexp-antisym)
next
fix 71 r2 s t assume le-rexp (Pr s) t thus le-rexp (Inter r1 r2) t by (cases t)
auto
next
fix rst
assume [H: \t. local.le-rexp r s = local.le-rexp s t = local.le-rexp 1 ¢
and le-rexp (Prr) (Prs) le-rexp (Prs) t
thus local.le-rexp (Prr) t by (cases t) auto
qged auto

instance proof
qed (auto simp add: less-eq-rexp-def less-rexp-def intro: le-rexp-antisym le-rexp-trans)

end

instantiation rexzp :: (linorder) {linorder}
begin

lemma le-rexp-total:
le-rexp (r :: 'a :: linorder rexp) s V le-rexp s r

by (induct r s rule: le-rexp.induct) auto

instance proof
qed (unfold less-eq-rexp-def less-rexp-def , rule le-rexp-total)

end

2.2 ACI normalization

fun toplevel-summands :: 'a rexp = 'a rexp set where
toplevel-summands (Plus r s) = toplevel-summands r U toplevel-summands s
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| toplevel-summands r = {r}
abbreviation flatten LISTOP X = LISTOP (sorted-list-of-set X)

lemma toplevel-summands-nonempty[simp):
toplevel-summands r # {}
by (induct ) auto

lemma toplevel-summands-finite[simp):
finite (toplevel-summands r)
by (induct ) auto

primrec ACI-norm :: (‘a:linorder) rexp = 'a rexp (<-») where
<Zero> = Zero

| «Ones> = One

| <Atom a> = Atom a

| <Plus r s> = flatten PLUS (toplevel-summands (Plus <r> <s>))

| «Times r s> = Times <r> <s>

| <Star r> = Star <r>

| «Not r> = Not <r>

| <Inter r s> = Inter <r> <s>

| «<Prrs> = Pr <rs

lemma Plus-toplevel-summands:
Plus r s € toplevel-summands t = False
by (induct t) auto

lemma toplevel-summands-not-Plus[simp]:
(Vrs. z # Plus r s) = toplevel-summands x = {z}
by (induct =) auto

lemma toplevel-summands-PLUS-strong:

[xs # [J; list-all (Ax. =(3 7 s. & = Plus r s)) xs] = toplevel-summands (PLUS
xs) = set s

by (induct zs rule: list-singleton-induct) auto

lemma toplevel-summands-flatten:

[X # {}; finite X; Vz € X. =(3r s. x = Plus r s)] = toplevel-summands
(flatten PLUS X) = X

using toplevel-summands-PLUS-strong|of sorted-list-of-set X| sorted-list-of-set[of
X]

unfolding list-all-iff by fastforce

lemma ACI-norm-Plus:
<«<r> = Plus st = dst. r = Plus s t

by (induct ) auto

lemma toplevel-summands-flatten-A CI-norm-image:
toplevel-summands (flatten PLUS (ACI-norm ‘ toplevel-summands r)) = ACI-norm
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‘ toplevel-summands r
by (intro toplevel-summands-flatten) (auto dest!: ACI-norm-Plus intro: Plus-toplevel-summands)

lemma toplevel-summands-flatten-ACI-norm-image- Union:
toplevel-summands (flatten PLUS (ACI-norm ¢ toplevel-summands v U ACI-norm
“ toplevel-summands s)) =
ACI-norm  toplevel-summands r U ACI-norm ¢ toplevel-summands s
by (intro toplevel-summands-flatten) (auto dest!: ACI-norm-Plus[OF sym] intro:
Plus-toplevel-summands)

lemma toplevel-summands-ACI-norm:
toplevel-summands <r> = ACI-norm * toplevel-summands r
by (induct ) (auto simp: toplevel-summands-flatten-ACI-norm-image- Union)

lemma ACI-norm-flatten:
<r» = flatten PLUS (ACI-norm * toplevel-summands 1)
by (induct r) (auto simp: image-Un toplevel-summands-flatten-ACI-norm-image)

theorem ACI-norm-idem|[simp]:
LLTr>> = LI'>
proof (induct r)
case (Plus r s)
have << Plus r s»» = <flatten PLUS (toplevel-summands <r> U toplevel-summands

<<S>>)>>
(is - = <flatten PLUS ?U>) by simp
also have ... = flatten PLUS (ACI-norm ¢ toplevel-summands (flatten PLUS
1)

unfolding ACI-norm-flatten ..
also have toplevel-summands (flatten PLUS ?U) = ?2U
by (intro toplevel-summands-flatten) (auto intro: Plus-toplevel-summands)
also have flatten PLUS (ACI-norm ¢ ?U) = flatten PLUS (toplevel-summands
<r> U toplevel-summands <s>)
unfolding image-Un toplevel-summands-ACI-norm[symmetric] Plus ..
finally show ?case by simp
qed auto

fun ACI-nPlus :: 'a::linorder rexp = 'a rexp = 'a rexp
where

ACI-nPlus (Plus r1 12) s = ACI-nPlus r1 (ACI-nPlus 12 s)
| ACI-nPlus r (Plus sl s2) =

(if = s1 then Plus sl s2

else if r < s1 then Plus r (Plus s1 s2)

else Plus s1 (ACI-nPlus r s2))
| ACI-nPlus r s =

(if r = s then r

else if 1 < s then Plus r s

else Plus s r)

fun ACI-norm-alt where
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ACI-norm-alt Zero = Zero
| ACI-norm-alt One = One
| ACI-norm-alt (Atom a) = Atom a
| ACI-norm-alt (Plus r 8) = ACI-nPlus (ACI-norm-alt r) (ACI-norm-alt s)
| ACI-norm-alt (Times r s) = Times (ACI-norm-alt r) (ACI-norm-alt s)
| ACI-norm-alt (Star r) = Star (ACI-norm-alt r)
| ACI-norm-alt (Not r) = Not (ACI-norm-alt 1)
| ACI-norm-alt (Inter r s) = Inter (ACI-norm-alt r) (ACI-norm-alt s)
| ACI-norm-alt (Pr r) = Pr (ACI-norm-alt r)

PRy

lemma toplevel-summands-ACI-nPlus:
toplevel-summands (ACI-nPlus r s) = toplevel-summands (Plus 1 s)
by (induct r s rule: ACI-nPlus.induct) auto

lemma toplevel-summands-ACI-norm-alt:
toplevel-summands (ACI-norm-alt r) = ACI-norm-alt * toplevel-summands r
by (induct ) (auto simp: toplevel-summands-ACI-nPlus)

lemma ACI-norm-alt-Plus:
ACI-norm-alt r = Plus st = dst. r = Plus s t
by (induct ) auto

lemma toplevel-summands-flatten-A Cl-norm-alt-image:
toplevel-summands (flatten PLUS (ACI-norm-alt ¢ toplevel-summands r)) =
ACI-norm-alt ‘ toplevel-summands r
by (intro toplevel-summands-flatten) (auto dest!: ACI-norm-alt-Plus intro: Plus-toplevel-summands)

lemma ACI-norm-ACI-norm-alt: < ACI-norm-alt r> = <r>
proof (induction r)
case (Plus r s) show Zcase
by (auto simp: ACI-norm-flatten image-Un toplevel-summands-ACI-nPlus)
(metis Plus.IH toplevel-summands-ACI-norm)
qged auto

lemma ACI-nPlus-singleton-PLUS:

[zs # []; sorted zs; distinct xs; Yz € {x} U set xs. 7(Ir s. ¢ = Plus r )] =

ACI-nPlus x (PLUS zs) = (if x € set xs then PLUS zs else PLUS (insort x xs))
proof (induct xs rule: list-singleton-induct)

case (single y)

thus Zcase

by (cases x y rule: linorder-cases) (induct z y rule: ACI-nPlus.induct, auto)+

next

case (cons y1 y2 ys) thus ?case by (cases x) (auto simp: sorted-Cons)
qed simp

lemma ACI-nPlus-PLUS:

[wsl # [); zs2 # [|; Vo € set (ws1 Q zs2). ~(Ir s. x = Plus r s); sorted xs2;
distinct xs2]—

ACI-nPlus (PLUS zs1) (PLUS zs2) = flatten PLUS (set (zs1 @ xs2))

21



proof (induct zsl arbitrary: xs2 rule: list-singleton-induct)
case (single z1)
thus ?Zcase
apply (auto intro!: trans|OF ACI-nPlus-singleton-PLUS] simp del: sorted-list-of-set-insert)
apply fastforce
apply (simp only: insert-absorb)
apply (metis List.finite-set finite-sorted-distinct-unique sorted-list-of-set)
apply (rule arg-conglof - - PLUS))
apply (metis List.set.simps(2) distinct.simps(2) remdups-id-iff-distinct sort-key-simps(2)
sorted-list-of-set-sort-remdups sorted-sort-id)
done
next
case (cons x11 12 xs1) thus ?case
apply (simp del: sorted-list-of-set-insert)
apply (rule trans[OF ACI-nPlus-singleton-PLUS))
apply (auto simp del: sorted-list-of-set-insert simp add: insert-commute[of x11])
apply fastforce
apply (auto simp only: Un-insert-left(of x11, symmetric] insert-absord) ||
apply (auto simp only: Un-insert-right[of - x11, symmetric] insert-absord) []
apply (auto simp add: insert-commute|of x12])
done
qed simp

lemma ACI-nPlus-flatten-PLUS:
[X1 # {}; X2 # {}; finite X1; finite X2; Vz € X1 U X2. =(3rs. x = Plus r
ACI-nPlus (flatten PLUS X1) (flatten PLUS X2) = flatten PLUS (X1 U X2)
by (rule trans[OF ACI-nPlus-PLUS])) (auto, (metis List.set.simps(1) all-not-in-conv
sorted-list-of-set)+)

lemma ACI-nPlus-ACI-norm[simp]: ACI-nPlus <r> <s$» = <Plus r s>
by (auto simp: image-Un Un-assoc ACI-norm-flatten intro!: trans[OF ACI-nPlus-flatten-PLUS])
(metis ACI-norm-Plus Plus-toplevel-summands ACI-norm-flatten)+

lemma ACI-norm-alt:
ACI-norm-alt r = <r>
by (induct ) auto

declare ACI-norm-alt[symmetric, code]

2.3 Finality

primrec final :: 'a rexp = bool
where
final Zero = False
| final One = True
| final (Atom -) = False
| final (Plus v s) = (final v V final s)
| final (Times r s) = (final r A final s)

22



| final (Star -) = True

| final (Not r) = (™ final r)

| final (Inter r1 r2) = (final 1 A final 2)
| final (Prr) = final r

lemma toplevel-summands-final:
final s = (I retoplevel-summands s. final )
by (induct s) auto

lemma final-PLUS:
final (PLUS zs) = (3r € set xs. final )

by (induct zs rule: list-singleton-induct) auto

theorem ACI-norm-final[simp):
final <r> = final r
proof (induct r)
case (Plus r1 r2) thus fcase using toplevel-summands-final by (auto simp:
final-PLUS)
qed auto

2.4 Wellformedness w.r.t. an alphabet

locale alphabet =
fixes ¥ :: nat = 'a :: linorder set (X -)
begin

primrec wf :: nat = 'a rexp = bool
where

wf n Zero = True |

wf n One = True |

wf n (Atom a) = (a € X n) |

wfn (Plus rs) = (wfnr Awfns)|
wfn (Timests) = (wfnr Awfns)|
wf n (Star r) = wfn r |

wfn (Notr) = wfnr|

wf n (Inter rs) = (wfnr Awfns)|
wfn(Prr)y=wf(n+1)r

primrec wf-word where
wf-word n [| = True
| wf~word n (w # ws) = (w € ¥ n) A wf-word n ws)

lemma wf-word-snoc[simp]: wf-word n (ws Q [w]) = ((w € £ n) A wf-word n ws)
by (induct ws) auto

lemma wf-word-append[simp]: wf-word n (ws Q vs) = (wf-word n ws A wf-word n

vs)
by (induct ws arbitrary: vs) auto
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lemma wf-word: wf~word n w = (w € lists (X n))
by (induct w) auto

lemma toplevel-summands-wf:
wf n s = (Vretoplevel-summands s. wf n r)
by (induct s) auto

lemma wf-PLUS[simp]:
wfn (PLUS xs) = (Vr € set xs. wfn r)
by (induct zs rule: list-singleton-induct) auto

lemma wf-flatten-PLUS[simp]:
finite X = wf n (flatten PLUS X) = (Vr € X. wfnr)
using wf-PLUS|[of n sorted-list-of-set X| sorted-list-of-set[of X| by fastforce

theorem ACI-norm-wf[simp]:
wfn <r> =wfnr
proof (induct r arbitrary: n)
case (Plus r1 r2) thus ?Zcase
using toplevel-summands-wf[of n <rl>] toplevel-summands-wf[of n <r2>] by
auto
qed auto

lemma wf-INTERSECT:
wfn (INTERSECT zs) = (Vr € set zs. wfn r)
by (induct zs rule: list-singleton-induct) auto

lemma wf-flatten-INTERSECT [simp]:
finite X = wf n (flatten INTERSECT X) = (Vr € X. wfnr)
using wf-INTERSECT [of n sorted-list-of-set X| sorted-list-of-set[of X| by fastforce

end

2.5 Language

locale project =
alphabet ¥ for ¥ :: nat = 'a :: linorder set +
fixes project :: 'a = 'a
assumes project: Na. a € X (Suc n) = project a € ¥ n
begin

primrec lang :: nat = 'a rexp => 'a lang where
lang n Zero = {} |

lang n One = {[|} |

lang n (Atom a) = {[a]} |

lang n (Plus v s) = (lang n ) U (lang n s) |

lang n (Times v s) = conc (lang n r) (lang n s) |
lang n (Star r) = star (lang n ) |

lang n (Not r) = lists (X n) — lang n r |
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lang n (Inter r s) = (lang n r N lang n ) |
lang n (Pr r) = map project ‘lang (n + 1) r

lemma wf-word-map-project[simp]: wf-word (Suc n) ws = wf-word n (map project
ws)
by (induct ws arbitrary: n) (auto intro: project)

lemma wf-lang-wf-word: wf n r = Yw € lang n r. wf~word n w
by (induct r arbitrary: n) (auto elim: set-rev-mp[OF - conc-mono] star-induct

intro: iff D2[OF wf-word))

lemma lang-subset-lists: wf n r = lang n r C lists (X n)
proof (induct r arbitrary: n)

case Pr thus ?case by (fastforce intro!: project)
qed (auto simp: conc-subset-lists star-subset-lists)

lemma toplevel-summands-lang:
r € toplevel-summands s = lang n r C lang n s
by (induct s) auto

lemma toplevel-summands-lang-UN:
lang n s = (| retoplevel-summands s. lang n 1)
by (induct s) auto

lemma toplevel-summands-in-lang:
w € lang n s = (Iretoplevel-summands s. w € lang n r)
by (induct s) auto

lemma lang-PLUS:
lang n (PLUS zs) = (Ur € set xs. lang n 1)
by (induct zs rule: list-singleton-induct) auto

lemma lang-PLUS-map[simp]:
lang n (PLUS (map f xs)) = (lJ a€set xs. lang n (f a))
by (induct zs rule: list-singleton-induct) auto

lemma lang-flatten-PLUS[simp]:
finite X = lang n (flatten PLUS X) = (Ur € X. langn 1)
using lang-PLUS[of n sorted-list-of-set X| sorted-list-of-set[of X] by fastforce

theorem ACI-norm-lang[simp):
lang n <r> = lang n r
proof (induct r arbitrary: n)
case (Plus 1 r2)
moreover
from Plus[symmetric] have lang n (Plus r1 r2) C lang n <Plus r1 12>
using toplevel-summands-in-lang[of - n <rls| toplevel-summands-in-lang|of -
n <r2>]
by auto
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ultimately show ?case by (fastforce dest!: toplevel-summands-lang)
qged auto

lemma lang-final: final r = ([] € lang n 1)
using concl|of || - []] by (induct r arbitrary: n) auto

lemma in-lang-INTERSECT:
wf-word n w => w € lang n (INTERSECT zs) = (Vr € set xs. w € lang n r)
by (induct zs rule: list-singleton-induct) (auto simp: wf-word)

lemma lang-flatten-INTERSECT [simp]:
assumes finite X X # {} VreX. wfnr
shows w € lang n (flatten INTERSECT X) = (Vr € X. w € lang n r) (is 7L
= ?R)
proof
assume ?L
thus ?R using in-lang-INTERSECT|[OF bspec|OF wf-lang-wf-word[OF iffD2[OF
wf-flatten-INTERSECT]]],
OF assms(1,3) <?L), of sorted-list-of-set X| assms(1)
by auto
next
assume ?R
with assms show ?L by (intro iff D2[OF in-lang-INTERSECT)) (auto dest:
wf-lang-wf-word)
qed

end

end

3 Derivatives of [I-Extended Regular Expressions

locale embed = project ¥ project
for X :: nat = ‘a :: linorder set
and project :: 'a = 'a +
fixes embed :: 'a = 'a list
assumes embed: Na. a € ¥ n = b € set (embed a) = (b € ¥ (Suc n) A project
b=a)
begin

3.1 Syntactic Derivatives

primrec lderiv :: 'a = 'a rexp = 'a rexp where
lderiv - Zero = Zero

| lderiv - One = Zero

| lderiv as (Atom bs) = (if as = bs then One else Zero)

| Ideriv as (Plus r s) = Plus (lderiv as r) (lderiv as s)
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| lderiv as (Times r s) =
(let r’s = Times (lderiv as r) s
in if final r then Plus r's (lderiv as s) else r’s)
| lderiv as (Star r) = Times (Ideriv as r) (Star r)
| lderiv as (Not r) = Not (lderiv as 1)
| lderiv as (Inter v s) = Inter (lderiv as r) (lderiv as s)
| lderiv as (Prr) = Pr (PLUS (map (Aa. lderiv a r) (embed as)))

primrec lderivs where
lderivs [ r = r
| lderivs (w#ws) r = lderivs ws (Ideriv w )

3.2 Finiteness of ACI-Equivalent Derivatives

lemma toplevel-summands-lderiv:

toplevel-summands (Ideriv as r) = (|J s€toplevel-summands r. toplevel-summands
(lderiv as s))

by (induct r) (auto simp: Let-def)

lemma lderivs-Zero[simp|: lderivs xs Zero = Zero
by (induct zs) auto

lemma lderivs-One: lderivs s One € {Zero, One}
by (induct zs) auto

lemma lderivs-Atom: lderivs xs (Atom as) € {Zero, One, Atom as}
proof (induct xs)

case (Cons z zs) thus ?case by (auto intro: insertE[OF lderivs-One))
qed simp

lemma Iderivs-Plus: lderivs xs (Plus v s) = Plus (lderivs zs r) (lderivs xs s)
by (induct zs arbitrary: r s) auto

lemma lderivs-PLUS: lderivs s (PLUS ys) = PLUS (map (lderivs xs) ys)
by (induct ys rule: list-singleton-induct) (auto simp: lderivs-Plus)

lemma toplevel-summands-lderivs-Times: toplevel-summands (lderivs xs (Times r
s)) €

{Times (lderivs zs r) s} U

{r’. Jys zs. r' € toplevel-summands (lderivs ys s) A ys # [] A zs Q ys = zs}
proof (induct xs arbitrary: r s)

case (Cons z 1s)

thus ?case by (auto simp: Let-def lderivs-Plus) (fastforce intro: exl|of - x#txs])+
qed simp

lemma toplevel-summands-lderivs-Star-nonempty:
zs # [| = toplevel-summands (Iderivs zs (Star r)) C
{Times (lderivs ys r) (Star v) | ys. zs. ys # [] A zs Q ys = zs}
proof (induct xs rule: length-induct)
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case (1 zs)
then obtain y ys where zs = y # ys by (cases zs) auto
thus ?case using spec[OF 1(1)]
by (auto dest!: subsetD[OF toplevel-summands-lderivs-Times] intro: exl[of -
y#ys))
(auto elim!: impE dest!: meta-spec subsetD)
qed

lemma toplevel-summands-lderivs-Star:
toplevel-summands (lderivs xzs (Star r)) C
{Star r} U {Times (lderivs ys r) (Star r) | ys. Izs. ys #[| A zs Q ys = xs}
by (cases zs = []) (auto dest!: toplevel-summands-lderivs-Star-nonempty)

lemma ex-lderivs-Pr: 3 s. lderivs ass (Prr) = Prs
by (induct ass arbitrary: ) auto

lemma toplevel-summands-PLUS"
xs # [| = toplevel-summands (PLUS (map fzs)) = (Jr € set xs. toplevel-summands

(fr)

by (induct zs rule: list-singleton-induct) simp-all

lemma [deriv-toplevel-summands-Zero:
[lderivs xs (Prr) = Prs; toplevel-summands r = {Zero}]| = toplevel-summands
s = {Zero}
proof (induct zs arbitrary: r s)
case (Cons y ys)
from Cons.prems(1) have toplevel-summands (PLUS (map (Aa. lderiv a r)
(embed y))) = {Zero}
proof (cases embed y = [])
case Fulse
show ?thesis using Cons.prems(2) unfolding toplevel-summands-PLUS[OF
False]
by (subst toplevel-summands-lderiv) (simp add: False)
qed simp
with Cons show ?case by simp
qged simp

lemma toplevel-summands-lderivs-Pr:

[xs # []; lderivs xs (Prr) = Pr s] =

toplevel-summands s C {Zero} V toplevel-summands s C (|J xs. toplevel-summands
(lderivs xs T))
proof (induct zs arbitrary: r s)

case (Cons y ys) note x = this

show ?case

proof (cases embed y = [])

case True with Cons show ?thesis by (cases ys = [|) (auto dest: lderiv-toplevel-summands-Zero)
next

case False

show ?thesis

28



proof (cases ys)
case Nil with * show ?thesis
by (auto simp: toplevel-summands-PLUS[OF Fualse]) (metis lderivs.simps)
next
case (Cons z zs)
have toplevel-summands s C {Zero} V toplevel-summands s C
(Uzs. toplevel-summands (lderivs xs (PLUS (map (Aa. lderiv a 1) (embed
) (is - v 7B)
by (rule (1)) (auto simp: Cons *(3)[symmetric])
thus ?thesis
proof
assume ?B
also have ... C (|Jus. toplevel-summands (lderivs xs 1))
by (auto simp: lderivs-PLUS toplevel-summands-PLUS[OF Fualse]) (metis
lderivs.simps(2))
finally show ?thesis ..
qed blast
qed
qed
qed simp

lemma Iderivs-Pr:
{lderivs xs (Prr) | zs. True} C
{Pr s | s. toplevel-summands s C {Zero} V
toplevel-summands s C (|J xs. toplevel-summands (lderivs zs 1))}
(is ?L C?R)
proof (rule subsetl)
fix s assume s € ?L
then obtain zs where s = lderivs xs (Pr r) by blast
moreover obtain ¢ where lderivs s (Pr r) = Prt using ez-lderivs-Pr by blast
ultimately show s € ?R
by (cases zs = []) (auto dest!: toplevel-summands-lderivs-Pr elim!: allE[of - []])
qed

lemma ACI-norm-toplevel-summands-Zero: toplevel-summands r C {Zero} =
<r> = Zero
by (subst ACI-norm-flatten) (auto dest: subset-singletonD)

lemma ACI-norm-lderivs-Pr:
ACI-norm ‘ {lderivs zs (Prr) | zs. True} C
{Pr Zero} U {Pr <s» | s. toplevel-summands s C (|Jzs. toplevel-summands
<lderivs zs r>)}
proof (intro subset-trans|OF image-mono|OF lderivs-Pr]] subsetl,
elim imageE CollectE exE conjE disjE)
fixzxz' s 'arexp
assume *: ¢ = <z’> 2’ = Pr s and toplevel-summands s C {Zero}
hence <Pr s> = Pr Zero using ACI-norm-toplevel-summands-Zero by simp
thus z € {Pr Zero} U
{Pr <s> |s. toplevel-summands s C (|Jzs. toplevel-summands <lderivs zs r>)}
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unfolding * by blast
next
fixzz's:: 'arexp
assume *x: = <z’> 2’ = Pr s and toplevel-summands s C (| xs. toplevel-summands
(Iderivs xs 1))
hence toplevel-summands <s> C (|Jzs. toplevel-summands <lderivs zs r>)
by (fastforce simp: toplevel-summands-ACI-norm)
moreover have z = Pr <<s»>» unfolding * ACI-norm-idem ACI-norm.simps(9)

ultimately show z € {Pr Zero} U
{Pr <s> |s. toplevel-summands s C (|J xs. toplevel-summands <lderivs zs r>)}
by blast

qed
lemma finite-ACI-norm-toplevel-summands: finite B => finite {f <s> |s. toplevel-summands
s C B}

by (elim finite-surj[OF iffD2[OF finite-Pow-iff], of - - f o flatten PLUS o image
ACI-norm))

(auto simp: Pow-def image-Collect ACI-norm-flatten)

lemma lderivs-Not: lderivs xs (Not r) = Not (lderivs xs r)
by (induct zs arbitrary: r) auto

lemma Ilderivs-Inter: lderivs xs (Inter v s) = Inter (lderivs zs r) (lderivs zs s)
by (induct zs arbitrary: r s) auto

theorem finite-lderivs: finite {<lderivs xs r> | zs . True}
proof (induct r)
case Zero show ?case by simp
next
case One show Zcase
by (rule finite-surj[of {Zero, One}]) (blast intro: insertE[OF lderivs-One])+
next
case (Atom as) show ?case
by (rule finite-surj[of {Zero, One, Atom as}]) (blast intro: insertE[OF lderivs-Atom])+
next
case (Plus r s)
show ?case by (auto simp: lderivs-Plus intro!: finite-surj|OF finite-cartesian-product| OF
Plus]])
next
case (Times 1 s)
hence finite (| toplevel-summands © {<lderivs zs s> | zs . True}) by auto
moreover have {<r’s> |r’. Jys. r’ € toplevel-summands (local.lderivs ys s)} =
{r'’. ys. r’ € toplevel-summands <local.lderivs ys s>}
unfolding toplevel-summands-ACI-norm by auto
ultimately have fin: finite {<r’> |r’. ys. r’ € toplevel-summands (local.lderivs
ys )}
by (fastforce intro: finite-subset[of - | toplevel-summands * {<lderivs zs s> |
zs . True}])
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let X = Azs. { Times (lderivs ys ) s | ys. True} U {r’. r’ € (| ys. toplevel-summands
(lderivs ys s))}
show ?case unfolding ACI-norm-flatten
proof (rule finite-surj[of {X. Jxs. X C ACI-norm ‘ ?X zs} - flatten PLUS))
show finite {X. Jas. X C ACI-norm * ?X s}
using fin by (fastforce simp: image-Un elim: finite-subset[rotated] intro:
finite-surj[OF Times(1), of - Ar. Times r <s>])
qed (fastforce dest!: subsetD[OF toplevel-summands-lderivs- Times] introl: im-
agel )
next
case (Star r)
let 2f = \fr'. Times r’ (Star (fr))
let ?X = {Star r} U 2fid * {r'. r' € {lderivs ys r|ys. True}}
show ?case unfolding ACI-norm-flatten
proof (rule finite-surj[of {X. X C ACI-norm ‘ ?X} - flatten PLUS])
have x: AX. ACI-norm * ?f (\z. z) ‘ X = 2f ACI-norm ‘ ACI-norm ‘ X by
(auto simp: image-def)
show finite {X. X C ACI-norm ‘ ?X}
by (rule finite-Collect-subsets)
(auto simp: * intro!: finite-imagel[of - ?f ACI-norm] intro: finite-subset|OF
- Star])
qed (fastforce dest!: subsetD[OF toplevel-summands-lderivs-Star] intro!: imagel )
next
case (Not r) thus ?case by (auto simp: lderivs-Not) (blast intro: finite-sury)
next
case (Inter r s)
show ?case by (auto simp: lderivs-Inter intro!: finite-surj[OF finite-cartesian-product| OF
Inter]])
next
case (Prr)
hence x: finite (| toplevel-summands ¢ {<lderivs xs r> | zs . True}) by auto
have finite (|Jzs. toplevel-summands <lderivs zs r>) by (rule finite-subset[OF
- x]) auto
hence fin: finite {Pr <s> |s. toplevel-summands s C (|J zs. toplevel-summands
<lderivs xs r>)}
by (intro finite-ACI-norm-toplevel-summands)
have {s. Jzs. s = <lderivs xs (Pr r)s>} = {<s»| s. 3ws. s = lderivs xs (Prr)}
by auto
thus ?case using finite-subset|OF ACI-norm-lderivs-Pr, of r] fin unfolding
image-Collect by auto
qed

3.3 Wellformedness and language of derivatives

lemma wf-lderiv[simp]: wf n r = wf n (Ideriv w r)
by (induct r arbitrary: n w) (auto simp add: Let-def)

lemma wf-lderivs[simp]: wf n r = wf n (Iderivs ws r)
by (induct ws arbitrary: r) (auto intro: wf-lderiv)
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lemma [Quot-map-project:
assumes as € ¥ n A C lists (X (Suc n))
shows [Quot as (map project © A) = map project * ({|Ja € set (embed as). IQuot
a A) (is ?L = ?R)
proof (intro equalityl image-subsetl subsetl)
fix zss assume zss € 7L
with assms obtain zss
where zss: zss € A as # 1ss = map project zss
unfolding [Quot-def by fastforce
hence zss = map project (tl zss) by auto
with zss assms(2) show xss € ?R using embed[OF project, of - n] unfolding
lQuot-def by fastforce
next
fix zss assume zss € (|Ja € set (embed as). lQuot a A)
with assms(1) show map project xss € lQuot as (map project * A) unfolding
lQuot-def
by (fastforce intro!: rev-image-eql simp: embed)
qed

lemma lang-lderiv: [wfn r; w € ¥ n] = lang n (Ideriv w r) = IQuot w (lang n
r)
proof (induct r arbitrary: n w)

case (Prr)

hence *: wf (Suc n) r Aw’. w’ € set (embed w) = w' € X (Suc n) by (auto
simp: embed)

from Pr(1)[OF x| lQuot-map-project|OF Pr(3) lang-subset-lists|OF %(1)]] show
Zcase

by (auto simp: wf-lderiv[OF %(1)])

qed (auto simp: Let-def lang-final[symmetric])

lemma lang-lderivs: Jwf n r; wf~word n ws] = lang n (lderivs ws r) = lQuots ws
(lang n 1)
by (induct ws arbitrary: r) (auto simp: lang-lderiv)

corollary Iderivs-final:
assumes wf n 7 wf-word n ws
shows final (lderivs ws r) «— ws € lang n T
using lang-lderivs|OF assms] lang-final[of lderivs ws r n] by auto

abbreviation lderivs-set n r s = {(<lderivs w r>, <lderivs w s») | w. wf-word n

w}

3.4 Deriving preserves ACI-equivalence

lemma ACI-PLUS:

list-all2 (A1 s. <r> = <s») xs ys => <PLUS zs> = <PLUS ys>
proof (induct rule: list-all2-induct)

case (Cons x zs y ys)
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hence length zs = length ys by (elim list-all2-lengthD)
thus ?case using Cons by (induct xs ys rule: list-induct2) auto
qed simp

lemma toplevel-summands-ACI-norm-lderiv:
(U a€toplevel-summands r. toplevel-summands <lderiv as <a>>) = toplevel-summands
<lderiv as <r>>
proof (induct r)
case (Plus r1 r2) thus ?case
unfolding toplevel-summands.simps toplevel-summands-ACI-norm
toplevel-summands-lderiv]of as <Plus r1 r2>] SUP-def image-Un Union-Un-distrib
by (simp add: image-UN)
qed (auto simp: Let-def)

theorem ACI-norm-Ilderiv:
<lderiv as <r>> = <lderiv as r>
proof (induct r arbitrary: as)
case (Plus r1 r2) thus ?Zcase
unfolding Ilderiv.simps ACI-norm-flatten|of lderiv as <Plus r1 r2>|
toplevel-summands-lderiv|of as <Plus r1 r2>] image-Un image-UN
by (auto simp: toplevel-summands-ACI-norm toplevel-summands-flatten- A CI-norm-image-Union)
(auto simp: toplevel-summands-ACI-norm[symmetric] toplevel-summands-ACI-norm-lderiv)
next
case (Prr)
hence list-all2 (Ar s. <r> = <s3)
(map (Aa. local.lderiv a <r>) (embed as)) (map (Aa. local.lderiv a r) (embed
as))
unfolding list-all2-map1 list-all2-map2 by (blast intro: list-all2-refl)
thus ?case unfolding lderiv.simps ACI-norm.simps by (blast intro: ACI-PLUS)
qed (simp-all add: Let-def)

corollary lderiv-preserves: <r> = <s» = <lderiv as r> = <lderiv as s>
by (rule box-equals|OF - ACI-norm-lderiv ACI-norm-lderiv]) (erule arg-cong)

lemma lderivs-snoc[simp]: lderivs (ws @ [w]) r = (lderiv w (Iderivs ws r))
by (induct ws arbitrary: r) auto

theorem ACI-norm-lderivs:
<lderivs ws <r>>» = <lderivs ws r>
proof (induct ws arbitrary: r rule: rev-induct)
case (snoc w ws) thus ?case
using ACI-norm-lderiv[of w lderivs ws r] ACI-norm-lderiv[of w lderivs ws <r>
by auto
qed simp

end

end
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4 Deciding Equivalence of II-Extended Regular Ex-
pressions

4.1 Bisimulation between languages and regular expressions

type-synonym ’a rexp-pair = 'a list list * ('a list rexp x 'a list rexp)
type-synonym 'a rexp-pairs = 'a rexp-pair list

context alphabet
begin

context
fixes n :: nat
begin

coinductive bisimilar :: 'a lang = 'a lang = bool where
K C lists (X n) = L C lists (X n)

— ek (el

= (Az. z € ¥ n = bisimilar (IQuot z K) (IQuot z L))
= bisimilar K L

lemma equal-if-bisimilar:
assumes K C lists (X n) L C lists (X n) bisimilar K L shows K = L
proof (rule set-eql)
fix w
from assms show w € K «+— w € L
proof (induction w arbitrary: K L)
case Nil thus ?case by (auto elim: bisimilar.cases)
next
case (Cons a w K L)
show ?Zcase
proof cases
assume a € ¥ n
with (bisimilar K Ly have bisimilar (IQuot a K) (IQuot a L)
by (auto elim!: bisimilar.cases)
then have w € [Quot a K +— w € lQuot a L
by (intro Cons.IH) (auto elim!: bisimilar.cases)
thus ?case by (auto simp: [Quot-def)
next
assume a ¢ ¥ n
thus ?case using Cons.prems by fastforce
qed
qged
qed

lemma language-coinduct:
fixes R (infix]l ~ 50)

34



assumes AK L. K ~ L = K C lists (¥ n) A L C lists (X n)
assumes K ~ L

assumes AK L. K ~ L= (e K «— [ € L)

assumes AK Lz. K ~ L= z:YX n = lQuot t K ~ lQuot x L
shows K = L

apply (rule equal-if-bisimilar)

apply (rule conjunct1 [OF assms(1)[OF assms(2)]])

apply (rule conjunct2[OF assms(1)[OF assms(2)]])

apply (rule bisimilar.coinduct[of R, OF (K ~ D])

apply (auto simp: assms)

done

end
end

context embed
begin

definition is-bisimulation where

is-bisimulation n X =
(V(r,s) € X. wfnr AwfnsA (final r < final s) A
(VaeX n. (<lderiv a r>, <lderiv a s») € X))

lemma bisim-lang-eq:
fixes r s :: 'a rexp
assumes bisim: is-bisimulation n X
assumes (r, s) € X
shows lang n r = lang n s
proof —
let R=AK L. (3(r,s) € X. K=langnr AN L=langn s)
show ?thesis
proof (rule language-coinduct[where R=?R])
from «(r, s) € X bisim show ?R (lang n r) (lang n s)
by (auto split: prod.splits simp: is-bisimulation-def)
next
fix K L assume R K L
then obtain r s where rs: (r, s) € X
and KL: K = lang n r L = lang n s by auto
with bisim have final r +— final s and wfr: wf n r and wfs: wfn s
by (auto simp: is-bisimulation-def)
thus | e K «— [ €L
by (auto simp: lang-finallof r n] lang-final[of s n] KL)

next case, but shared context

from bisim rs KL lang-subset-lists
show K C lists (X n) A L C lists (X n)
unfolding is-bisimulation-def by fastforce

next case, but shared context
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fix a assume *x: ¢ € ¥ n

with rs bisim have witness: (<lderiv a >, <lderiv a s») € X
by (fastforce simp: is-bisimulation-def)

show ?R (IQuot a K) (IQuot a L)
using KL ACI-norm-lang lang-lderiv[OF wfr *| lang-lderiv[OF wfs %]
by (blast intro!: bexI[OF - witness])

qed
qed

lemma [derivs-lang-eq:
fixes r s :: 'a rexp
assumes wf n r wfn s
shows (V (r, s) € lderivs-set n <r> <s>. final r = final s) = (lang n r = lang n
s) (is 2L = ?R)
proof
assume ?L
hence V (r, s) € lderivs-set n <r> <s>. wfnr A wfns A (final r <— final )
using assms by (auto simp add: ACI-norm-lderivs)
moreover
{ fix v’ s’ w assume (7', s’) € lderivs-set n T s and x: w € ¥ n
then obtain ws where ws: wf-word n ws r’ = <lderivs ws r> s’ = <lderivs
ws s> by auto
with x have (<lderiv w r's, <lderiv w s">) = (<lderivs (ws Q [w]) r>, <lderivs
(ws Q [w]) s»)
by (auto simp: ACI-norm-lderiv)
hence (<lderiv w r's, <lderiv w s">) € lderivs-set n r s
using * ws(1) by (auto intro!: imagel exl[of - ws Q [w]])

ultimately have is-bisimulation n (lderivs-set n <r> <s>)
unfolding is-bisimulation-def by (auto simp: ACI-norm-lderivs)

hence lang n <r> = lang n <s> by (intro bisim-lang-eq) (auto intro: exlI|of -
1)

thus 7R by (rule boz-equals|OF - ACI-norm-lang ACI-norm-lang])
next

assume ?R thus ?L using assms lang-lderivs lang-final by (auto simp: ACI-norm-lderivs)
metis+
qed

end

4.2 Different normalization function

locale normalizer = embed ¥ project embed
for X :: nat = ‘a :: linorder set
and project :: 'a = 'a
and embed :: 'a = 'a list +
fixes norm :: 'a :: linorder rexp = 'c
and nlang :: nat = 'c = ’a list set
assumes lang-norm: wf n r = nlang n (norm r) = lang n r

36



begin
abbreviation nfinal n r = ([] € nlang n r)

lemma nfinal-final: wf n r = nfinal n (norm r) = final r
using lang-final lang-norm by blast

definition norms = (%(r,s). (norm r, norm s))

lemma finite-norm: finite {norm <lderivs s r> | xs . True}
by (rule finite-surj[OF finite-lderivs, of - norm]) auto

lemma finite-norm-lderivs: finite (norms ‘ (lderivs-set n r s))
by (intro finite-subset| OF - finite-cartesian-product[OF finite-norm finite-norm]])
(auto simp: norms-def)

definition is-nbisimulation where
1s-nbisimulation n X =
(V(r,s) € X. wfnr Awfns A (final r <— final s) A
(Va€X n. (norm <lderiv a r>, norm <lderiv a s>) € norms ‘ X))

lemma nbisim-lang-eq:
fixes r s :: ‘a rexp
assumes nbisim: is-nbisimulation n X
assumes (r, s) € X
shows lang n r = lang n s
proof —
let R = AK L. (3(r,s) € norms ‘ X. K = nlang n v A L = nlang n s)
show ?thesis
proof (rule language-coinduct[where R=?R)])
from «(r, s) € X» nbisim show ?R (lang n r) (lang n s)
by (auto split: prod.splits simp: lang-norm norms-def is-nbisimulation-def)
next
fix K L assume 7R K L
then obtain r s where rs: (r, s) € X
and KL: K = nlang n (norm r) L = nlang n (norm s) by (auto simp:
norms-def )
with nbisim have final r <— final s and wfr: wf n r and wfs: wfn s
by (auto simp: is-nbisimulation-def)
thus [ € K «— [ € L
by (auto simp: lang-norm[OF wfr] lang-norm[OF wfs] lang-final[of r n]
lang-final[of s n] KL)

next case, but shared context

from nbisim rs KL lang-subset-lists
show K C lists (X n) A L C lists (X n)
unfolding is-nbisimulation-def lang-norm[OF wfr] lang-norm|[OF wfs] by
fastforce

next case, but shared context
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fix o assume *: ¢ € ¥ n
with rs nbisim have witness: (norm <lderiv a >, norm <lderiv a s>) € norms
‘X
by (fastforce simp: is-nbisimulation-def)
show ?R (IQuot a K) (IQuot a L)
using KL[unfolded lang-norm[OF wfr] lang-norm|[OF wfs]]
trans[OF lang-norm|[OF iffD2[OF ACI-norm-wf, OF wf-lderiv[OF wfr]]]
ACI-norm-lang|
trans[OF lang-norm[OF iffD2[OF ACI-norm-wf, OF wf-lderiv[OF wfs]]]
ACI-norm-lang]
lang-lderiv|OF wfr «] lang-lderiv[OF wfs |
by (blast introl: bexI[OF - witness])
qed
qed

lemma norm-lderivs-lang-eq:
fixes r s :: 'a rexp
assumes wf n r wfn s
shows (V (7, s) € norms ‘ lderivs-set n <r> <s>. nfinal n r = nfinal n s) = (lang
nr =lang n s)
by (rule trans[OF - lderivs-lang-eq[ OF assms]]) (fastforce simp: norms-def assms

nfinal-final)
end

Closure computation

primrec remdups’ where
remdups’ f [] = ]
| remdups’ f (v # xs) =
(case List.find (M\y. fz = fy) zs of None = = # remdups’ f s | - = remdups
f s)

/

lemma map-remdups’[simp): map f (remdups’ f xs) = remdups (map f s)
by (induct zs) (auto split: option.splits simp add: find-Some-iff find-None-iff )

lemma remdups’-map|simp]: remdups’ f (map g xs) = map g (remdups’ (f o g)
xs)
by (induct zs) (auto split: option.splits simp add: find-None-iff
auto simp: find-Some-iff elim: imagel[OF nth-mem])

lemma map-apfst-remdups’:
map (f o fst) (remdups’ snd zs) = map fst (remdups’ snd (map (apfst f) xs))
by (auto simp: comp-def)

lemma set-remdups’[simp]: f < set (remdups’ f xs) = f ¢ set xs
by (induct zs) (auto split: option.splits simp add: find-Some-iff)

lemma subset-remdups”: set (remdups’ f xs) C set xs
by (induct zs) (auto split: option.splits)
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lemma find-append|[simp]:

List.find P (zs @Q ys) = None = (List.find P zs = None A List.find P ys =
None)

by (induct zs) auto

lemma subset-remdups’-append: set (remdups’ f (zs Q ys)) C set (remdups’ f xs)
U set (remdups’ f ys)
by (induct zs arbitrary: ys) (auto split: option.splits)

lemmas mp-remdups’ = set-mp[OF subset-remdups’|
lemmas mp-remdups’-append = set-mp[OF subset-remdups’-append)]

lemma inj-on-set-remdups’[simp): inj-on f (set (remdups’ f xs))
by (induct zs) (auto split: option.splits simp add: find-None-iff dest!: mp-remdups’)

lemma distinct-remdups’[simp|: distinct (map [ (remdups’ f xs))
by (induct zs) (auto split: option.splits simp: find-None-iff )

lemma distinct-remdups’-strong: (Vx€set zs. Vycset zs. gz = gy — fz = f
y) =
distinct (map g (remdups’ f xs))
proof (induct xs)
case (Cons z zs) thus ?case
by (auto split: option.splits) (fastforce simp: find-None-iff dest!: mp-remdups’)
qged simp

lemma set-remdups’-strong: (Vx€set zs. VyeEset xs. gz =gy — fz = fy) =
[ ‘set (remdups’ g zs) = f * set zs
proof (induct xs)
case (Cons z zs) thus ?case
by (clarsimp split: option.splits simp add: find-Some-iff)
(intro insert-absorb[symmetric] image-eqI[OF - nth-mem, of - f zs], auto)
qed simp

fun test where test (ws, -, -) = (case ws of [| = False | (w,p,q)#- = final p =
final q)
fun test’ where test’ (ws, -) = (case ws of [| = False | (p,q)#- = final p = final

q)

locale equivalence-checker =

fixes o :: nat = ’a :: linorder list

and 7 :: 'a = a

and ¢ :: ‘a = 'a list

and norm :: 'a rexp = 'c

and nlang :: nat = ‘c = ’'a list set

assumes norm: normalizer (set o o) ® € norm nlang

sublocale equivalence-checker C normalizer set o o 7 €
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by (rule norm)

context equivalence-checker
begin

fun step where step n (ws, ps, N) =
(let
(w, r, s) = hd ws;
ps' = (r, s) # ps;
suces = map (Aa.
let
r’ = <lderiv a r>;
s’ = «lderiv a s>
in ((a # w, r'; 8", (norm r’, norm s’))) (o n);
new = remdups’ snd (filter (\(-, r8). s ¢ N) succs);
ws’ = tl ws Q map fst new;
N’ = set (map snd new) U N
in (ws’, ps’, N'))

fun step’ where step’ n (ws, N) =

(let
(r, s) = hd ws;
succs = map (Ma.
let

r’ = <lderiv a r>;
s’ = <lderiv a s>
in ((r', s'), (norm r', norm s))) (o n);
new = remdups’ snd (filter (A(-, rs). rs ¢ N) succs)
in (tl ws @ map fst new, set (map snd new) U N))

lemma step-unfold: step n (w # ws, ps, N) = (ws’, ps’, N') = (Juas r s.
w = (xs, r, ) A ps’' = (r, s) # ps A
ws' = ws Q remdups’ (norms o snd) (filter (\(-, p). norms p ¢ N)
(map (Ma. (aFxs, <lderiv a r>, <lderiv a s»)) (o n))) A
N’ = set (map (Aa. (norm <lderiv a r>, norm <lderiv a s>)) (¢ n)) U N)
by (auto split: prod.splits dest!: mp-remdups’
simp: Let-def norms-def filter-map set-n-lists image-Collect image-image comp-def )

definition closure where closure n = while-option test (step n)
definition closure’ where closure’ n = while-option test’ (step’ n)

definition pre-bisim where

pre-bisim n r s = (A(ws, ps, N).
(«r>, <s») € snd ‘ set ws U set ps A
distinct (map snd ws @ ps) A
bij-betw norms (set (map snd ws @ ps)) N A
(V(w, r', s') € set ws. <lderivs (rev w) r> = r’' A <lderivs (rev w) s> = s’ A

wf-word n (rev w) A wfnr' A wfns’) A

(V(r', s') € set ps. (Jw. <lderivs w r> = r’ A <lderivs w s> = s') A
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wfnr’' Awfns' A (final v’ <— final ') A
(Vaeset (o n). (norm <lderiv a r'>, norm <lderiv a s’>) € N)))

lemma pre-bisim-start:
[wf n r; wf n s] = pre-bisim n r s ([([], <r=, <s>)], [|, {(norm <r>, norm

<s2)})

by (auto simp add: pre-bisim-def bij-betw-def norms-def’)

lemma step-mono:
assumes step n (ws, ps, N) = (ws’, ps’, N')
shows snd ‘ set ws U set ps C snd ‘ set ws' U set ps’
using assms proof (intro subsetl, elim UnE)
fix z assume z € snd ‘set ws
with assms show z € snd ‘ set ws’ U set ps’
proof (cases © = snd (hd ws))
case Fulse with € image snd (set ws)) have x € snd ‘ set (tl ws) by (cases
ws) auto
with assms show ?thesis by (auto split: prod.splits simp: Let-def)
qed (auto split: prod.splits simp: Let-def)
qed (auto split: prod.splits simp: Let-def)

lemma pre-bisim-step: pre-bisim n r s st = test st = pre-bisim n r s (step n
st)
proof (unfold pre-bisim-def, (split prod.splits)+, elim prod-caseE conjE, clarify,
intro alll impl conjl)
fix ws ps N ws’ ps’ N’
assume ftest: test (ws, ps, N)
and step: step n (ws, ps, N) = (ws’, ps’, N')
and rs: («r>, <s») € snd ‘ set ws U set ps
and distinct: distinct (map snd ws Q ps)
and bij: bij-betw norms (set (map snd ws Q ps)) N
and ws: V(w, r’, s') € set ws. <lderivs (rev w) r> = r’ A <lderivs (rev w) s> =
s"A
wf-word n (rev w) A wfn r’ A wfn s’
(is V(w, r', s’) € set ws. fws wr’ s’
and ps: YV (r', s') € set ps. (Jw. <lderivs w r> = r' A <lderivs w s> = s') A
wfnr' ' Awfns' A (final r' <— final s’) A
(Vaeset (o n). (norm <lderiv a r'>, norm <lderiv a s’>) € N)
(isV(r, s) € set ps. ?psr s N)
from test obtain z zs where ws-Cons: ws = z#xs by (cases ws) auto
obtain w r’ s’ where z: x = (w, v/, s) and ps” ps’ = (v, s’) # ps
and ws”: ws’ = xs Q remdups’ (norms o snd) (filter (A(-, p). norms p ¢ N)
(map (Na. (a # w, <lderiv a ">, <lderiv a s™>)) (o n)))
and N": N’ = (set (map (Aa. (norm <lderiv a r’s, norm <lderiv a s')) (o
n)) — N)UN
using step-unfold[OF step[unfolded ws-Cons]] by blast
hence ws’ps”: set (map snd ws’ @ ps’) = set (remdups’ norms (filter (Ap. norms
p¢N)
(map (Na. (<lderiv a r’>, <lderiv a s’>)) (o n)))) U (set (map snd ws Q ps))
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unfolding ws’ ps’ ws-Cons © by (auto dest!: mp-remdups’ simp: filter-map
image-image image-Un o-def)
from rs step show (<r>, <s») € snd ‘ set ws’'U set ps’ by (blast dest: step-mono)

from distinct ps’ ws’ ws-Cons x bij show distinct (map snd ws’ Q ps’)
by (auto simp: bij-betw-def
introl: imagel[of - - norms] distinct-remdups’-strong
dest!: mp-remdups’
elim: image-eql[of - snd, OF sym[OF snd-conv]])

from ps’ ws’ N' ws x bij show bij-betw norms (set (map snd ws’ @ ps’)) N’
unfolding ws'ps’ N’ by (intro bij-betw-combine[OF - bij]) (auto simp: bij-betw-def
norms-def)

from ws z ws-Cons have wr’s’ ?ws w r’ s’ by auto
with ws ws-Cons show V (w, r', s') € set ws’. ?ws w r’ s’ unfolding ws’
by (auto dest!: mp-remdups’ simp: ACI-norm-lderiv elim!: set-mp)

from ps wr's’ test[unfolded ws-Cons z] show V (r’, s") € set ps’. ?ps r’' s’ N’
unfolding ps’ N’
by (fastforce simp: image-Collect)
qed

lemma step-commute: ws # [| = (case step n (ws, ps, N) of (ws’, ps’, N') =
(map snd ws’, N')) = step’ n (map snd ws, N)

apply (auto split: prod.splits)

apply (auto simp only: step.simps step’.simps Let-def map-apfst-remdups’ filter-map
List.map.compositionality[unfolded comp-def] apfst-def map-pair-def snd-conv id-def)
apply (auto simp: filter-map comp-def map-tl hd-map)

apply (intro image-eql, auto)+

done

lemma closure-closure’:
Option.map (A(ws, ps, N). (map snd ws, N)) (closure n (ws, ps, N)) =
closure’ n (map snd ws, N)
unfolding closure-def closure’-def
by (rule trans|OF while-option-commute[of - test’ - - step’ n]])
(auto split: list.splits simp del: step.simps step’.simps List.map.simps simp:
step-commute)

theorem closure-sound:
assumes result: closure n ([([J, <r>, <s»)], [|, {(norm <r>, norm <s»)}) =
Some([], ps, N)
and wf: wfnrwfns
shows lang n r = lang n s
proof —

from pre-bisim-step pre-bisim-start[OF wf] have pre-bisim-ps: pre-bisim n r s
(1, ps, N)

by (rule while-option-rule[OF - result[unfolded closure-def]])
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then have is-nbisimulation n (set ps) («r>, <s>) € set ps
by (auto simp: bij-betw-def pre-bisim-def is-nbisimulation-def in-lists-conv-set
norms-def)
hence lang n <r> = lang n <s>
by (intro nbisim-lang-eq image-eql) auto
thus lang n r = lang n s unfolding ACI-norm-lang .
qed

theorem closure’-sound:
assumes result: closure’ n ([(«r>, <s»)], {(norm <rs=, norm <s>)}) = Some(]],
N)
and wf: wfinrwfns
shows lang n r = lang n s

using wf trans[OF closure-closure’[of n [([], <r>, <s>)] [] {(norm <r>, norm
<s>)}, simplified]

result, unfolded option-map-eq-Some]
by (auto dest: closure-sound)

theorem closure-termination:
assumes wf: wfnrwfns
and cl: closure n ([([], <r>, <s»)], [], {(norm <r>, norm <s>)}) = None (is ?cl
= None)
shows False
proof —
let ?D = {norm <lderivs xs r> | zs . True} x {norm <lderivs xs s> | zs .
True}
let ?X = Aps. 2D — norms ‘ set ps
let 2f = M ws, ps, N). card (¢X ps)
have Jst. ?cl = Some st unfolding closure-def
proof (rule measure-while-option-Some|of pre-bisim n r s - - 2f], intro conjl)
fix st assume pre-bisim: pre-bisim n r s st and test st
hence pre-bisim-step: pre-bisim n r s (step n st) by (rule pre-bisim-step)
obtain ws ps N where st: st = (ws, ps, N) by (cases st) blast
hence finite (¢X ps) by (blast intro: finite-cartesian-product finite-norm)
moreover obtain ws’ ps’ N’ where step: step n (ws, ps, N) = (ws’, ps’, N)
by (cases step n (ws, ps, N)) blast
moreover
{ have norms ‘ set ps C ¢D using pre-bisim[unfolded st pre-bisim-def]
by (auto simp: norms-def ACI-norm-lderivs)
moreover
have norms ‘ set ps’ C ?D using pre-bisim-step[unfolded st step pre-bisim-def]
by (auto simp: norms-def ACI-norm-lderivs)
moreover
{ have distinct (map snd ws Q ps) inj-on norms (set (map snd ws Q ps))
using pre-bisim[unfolded st pre-bisim-def] by (auto simp: bij-betw-def)
hence distinct (map norms (map snd ws Q ps)) unfolding distinct-map ..
hence norms ‘ set ps C norms ‘ set (snd (hd ws) # ps) using (test st) st
by (cases ws) auto
moreover have norms ‘ set ps’ = norms ‘ set (snd (hd ws) # ps)
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using step by (auto split: prod.splits)
ultimately have norms ‘ set ps C norms * set ps’ by simp
}
ultimately have ?X ps’ C ?X ps by (auto simp add: image-set simp del:
set-map)
}
ultimately show ?f (step n st) < ?f st unfolding st step
using psubset-card-mono|of ?X ps ?X ps’] by simp
qed (auto simp add: pre-bisim-start|OF wf] pre-bisim-step)
thus Fulse using cl by auto
qed

theorem closure’-termination:
assumes wf: wfnrwfns
and cl: closure’ n ([(<r>, <s»)], {(norm <r>, norm <s»)}) = None
shows False

using wf trans[OF closure-closure’[of n [([], <r>, <s»)] [] {(norm <r>, norm
<s>)}, simplified]

cl, unfolded option-map-is-None)
by (auto intro: closure-termination)

theorem closure-complete:
assumes eq: langn r = lang n s
and wf: wfnrwfns
shows 3 ps N. closure n ([([], <r>, <s)], [|, {(norm <r>, norm <s>)}) = Some(]],
ps, N)
(is3-- % =-)
proof (cases ?cl)
case (Some st)
moreover obtain ws ps N where ws-ps-N: st = (ws, ps, N) by (cases st) blast
ultimately show ?thesis
proof (cases ws)
case (Cons wrs ws)
then obtain w r’ s’ where wrs: wrs = (w, r’, s’) by (cases wrs) blast
with ws-ps-N Cons have final v’ # final s’
using while-option-stop2[|OF Some[unfolded closure-def]] by simp
moreover
from pre-bisim-step pre-bisim-start|OF wf] have pre-bisim-ps: pre-bisim n r s
st
by (rule while-option-rule[OF - Some[unfolded closure-def]])
hence «lderivs (rev w) r> = r’ <lderivs (rev w) s» = s’ wf-word n (rev w)
unfolding ws-ps-N Cons wrs pre-bisim-def ACI-norm-lderivs by auto
ultimately show ?thesis using eq wf lderivs-final by auto
qed blast
qed (auto intro: closure-termination| OF wf])

theorem closure’-complete:

assumes eq: lang n v = lang n s
and wf: wfnrwfns
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shows AN. closure’ n ([(«r>, <s»)], {(norm <r>, norm <s>)}) = Some([], N)
using assms closure-closure’[of n [([], <r=>, <s»)] [| {(norm <r>, norm <s»)},
symmetric]
by (auto dest!: closure-complete)

The overall procedure

definition check-equ where
check-equn rs <— wfnr A wfnsA

(let 7' = <r>; ' = <s> in (case closure n ([([], v/, s')], [], {(norm r'; norm s")})
of

Some([],-) = True | - = False))

definition check-equ-counterexample where
check-equ-counterexample n r s =
(let r' = <r>; 8" = «<s> in (case closure n ([([], v/, s))], [], {(norm r', norm s”)})
of
Some([],-) = None | Some((w,-,-) # -, -) = Some w))

definition check-equ’ where
check-equ’ nrs <— wfnr AwfnsA
(let r' = <r>; s’ = <s> in (case closure’ n ([(r
Some([],-) = True | - = False))

8N, {(norm r’, norm s")}) of

lemma check-equ-check-equ’: check-equ n v s = check-equ’ n r s

unfolding check-equ-def check-equ’-def Let-def

using closure-closure’[of n [([], <>, <s»)] [| {(norm <r>, norm <s>)}, sym-
metric]

by (auto split: option.splits list.splits)

lemma soundness:
assumes check-equ n 1 s
shows lang n r = lang n s
using closure-sound assms by (auto simp: check-equ-def Let-def split: option.splits
list.splits)

lemma soundness’:
assumes check-equ’ n r s
shows lang n r = lang n s
using soundness check-equ-check-equ’ assms by auto

lemma completeness:
assumes lang nr = langn swfnrwfn s
shows check-equ n r s
using closure-complete|OF assms| assms(2,8) by (auto simp: check-equ-def)

lemma completeness’:
assumes lang n r = langn s wfn r wfn s
shows check-equ’ n r s
using completeness check-equ-check-equ’ assms by auto
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end

end

5 Normalization of II-Extended Regular Expres-
sions

5.1 Normalizing Constructors

lemma not-less-Zero[elim!]: r < Zero = P
by (induct ) (auto simp: less-rexp-def)

fun nPlus :: 'a::linorder rexp = 'a rexp = 'a rexp
where
nPlus Zeror =1
| nPlus r Zero = r
nPlus (Plus r1 r2) (Plus s1 s2) =
(if r1 < s1 then Plus r1 (nPlus r2 (Plus sl s2))
else if s1 < rl then Plus s1 (nPlus (Plus r1 r2) s2)
else nPlus (Plus r1 r2) s2)
nPlus (Plus r1 r2) s =
(if s = Not Zero then Not Zero
else if r1 < s then Plus 1 (nPlus 2 s)
else if s < rl then Plus s (Plus r1 r2)
else Plus r1 r2)
nPlus v (Plus s1 s2) =
(if r = Not Zero then Not Zero
else if r < s1 then Plus r (Plus s1 s2)
else if s1 < r then Plus s1 (nPlus r s2)
else Plus s1 s2)
nPlus r s =
(if r = Not Zero vV s = Not Zero then Not Zero
else if 1 < s then Plus r s
else if s < r then Plus s r
else )

fun nTimes :: 'a rexp = 'a rexp = 'a rexp
where
nTimes Zero - = Zero
| nTimes - Zero = Zero
| nTimes One r = r
| nTimes r One = r
| nTimes (Times r s) t = Times r (nTimes s t)
| nTimes r s = Times r s

fun nStar :: 'a rexp = 'a rexp
where
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nStar Zero = One
| nStar One = One
| nStar (Star r) = nStar r
| nStar r = Star r

fun ninter :: 'a::linorder rexp = 'a rexp = ’a rexp
where
ninter Zero - = Zero
| ninter - Zero = Zero
ninter (Inter r1 r2) (Inter s1 s2) =
(if r1 < s1 then Inter r1 (nInter r2 (Inter s1 s2))
else if s1 < rl then Inter s1 (nInter (Inter r1 r2) s2)
else ninter (Inter r1 r2) s2)
ninter (Inter r1 r2) s =
(if s = Not Zero then Inter r1 r2
else if r1 < s then Inter r1 (ninter r2 s)
else if s < r1 then Inter s (Inter r1 r2)
else Inter r1 r2)
ninter v (Inter s1 s2) =
(if r = Not Zero then Inter sl s2
else if v < sl then Inter r (Inter s1 s2)
else if s1 < r then Inter sl (nlnter r s2)
else Inter s1 s2)
nlnter r s =
(if 1 = Not Zero then s
else if s = Not Zero then r
else if r < s then Inter r s
else if s < r then Inter s r
else )

fun nNot :: 'a::linorder rexp = 'a rexp
where

nNot (Not r) = r
| nNot (Plus r s) = nInter (nNot r) (nNot s)
| nNot (Inter r s) = nPlus (nNot r) (nNot s)
| nNot r = Not r

fun nPr :: 'a rexp = 'a rexp
where
nPr Zero = Zero
| nPr One = One
| nPr (Plus r s) = Plus (nPrr) (nPrs)
| nPr (Times r s) = Times (nPrr) (nPrs)
| nPr (Star r) = Star (nPrr)
| nPrr=Prr

fun norm :: (‘a::linorder) rexp = 'a rexp where

norm Zero = Zero
| norm One = One
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| norm (Atom a) = Atom a

| norm (Plus v s) = nPlus (norm r) (norm s)

| norm (Times r s) = nTimes (norm r) (norm s)
| norm (Star r) = nStar (norm r)

| norm (Not r) = nNot (norm )

| norm (Inter r s) = nlnter (norm r) (norm s)

| norm (Prr) = nPr (norm r)

context alphabet
begin

lemma wf-nPlus[simp]: [wf n r; wf n s] = wfn (nPlus r s)
by (induct r s rule: nPlus.induct) auto

lemma wf-nTimes[simp): [wf n r; wfn s] = wf n (nTimes r s)
by (induct r s rule: nTimes.induct) auto

lemma wf-nStar[simp|: wf n r = wf n (nStar r)
by (induct r rule: nStar.induct) auto

lemma wf-nInter[simp]: [wf n r; wf n s] = wf n (nInter r s)
by (induct r s rule: nlnter.induct) auto

lemma wf-nNot[simp]: wf n r = wf n (nNot r)
by (induct r rule: nNot.induct) auto

lemma wf-nPr{simp]: wf (Suc n) r = wfn (nPrr)
by (induct r rule: nPr.induct) auto

lemma wf-norm[simpl: wf n r = wf n (norm r)
by (induct r arbitrary: n) auto

end

context project
begin

lemma Plus-Not-Zero:
wf n r = lang n (Plus (Not Zero) r) = lang n (Not Zero)
wf nr = lang n (Plus r (Not Zero)) = lang n (Not Zero)
by (auto dest!: lang-subset-lists)

lemma Inter-Not-Zero:
wf n r = lang n (Inter (Not Zero) r) = lang n r
wf n r = lang n (Inter r (Not Zero)) = lang n r
by (auto dest!: lang-subset-lists)

lemma lang-nPlus[simp]: [wf n r; wf n s] = lang n (nPlus r s) = lang n (Plus
rs)
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by (induct r s rule: nPlus.induct)

(auto, auto dest!: lang-subset-lists dest: project
subsetD[OF conc-subset-lists, unfolded in-lists-conv-set, rotated —1)
subsetD[OF star-subset-lists, unfolded in-lists-conv-set, rotated —1])

lemma lang-nTimes[simp]: lang n (nTimes r s) = lang n (Times r s)
by (induct v s rule: nTimes.induct) (auto simp: conc-assoc conc-Un-distrib)

lemma lang-nStar[simp]: lang n (nStar r) = lang n (Star r)
by (induct r rule: nStar.induct) auto

lemma lang-ninter(simp]: [wf n r; wf n s] = lang n (nInter r s) = lang n (Inter
rs)
by (induct r s rule: nlnter.induct)
(auto, auto dest!: lang-subset-lists dest: project
subsetD[OF conc-subset-lists, unfolded in-lists-conv-set, rotated —1]
subsetD[OF star-subset-lists, unfolded in-lists-conv-set, rotated —11])

lemma lang-nNot[simp]: wf n r => lang n (nNot r) = lang n (Not r)
by (induct r rule: nNot.induct) (auto dest!: lang-subset-lists)

lemma lang-nPr[simp]: lang n (nPr r) = lang n (Prr)
by (induct r rule: nPr.induct) auto

lemma lang-norm[simpl: wf n r = lang n (norm r) = lang n r
by (induct r arbitrary: n) auto

end
end

theory Regular-Operators
imports Derivatives ~~ /src/HOL/ Library/ While- Combinator
begin

primrec REV :: 'a rexp = 'a rexrp where
REV Zero = Zero

| REV One = One

| REV (Atom a) = Atom a

| REV (Plus r s) = Plus (REV r) (REV s)

| REV (Times r s) = Times (REV s) (REV r)

| REV (Star r) = Star (REV r)

| REV (Not r) = Not (REV r)

| REV (Inter r s) = Inter (REV r) (REV s)

| REV (Prr)= Pr (REVr)

lemma REV-REV|[simp]: REV (REV r)=r
by (induct ) auto
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lemma final-REV [simp]: final (REV 1) = final r
by (induct ) auto

lemma REV-PLUS: REV (PLUS zs) = PLUS (map REV xs)
by (induct zs rule: list-singleton-induct) auto

lemma (in alphabet) wf-REV [simp]: wf n r = wfn (REV r)
by (induct r arbitrary: n) auto

lemma (in project) lang-REV [simp]: lang n (REV r) = rev ‘ lang n r
by (induct v arbitrary: n) (auto simp: image-image rev-map image-set-diff)

context embed
begin

primrec rderiv :: ‘a = 'a rexp = ’'a rexp where
rderiv - Zero = Zero
| rderiv - One = Zero
| rderiv as (Atom bs) = (if as = bs then One else Zero)
| rderiv as (Plus r s) = Plus (rderiv as r) (rderiv as s)
| rderiv as (Times r s) =
(let rs’ = Times r (rderiv as s)
in if final s then Plus rs’ (rderiv as r) else rs’)
| rderiv as (Star r) = Times (Star r) (rderiv as r)
| rderiv as (Not r) = Not (rderiv as r)
| rderiv as (Inter r s) = Inter (rderiv as r) (rderiv as s)
| rderiv as (Pr r) = Pr (PLUS (map (Ma. rderiv a r) (embed as)))

primrec rderivs where
rderiws || r =1
| rderivs (w#ws) r = rderivs ws (rderiv w r)

lemma rderivs-snoc: rderivs (ws Q [w]) r = rderiv w (rderivs ws r)
by (induct ws arbitrary: r) auto

lemma rderivs-append: rderivs (ws Q ws') r = rderivs ws’ (rderivs ws )
by (induct ws arbitrary: r) auto

lemma rderiv-lderiv: rderiv as r = REV (lderiv as (REV 1))
by (induct r arbitrary: as) (auto simp: Let-def o-def REV-PLUS)

lemma rderivs-lderivs: rderivs w r = REV (lderivs w (REV 1))
by (induct w arbitrary: r) (auto simp: rderiv-lderiv)

lemma wf-rderiv[simp]: wf n r = wf n (rderiv w r)
unfolding rderiv-lderiv by (rule wf-REV[OF wf-lderiv[OF wf-REV]])

lemma wf-rderivs[simp]: wf n r = wf n (rderivs ws r)
unfolding rderivs-lderivs by (rule wf-REV [OF wf-lderivs[OF wf-REV]])
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lemma lang-rderiv: [wf n r; as € ¥ n] = lang n (rderiv as r) = rQuot as (lang
nr)
unfolding rderiv-lderiv rQuot-rev-IQuot by (simp add: lang-lderiv)

lemma lang-rderivs: [wf n r; wf~word n w] = lang n (rderivs w r) = rQuots w
(lang n 1)
unfolding rderivs-lderivs rQuots-rev-lQuots by (simp add: lang-lderivs)

corollary rderivs-final:
assumes wf n r wf~word n w
shows final (rderivs w r) <— rev w € lang n r
using lang-rderivs[OF assms] lang-final[of rderivs w r n] by auto

lemma toplevel-summands-REV [simp]: toplevel-summands (REV r) = REV ‘ toplevel-summands
r
by (induct ) auto

lemma ACI-norm-REV: <«REV <r»» = <REV r>
proof (induct r)
case (Plus r s)
show ?Zcase
unfolding REV .simps ACI-norm.simps Plus[symmetric| image-Un[symmetric]
toplevel-summands.simps(1) toplevel-summands-ACI-norm toplevel-summands-REV
unfolding toplevel-summands.simps(1)[symmetric] ACI-norm-flatten toplevel-summands-REV
unfolding ACI-norm-flatten[symmetric] toplevel-summands-ACI-norm

qed auto

lemma ACI-norm-rderiv: <rderiv as <r>> = <rderiv as r>
unfolding rderiv-lderiv by (metis ACI-norm-REV ACI-norm-lderiv)

lemma ACI-norm-rderivs: <rderivs w <r>> = <rderivs w >
unfolding rderivs-lderivs by (metis ACI-norm-REV ACI-norm-lderivs)

theorem finite-rderivs: finite {<rderivs xs r> | zs . True}

unfolding rderivs-lderivs

by (subst ACI-norm-REV [symmetric]) (auto intro: finite-surj|OF finite-lderivs,
of - A\r. <REV r>])

lemma lderiv-PLUS[simp]: lderiv a (PLUS xs) = PLUS (map (lderiv a) xs)
by (induct zs rule: list-singleton-induct) auto

lemma rderiv-PLUS[simp|: rderiv a (PLUS xs) = PLUS (map (rderiv a) zs)
by (induct zs rule: list-singleton-induct) auto

lemma lang-rderiv-lderiv: lang n (rderiv a (lderiv b r)) = lang n (lderiv b (rderiv

ar))

by (induct r arbitrary: n a b) (auto simp: Let-def conc-assoc)

o1



lemma lang-lderiv-rderiv: lang n (lderiv a (rderiv b 1)) = lang n (rderiv b (Ideriv

ar))

by (induct v arbitrary: n a b) (auto simp: Let-def conc-assoc)

lemma lang-rderiv-lderivs[simp]: [wf n r; wf~word n w; a € ¥ n] =
lang n (rderiv a (lderivs w r)) = lang n (lderivs w (rderiv a r))
by (induct w arbitrary: n r)
(auto, auto simp: lang-lderivs lang-lderiv lang-rderiv |Quot-rQuot)

lemma lang-lderiv-rderivs[simp]: Jwf n r; wf-word n w; a € ¥ n] =
lang n (lderiv a (rderivs w r)) = lang n (rderivs w (lderiv a r))
by (induct w arbitrary: n r)
(auto, auto simp: lang-rderivs lang-lderiv lang-rderiv [Quot-rQuot)

definition biderivs wl w2 = rderivs w2 o lderivs wl

lemma lang-biderivs: [wf n r; wf-word n wl; wf-word n w2] =
lang n (biderivs w1 w2 r) = biQuots w1 w2 (lang n r)
unfolding biderivs-def by (auto simp: lang-rderivs lang-lderivs in-lists-conv-set)

lemma wf-biderivs[simp]: wf n r = wf n (biderivs wl w2 r)
unfolding biderivs-def by simp

corollary biderivs-final:
assumes wf n r wf~word n wl wf-word n w2
shows final (biderivs wl w2 r) «— wl Q rev w2 € lang n r
using lang-biderivs[OF assms] lang-final[of biderivs w1l w2 r n] by auto

lemma ACI-norm-biderivs: <biderivs wl w2 <r>> = <biderivs wl w2 r>
unfolding biderivs-def by (metis ACI-norm-lderivs ACI-norm-rderivs o-apply)

lemma finite {<biderivs wl w2 r> | wl w2 . True}
proof —

have {<biderivs wl w2 r> | wl w2 . True} = (Js € {<lderivs as r> | as .
True}. {<rderivs bs s> | bs . True})

unfolding biderivs-def by (fastforce simp: ACI-norm-rderivs)

also have finite ... by (rule iff D2[OF finite-UN[OF finite-lderivs] balll[OF
finite-rderivs]])

finally show ?thesis .
qed

end

5.2 Quotioning by the same letter

definition fin-cutSame x xs = take (LEAST n. drop n zs = replicate (length zs
—n)z) xs
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lemma fin-cutSame-Nil[simp]: fin-cutSame z [| = []
unfolding fin-cutSame-def by simp

lemma Least-fin-cutSame: (LEAST n. drop n xs = replicate (length xs — n) y) =
length xs — length (take While (Az. z = y) (rev xs))
(is Least 2P = ?min)
proof (rule Least-equality)
show 7P ?min by (induct zs rule: rev-induct) (auto simp: Suc-diff-le replicate-append-same)
next
fix m assume ?P m
have length s — m < length (take While (A\z. = = y) (rev xs))
proof (intro length-take While-less-P-nth)
fix ¢ assume ¢ < length xs — m
hence rev zs | i € set (drop m xs)
by (induct zs arbitrary: i rule: rev-induct) (auto simp: nth-Cons’)
with (P m) show rev zs ! i = y by simp
qed simp
thus ?min < m by linarith
qed

lemma take While-takes-all: length xs = m = m < length (takeWhile P xs) +—
Ball (set zs) P
by hypsubst (induct xs, auto)

lemma fin-cutSame-Cons[simp]: fin-cutSame x (y # xs) =

(if fin-cutSame x xs = [] then if x = y then [| else [y] else y # fin-cutSame x xs)
unfolding fin-cutSame-def Least-fin-cutSame

apply auto

apply (simp add: take While-takes-all)

apply (simp add: take While-takes-all)

apply auto

apply (metis (full-types) Suc-diff-le length-rev length-take While-le take-Suc-Cons)
apply (simp add: take While-takes-all)

apply (subst take While-append?2)

apply auto

apply (simp add: take While-takes-all)

apply auto

apply (metis (full-types) Suc-diff-le length-rev length-take While-le take-Suc-Cons)
done

lemma fin-cutSame-singleton[simp]: fin-cutSame z (xs Q [z]) = fin-cutSame z s
by (induct zs) auto

lemma fin-cutSame-replicate[simp]: fin-cutSame z (xs Q replicate n z) = fin-cutSame
x T8
by (induct n arbitrary: zs)
(auto simp: replicate-append-same[symmetric] append-assoc[symmetric] simp
del: append-assoc)
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lemma fin-cutSamekE: fin-cutSame z s = ys = IAm. xs = ys Q replicate m x
by (induct xs arbitrary: ys) (auto, metis replicate-Suc)

definition SAMEQUOT a A = {fin-cutSame a © Q replicate m a|  m. x € A}

lemma SAMEQUOT-mono: A C B = SAMEQUOT a A C SAMEQUOT a B
unfolding SAMEQUOT-def by auto

context embed
begin

lemma finite-rderivs-same: finite {<rderivs (replicate m a) r> | m . True}
by (auto intro: finite-subset| OF - finite-rderivs])

lemma wf-word-replicate[simp]: a € ¥ n = wf-word n (replicate m a)
by (induct m) auto

lemma star-singleton[simp): star {[z]} = {replicate m = | m . True}
proof (intro equalityl subsetl)

fix xs assume zs € star {[z]}

thus zs € {replicate m = | m . True} by (induct zs) (auto, metis replicate-Suc)
qed (auto intro: Ball-starl)

definition samequot a v = Times (flatten PLUS {«<rderivs (replicate m a) r> |
m . True}) (Star (Atom a))

lemma wf-samequot: [wfn r; a € ¥ n] = wf n (samequot a r)
unfolding samequot-def wf.simps wf-flatten-PLUS[OF finite-rderivs-same] by
auto

lemma lang-samequot: [wfn r; a € ¥ n] =

lang n (samequot a r) = SAMEQUOT a (lang n 1)

unfolding SAMEQUOT-def samequot-def lang.simps lang-flatten-PLUS[OF

finite-rderivs-same]

apply (rule sym)

apply (auto simp: lang-rderivs)

apply (intro concl)

apply auto

apply (insert fin-cutSameE[OF refl, of - a))

apply (drule meta-spec)

apply (erule exE)

apply (intro exI conjl)

apply (rule refl)

apply (auto simp: lang-rderivs)

apply (erule subst)

apply assumption

apply (erule concE)

apply (auto simp: lang-rderivs)
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apply (drule meta-spec)

apply (erule exE)

apply (intro ezl congl)

defer

apply assumption

unfolding fin-cutSame-replicate
apply (erule trans)

unfolding fin-cutSame-replicate

apply (rule refl)
done

fun rderiv-and-add where
rderiv-and-add as (-, rs) =
(let
r = <rderiv as (hd rs)>
in if r € set rs then (False, rs) else (True, r # rs))

definition invar-rderiv-and-add as r brs =

(if fst brs then True else <rderiv as (hd (snd brs))> € set (snd brs)) A

snd brs # [| A distinct (snd brs) A

(Vi < length (snd brs). snd brs | i = <rderivs (replicate (length (snd brs) — 1
— i) as) r>)

lemma invar-rderiv-and-add-init: invar-rderiv-and-add as v (True, [<r>])
unfolding invar-rderiv-and-add-def by auto

lemma invar-rderiv-and-add-step: invar-rderiv-and-add as r brs = fst brs =
invar-rderiv-and-add as r (rderiv-and-add as brs)
unfolding invar-rderiv-and-add-def by (cases brs) (auto simp:
Let-def nth-Cons’ ACI-norm-rderiv rderivs-snoc[symmetric] neq-Nil-conv replicate-append-same)

lemma rderivs-replicate-mult: [<rderivs (replicate i as) > = <r>; i > 0] =
<rderivs (replicate (m x i) as) r> = <r>
proof (induct m arbitrary: )
case (Suc m)
hence <rderivs (replicate (m x i) as) <rderivs (replicate i as) r»> = <r>
by (auto simp: ACI-norm-rderivs)
thus ?case by (auto simp: ACI-norm-rderivs replicate-add rderivs-append)
qed simp

lemma rderivs-replicate-mult-rest:
assumes <rderivs (replicate i as) r> = <r>» k < i
shows <rderivs (replicate (m x i + k) as) r> = <rderivs (replicate k as) r> (is
?L = ?R)
proof —
have 7L = «rderivs (replicate k as) <rderivs (replicate (m * i) as) r>>
by (simp add: ACI-norm-rderivs replicate-add rderivs-append)
also have «rderivs (replicate (m = i) as) r> = <r» using assms
by (simp add: rderivs-replicate-mult)
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finally show ?thesis by (simp add: ACI-norm-rderivs)
qed

lemma rderivs-replicate-mod:
assumes <rderivs (replicate i as) r> = <r» i > 0
shows <rderivs (replicate m as) r> = <rderivs (replicate (m mod i) as) r> (is
?L = ?R)
by (subst mod-div-equality[symmetric, of m i])
(intro rderivs-replicate-mult-rest| OF assms(1)] mod-less-divisor[OF assms(2)])

lemma rderivs-replicate-diff : [<rderivs (replicate i as) r> = <rderivs (replicate j
as) r>; i > j| =

<rderivs (replicate (i — j) as) (rderivs (replicate j as) r)»> = <rderivs (replicate
jas) r>

unfolding rderivs-append|symmetric] replicate-add[symmetric] by auto

lemma samequot-wyf:
assumes wf n r while-option fst (rderiv-and-add as) (True, [<r>]) = Some (b,
rs)
shows wf n (PLUS rs)
proof —
have — b using while-option-stop|OF assms(2)] by simp
from while-option-rule[where P=invar-rderiv-and-add as r,
OF invar-rderiv-and-add-step assms(2) invar-rderiv-and-add-init]
have *: invar-rderiv-and-add as v (b, rs) by simp
thus wf n (PLUS rs) unfolding invar-rderiv-and-add-def wf-PLUS
by (auto simp: in-set-conv-nth wf-rderivs|OF assms(1)])
qed

lemma samequot-soundness:
assumes while-option fst (rderiv-and-add as) (True, [<r>]) = Some (b, rs)
shows lang n (PLUS rs) = UNION {<rderivs (replicate m as) r> |m. True}
(lang n)
proof —
have — b using while-option-stop|OF assms| by simp
moreover
from while-option-rule[where P=invar-rderiv-and-add as r,
OF invar-rderiv-and-add-step assms invar-rderiv-and-add-init)
have *: invar-rderiv-and-add as r (b, rs) by simp
ultimately obtain i where i: i < length rs and <rderivs (replicate (length s
— Suc i) as) r» =
<rderivs (replicate (Suc (length rs — Suc 0)) as) r> (is <rderivs %z r> = -)
unfolding invar-rderiv-and-add-def by (auto simp: in-set-conv-nth hd-conv-nth
ACI-norm-rderiv
rderivs-snoc[symmetric| replicate-append-same)
with * have <rderivs %z r> = <rderivs (replicate (length rs) as) r>
by (auto simp: invar-rderiv-and-add-def)
with ¢ have cyc: <rderivs (replicate (Suc i) as) (rderivs ?x r)> = <rderivs 2z
r>
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by (fastforce dest: rderivs-replicate-diff [OF sym])
{ fix m
have Ji<length rs. rs | i = <rderivs (replicate m as) r>
proof (cases m > length rs — Suc i)
case True
with ¢ obtain m’ where m: m = m’ + length rs — Suc i
by atomize-elim (auto intro: exI[of - m — (length rs — Suc i)])
with i have <rderivs (replicate m as) r» = <rderivs (replicate m’ as) (rderivs
7z r)>
unfolding replicate-add[symmetric] rderivs-append[symmetric] by (simp add:
nat-add-commute)

also from cyc have ... = <rderivs (replicate (m’ mod (Suc i)) as) (rderivs
7z r)>
by (elim rderivs-replicate-mod) simp
also from i have ... = <rderivs (replicate (m’ mod (Suc i) + length rs —

Suc i) as) r>
unfolding rderivs-append[symmetric] replicate-add[symmetric] by (simp
add: nat-add-commute)

also from m i have ... = <rderivs (replicate ((m — (length rs — Suc 1))
mod (Suc i) + length rs — Suc i) as) r>
by simp
also have ... = <rderivs (replicate (length rs — Suc (i — (m — (length rs —

Suc 1)) mod (Suc i))) as) r>
by (subst Suc-diff-le[symmetric])
(metis less-Suc-egq-le mod-less-divisor zero-less-Suc, simp add: nat-add-commute)
finally have 35 < length rs. <rderivs (replicate m as) r> = <rderivs (replicate
(length s — Suc j) as) r>
using i by (metis less-imp-diff-less)
with * show ?thesis unfolding invar-rderiv-and-add-def by auto
next
case Fulse
with ¢ have 35 < length rs. m = length rs — Suc j
by (induct m)
(metis diff-self-eq-0 gr-implies-not0 lessl nat.exhaust,
metis (no-types) One-nat-def Suc-diff-Suc diff-Suc-1 gr0-conv-Suc less-imp-diff-less
not-less-eq not-less-iff-gr-or-eq)
with x show ?thesis unfolding invar-rderiv-and-add-def by auto
qed
}
hence UNION {«rderivs (replicate m as) r> |m. True} (lang n) C lang n (PLUS
TS)
by (fastforce simp: in-set-conv-nth lang-PLUS intro!: bexI[rotated))
moreover from x have lang n (PLUS rs) C UNION {<rderivs (replicate m as)
r> |m. True} (lang n)
unfolding invar-rderiv-and-add-def by (fastforce simp: in-set-conv-nth lang-PLUS)
ultimately show lang n (PLUS rs) = UNION {<rderivs (replicate m as) r> |m.
True} (lang n) by blast
qed
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lemma length-subset-card: [finite X; distinct (z # wxs); set (v # xs) C X] =
length s < card X
by (metis card-mono distinct-card impossible-Cons not-leE order-trans)

lemma samequot-termination:
assumes while-option fst (rderiv-and-add as) (True, [<r>]) = None (is %cl =

None)
shows False
proof —
let ?D = {<rderivs (replicate m as) r> | m . True}

let 2f = A\(b, rs). card ?D + 1 — length rs + (if b then 1 else 0)
have Jst. ?cl = Some st
apply (rule measure-while-option-Some[of invar-rderiv-and-add as r - - ?f])
apply (auto simp: invar-rderiv-and-add-init invar-rderiv-and-add-step)
apply (auto simp: invar-rderiv-and-add-def Let-def neg-Nil-conv in-set-conv-nth
intro!: diff-less-mono2 length-subset-card[OF finite-rderivs-same, simplified))
apply fastforce
apply fastforce
apply (metis Suc-less-eq nth-Cons-Suc)
done
with assms show Fulse by auto
qged

definition samequot-exec as r =
Times (PLUS (snd (the (while-option fst (rderiv-and-add as) (True, [<r>])))))
(Star (Atom as))

lemma wf-samequot-exec: [wf n r; as € ¥ n] = wf n (samequot-exec as r)
unfolding samequot-exec-def
by (cases while-option fst (rderiv-and-add as) (True, [<r>]))
(auto dest: samequot-termination samequot-wy)

lemma samequot-exec-samequot: lang n (samequot-exec as r) = lang n (samequot
as )
unfolding samequot-ezec-def samequot-def lang.simps lang-flatten-PLUS|[OF finite-rderivs-same)]
by (cases while-option fst (rderiv-and-add as) (True, [<r>]))
(auto dest: samequot-termination dest!: samequot-soundness|of - - - - n] simp
del: ACI-norm-lang)

lemma lang-samequot-exec:
[wf nr; as € ¥ n] = lang n (samequot-exec as r) = SAMEQUOT as (lang n
fl)nfolding samequot-ezec-samequot by (rule lang-samequot)
end
5.3 Suffix Prefix Languages

definition Suffiz :: ‘a lang = 'a lang where
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Suffic L = {w. Ju. v Q@ w € L}

definition Prefiz :: ‘a lang = 'a lang where
Prefic L = {w. Ju. w Q u € L}

lemma Prefiz-Suffix: Prefix L = rev ‘ Suffix (rev ‘ L)
unfolding Prefiz-def Suffiz-def
by (auto simp: rev-append-invert
intro: image-eql [of - rev, OF rev-rev-ident[symmetric]]
image-eql [of - rev, OF rev-append[symmetric]])

definition Root :: ‘a lang = 'a lang where
Root L={z.3n>0.2 " ""nel}

definition Cycle :: 'a lang = 'a lang where
Cycle L={uQuw|uw w@ueL}

context embed
begin

context
fixes n :: nat
begin

definition SUFFIX :: 'a rexp = ’a rexp where
SUFFIX r = flatten PLUS {<lderivs w r>| w. wf-word n w}

lemma finite-lderivs-wf: finite {<lderivs w r>| w. wf~word n w}
by (auto intro: finite-subset|OF - finite-lderivs])

definition PREFIX : 'a rexp = 'a rexp where
PREFIX r = REV (SUFFIX (REV r))

lemma wf-SUFFIX [simp]: wfn r = wfn (SUFFIX )
unfolding SUFFIX-def by (intro iff D2|OF wf-flatten-PLUS|OF finite-lderivs-wf]])
auto

lemma lang-SUFFIX [simp]: wf n r = lang n (SUFFIX r) = Suffix (lang n r)
unfolding SUFFIX-def Suffiz-def
using lang-flatten-PLUS[OF finite-lderivs-wf] lang-lderivs wf-lang-wf-word
by fastforce

lemma wf-PREFIX [simp]: wf n r = wf n (PREFIX r)
unfolding PREFIX-def by auto

lemma lang-PREFIX [simp]: wf n r = lang n (PREFIX r) = Prefiz (lang n r)
unfolding PREFIX-def by (auto simp: Prefiz-Suffiz)

end
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lemma take-drop-Cyclel [intro!]: ¢ € L = drop i x Q take i z € Cycle L
unfolding Cycle-def by fastforce

lemma take-drop-Cyclel [intro!]: drop i © Q take i x € L = x € Cycle L
by (drule take-drop-Cyclel|of - - length x — i]) auto

end

end

6 Monadic Second-Order Logic Formulas

6.1 Interpretations and Encodings

type-synonym ’a interp = 'a list X (nat + nat set) list

abbreviation enc-atom-bool I n = map (Az. case z of Inlp = n =1p | Inr P =
neP)l

abbreviation enc-atom I n a = (a, enc-atom-bool I n)

6.2 Syntax and Semantics of MSO

datatype ‘a formula =
FQ 'a nat
| FLess nat nat
| FIn nat nat
| FNot 'a formula
| FOr 'a formula 'a formula
| FAnd 'a formula 'a formula
| FEzists 'a formula
| FEXISTS 'a formula

primrec FOV :: 'a formula = nat set where
FOV (FQ a m) = {m}
| FOV (FLess m1 m2) = {m1, m2}
| FOV (FInm M) = {m}
| FOV (FNot ¢) = FOV ¢
| FOV (FOr 1 @2) = FOV o1 U FOV g
| FOV (FAnd ¢1 w2) = FOV 1 U FOV ¢y
| FOV (FExists ¢) = (Az. z — 1) * (FOV ¢ — {0})
| FOV (FEXISTS ¢) = (Av. ¢ — 1) * FOV ¢

primrec SOV :: 'a formula = nat set where

SOV (FQ am) = {}
| SOV (FLess m1 m2) = {}
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| SOV (FIn m M) = {M}

| SOV (FNot ¢) = SOV ¢

| SOV (FOr p1 p2) = SOV @1 U SOV g

| SOV (FAnd p1 ¢2) = SOV o1 U SOV ¢y

| SOV (FEzists ) = (Az. x — 1) SOV ¢

| SOV (FEXISTS ¢) = (A\z. o — 1) * (SOV ¢ — {0})

definition 0 = (AX n. concat (map (Abs. map (Aa. (a, bs)) X) (List.n-lists n
[True, False])))

definition © = (A(a, bs). (a, tl bs))

definition ¢ = (AX (a::’a, bs). if a € set ¥ then [(a, True # bs), (a, False # bs)]
else [])

locale formula = embed set o (¢ ¥) m e ¥ for X :: 'a :: linorder list +
assumes nonempty: X # ||
begin

abbreviation X-combinatorial-product n =
List.maps (Abools. map (Aa. (a, bools)) ) (bool-combinatorial-product n)

primrec pre-wf-formula :: nat = 'a formula = bool where
pre-wf-formula n (FQ a m) = (a € set X A m < n)
| pre-wf-formula n (FLess m1 m2) = (ml < n A m2 < n)
| pre-wf-formula n (FIn m M) = (m <n A M < n)
| pre-wf-formula n (FNot @) = pre-wf-formula n ¢
| pre-wf-formula n (FOr @1 @o) = (pre-wf-formula n @1 A pre-wf-formula n @)
| pre-wf-formula n (FAnd 1 @2) = (pre-wf-formula n o1 N pre-wf-formula n @)
| pre-wf-formula n (FEzists ) = (pre-wf-formula (n + 1) ¢ A 0 € FOV ¢ A 0
¢ SOV o)
| pre-wf-formula n (FEXISTS ¢) = (pre-wf-formula (n + 1) ¢ A 0 ¢ FOV ¢ A
0 € SOV )

abbreviation closed = pre-wf-formula 0

definition [simp]: wf-formula n ¢ = pre-wf-formula n @ AN FOV ¢ N SOV ¢ =

{

lemma maz-idz-vars: pre-wf-formula n ¢ = Vp € FOV o U SOV p. p < n
by (induct ¢ arbitrary: n)
(auto split: split-if-asm, (metis Un-iff diff-Suc-less less-SucE less-imp-diff-less)+)

lemma finite-FOV: finite (FOV )
by (induct @) (auto split: split-if-asm)

6.3 ENC

definition arbitrary-except n pbs xs =
PLUS (map (Abs. PLUS (map (Azx. Atom (z, fold (A(p, b). insert-nth p b) pbs
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bs)) xs))

(bool-combinatorial-product (n — length pbs)))

lemma wf-rexp-arbitrary-except:
[length pbs < n; set xs C set ] = wf n (arbitrary-except n pbs xs)
by (auto simp: arbitrary-except-def) (force simp: o-def set-n-lists length-fold-insert-nth)

definition valid-ENC' :: nat = nat = (‘a x bool list) rexp where
valid-ENC n p = (if n = 0 then Regular-Ezp.Not Zero else
TIMES |
Star (arbitrary-except n [(p, False)] X),
arbitrary-except n [(p, True)] X,
Star (arbitrary-except n [(p, False)] )])

lemma wf-rexp-valid-ENC': wf n (valid-ENC n p)
unfolding valid-ENC-def by (auto intro!: wf-rexp-arbitrary-except)

definition ENC : nat = 'a formula = (‘a X bool list) rexp where
ENC n ¢ = flatten INTERSECT (valid-ENC n ¢ FOV )

lemma wf-rexp-ENC: wf n (ENC n @)
unfolding ENC-def
by (intro iffD2|OF wf-flatten-INTERSECT)) (auto intro: finite-FOV simp: wf-rexp-valid-ENC')

lemma enc-atom-c-eq: i < length w —
(length I =n Aw!i€ set ) +— enc-atom Ii (w!i) € set (0 X n)
by (auto simp: o-def set-n-lists intro!: exI[of - enc-atom-bool I i| imagel)

lemmas enc-atom-o = iffD1[OF enc-atom-o-eq, OF - conjl]

lemma enc-atom-bool-take-drop-True:
[r < length I; case I ' r of Inlp’' = p=p'| Inr P = p € P] =
enc-atom-bool I p = take r (enc-atom-bool I p) @ True # drop (Suc r)
(enc-atom-bool I p)
by (auto intro: trans|OF id-take-nth-drop])

lemma enc-atom-bool-take-drop-True2:
[r < length I; case I ! r of Inlp’ = p =p'| Inr P = p € P;
s < length I; case I'! s of Inlp’ = p=p'|Inr P=p € P;r < s] =
enc-atom-bool I p = take r (enc-atom-bool I p) Q@ True #
take (s — Suc r) (drop (Suc r) (enc-atom-bool I p)) @ True #
drop (Suc s) (enc-atom-bool I p)
using id-take-nth-drop|of r enc-atom-bool I p]
id-take-nth-droplof s — r — 1 drop (Suc r) (enc-atom-bool I p)]
by auto

lemma enc-atom-bool-take-drop-False:

[r < length I; case I ' r of Inlp’ = p # p'| Inr P = p ¢ P] =
enc-atom-bool I p = take r (enc-atom-bool I p) Q Fualse # drop (Suc r)
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(enc-atom-bool I p)
by (auto intro: trans|OF id-take-nth-drop] split: sum.splits)

lemma enc-atom-lang-arbitrary-except-True: [r < length I
case I ' rofInlp'= p=p'| Inr P = p € P; length I = n; a € set xs; set xs
C set X =
[enc-atom I p a] € lang n (arbitrary-except n [(r, True)] zs)
unfolding arbitrary-except-def
by (auto introl: bexI[of - (AJ. take r J @Q drop (r + 1) J) (enc-atom-bool I p)]
intro: enc-atom-bool-take-drop-True)

lemma enc-atom-lang-arbitrary-except-True2:[r < length I; s < length I; r < s;
case I ' rofInlp’ = p=p'| Inr P = p € P;
case I ! s of Inlp’ = p=p'| Inr P = p € P; length I = n; a € set Y] =
[enc-atom I p a] € lang n (arbitrary-except n [(r, True), (s, True)] X)
unfolding arbitrary-except-def
by (auto introl: bexI[of - (AJ. take r J Q take (s — r — 1) (drop (r + 1) J) @
drop (s — r) (drop (r + 1) J)) (enc-atom-bool I p)]
intro!: enc-atom-bool-take-drop-True2 simp: min-absorb2 take-Cons’ drop-Cons’)

lemma enc-atom-lang-arbitrary-except-False:[r < length I;
case I ' rofInlp’ = p#p'| Inr P = p & P;length I = n; a € set xs; set xs
C set ¥] =
[enc-atom I p a] € lang n (arbitrary-except n [(r, False)] xs)
unfolding arbitrary-except-def
by (auto introl: bexI[of - (AJ. take r J @Q drop (r + 1) J) (enc-atom-bool I p)]
intro: enc-atom-bool-take-drop-False)

lemma arbitrary-except:
[v € lang n (arbitrary-except n [(r, b)] S); r < n; set S C set L] =
dz.vo=[z] ANsndx!r=>bA fstx € set S
unfolding arbitrary-except-def by (auto simp: nth-append)

lemma arbitrary-except2:
[v € lang n (arbitrary-except n [(r, b), (s, b)] S); r < s;r < n; s < n; set S C
set ] =
dz.v=[z]Asndax!r=bAsndz!s=0b"Afstz € setS
unfolding arbitrary-except-def by (auto simp: nth-append min-absorb2)

lemma star-arbitrary-except:
[v € star (lang n (arbitrary-except n [(r, b)] £)); r < n; i < length v] =
snd (v!i)!r="5
proof (induct arbitrary: i rule: star-induct)
case (append u v) thus ?case by (cases i) (auto dest: arbitrary-except)
qed simp

end

end
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7 MZ2L

7.1 Encodings

context formula
begin

fun enc :: ‘a interp = (‘a X bool list) list where
enc (w, I) = map-indezx (enc-atom I) w

abbreviation wf-interp w I = (length w > 0 A
(Va € set w. a € set &) A
(Vz € set I. case x of Inl p = p < length w | Inr P = Vp € P. p < length w))

fun wf-interp-for-formula :: 'a interp = ’a formula = bool where
wf-interp-for-formula (w, I) ¢ =
(wf-interp w I A
(Vn € FOV @. case I ! n of Inl - = True | - = False) A
(Vn € SOV @. case I | n of Inl - = False | - = True))

fun satisfies :: 'a interp = 'a formula = bool (infix = 50) where
(w, ) EFQam=(w! (case I ! mof Inl p = p) = a)

| (w, I) = FLess m1 m2 = ((case I ! m1 of Inl p = p) < (case I ! m2 of Inl p =
)

|p(w, Il FInm M = ((case I ! m of Inl p = p) € (case I ! M of Inr P = P))
[ (w, 1) | FNot ¢ = (= (w, T) = 9)

[ (w, 1) (FOr @1 92) = (w, 1) |= o1 V (w, ) = 2)

[ (w, 1) | (FAnd 91 ¢2) = (0, 1) |= o1 A (w, 1) = o)

| (w, I) = (FEzists ¢) = (3p. p € {0 .. length w — 1} A (w, Inlp # I) = ¢)

| (w, I) = (FEXISTS ¢) = (3P. P C {0 .. lengthw — 1} A (w, Inr P # I) |=

¢)

definition lang oy, 2 nat = 'a formula = ("a x bool list) list set where
langpnror, n o = {enc (w, I) | w I.
length I = n A wf-interp-for-formula (w, I) @ A satisfies (w, I) ¢}

definition dec-word = map fst

definition positions-in-row w i =
Option.these (set (map-index (Ap a-bs. if nth (snd a-bs) i then Some p else None)
w))

definition dec-interp n FO w = map (Ai.
ifi € FO
then Inl (the-elem (positions-in-row w 1))
else Inr (positions-in-row w i)) [0..<n]
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lemma positions-in-row: positions-in-row w i = {p. p < length w A snd (w ! p) !
i}

unfolding positions-in-row-def these-def by (auto intro!: image-eql[of - the])

lemma positions-in-row-unique: !p. p < length w A snd (w ! p) ! i =
the-elem (positions-in-row w i) = (THE p. p < length w A snd (w ! p) ! 0)
by (rule thell2) (auto simp: the-elem-def positions-in-row)

lemma positions-in-row-length: 3!p. p < length w A snd (w ! p) ! i =
the-elem (positions-in-row w i) < length w
unfolding positions-in-row-unique by (rule thell2) auto

lemma dec-interp-Inl: [i € FO; i < n] = 3p. dec-interp n FO z ! i = Inl p
unfolding dec-interp-def using nth-map[of n [0..<n]] by auto

lemma dec-interp-not-Inr: [dec-interp n FO z ! i = Inr P; i € FO; i < n] =
False
unfolding dec-interp-def using nth-maplof n [0..<n]] by auto

lemma dec-interp-Inr: [i ¢ FO; i < n] = 3 P. dec-interp n FO z ! i = Inr P
unfolding dec-interp-def using nth-map[of n [0..<n]] by auto

lemma dec-interp-not-Inl: [dec-interp n FO z ! i = Inl p; i ¢ FO; i < n] =
False
unfolding dec-interp-def using nth-map[of n [0..<n]] by auto

lemma Inl-dec-interp-length:
assumes Vi € FO. 3lp. p < length w A snd (w ! p) i
shows Inl p € set (dec-interp n FO w) = p < length w
unfolding dec-interp-def by (auto intro: positions-in-row-length[OF bspec|OF
assms]))

lemma Inr-dec-interp-length: [Inr P € set (dec-interp n FO w); p € P] = p <
length w
unfolding dec-interp-def by (auto simp: positions-in-row)

lemma enc-atom-dec:
[wf-word n w; Vi € FO. i < n — (3lp. p <length w A snd (w ! p)li);p <
length w] =
enc-atom (dec-interp n FO w) p (fst (w ! p)) =w!p
unfolding wf-word dec-interp-def map-filter-def Let-def
apply (auto simp: comp-def introl: trans|OF iffD2[OF Pair-eq] pair-collapse])
apply (intro nth-equalityl)
apply (auto simp add: o-def set-n-lists dest!: nth-mem) ||
apply (auto simp: positions-in-row)
apply (drule bspec)
apply assumption
apply (drule mp)
apply assumption
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apply (frule positions-in-row-unique)
apply (erule notE)

apply (simp add: positions-in-row)
apply (erule thell2)

apply simp

apply (drule bspec)

apply assumption

apply (drule mp)

apply assumption

apply (frule positions-in-row-unique)
apply (simp add: positions-in-row)
apply (rule the-equality[symmetric])
apply auto

done

lemma enc-dec:
[wf~word n w; Vi € FO. i <n — (3!p. p < length w A snd (w ! p) ! i)] =
enc (dec-word w, dec-interp n FO w) = w
unfolding enc.simps dec-word-def
by (intro trans[OF map-indez-map map-index-congL] alll impl enc-atom-dec)
assumption—+

lemma dec-word-enc: dec-word (enc (w, I)) = w
unfolding dec-word-def by auto

lemma enc-unique:

assumes wf-interp w I i < length I

shows 3p. I ! 4 = Inlp = 3lp. p < length (enc (w, I)) A snd (enc (w, I)!
p) i
proof (erule exE)

fix passume I ! i = Inlp

with assms show ?thesis by (auto simp: map-index all-set-conv-all-nth intro!:
ezl [of - p])
qed

lemma dec-interp-enc-Inl:
[dec-interp n FO (enc (w, I)) ! i =Inlp’; I 1 i = Inlp; i € FO; i < n; length
I = n; p < length w; wf-interp w I] =
_ li

p=pr

unfolding dec-interp-def using nth-map|of - [0..<n]] positions-in-row-unique[ OF
enc-unique)

by (auto intro: sym[OF the-equality))

lemma dec-interp-enc-Inr:

[dec-interp n FO (enc (w, I)) ! ¢ = Inr P'; 11 i = Inr P; i ¢ FO; i < n; length
I=n;Vp € P.p < length w] =

P=pr

unfolding dec-interp-def positions-in-row by auto
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lemma lang-ENC'"
assumes wf-formula n
shows lang n (ENCn ¢) — {[]} = {enc (w, I) | w I . length I = n A wf-interp-for-formula
(w, I) ¢}

(is ?L = ?R)
proof (cases FOV ¢ = {})

case True with assms show ?thesis

apply (auto simp: ENC-def intro!: enc-atom-o)

apply (intro exI congl)
apply (rule trans|OF sym[OF enc-dec|of - - {}]] enc.simps])
apply (auto simp add: wf-word dec-word-def dec-interp-def)
apply (auto simp: o-def positions-in-row set-n-lists split: sum.splits)
apply (drule trans[OF sym nth-map))
apply (auto intro: bspec|OF maz-idz-vars])

done

next
case Fulse

hence nonempty: valid-ENC n * FOV ¢ # {} by simp
have finite: finite (valid-ENCn ‘ FOV ¢) by (rule finite-imagel [OF finite-FOV)
from False assms(1) have 0 < n by (cases n) (auto split: dest!: maz-idz-vars)
with wf-rexp-valid-ENC have wf-rexp: ¥V x € valid-ENC' n * FOV . wf n x by
auto
{ fix r w [ assume r € FOV ¢ and *: length I = n wf-interp-for-formula (w,
I) ¢
then obtain p where p: I | r = Inl p by (cases I ! r) auto
moreover from (r € FOV ¢ assms (1) have r < length I by (auto dest!:
maz-idz-vars)
ultimately have Inl p € set I by (auto simp add: in-set-conv-nth)
with *(2) have p < length w by auto
with *(2) obtain a« where a: w ! p = a a € set ¥ by auto
from «r < length ) p (1) <a € set L
have [enc-atom I p a] € lang n (arbitrary-except n [(r, True)] X)
by (intro enc-atom-lang-arbitrary-except-True[OF - - - - subset-refl]) auto
moreover
from r < length D p *(1) <a € set ) *(2) p < length w»
have take p (enc (w, I)) € star (lang n (arbitrary-except n [(r, False)] X))
by (auto simp: in-set-conv-nth intro!: Ball-starl enc-atom-lang-arbitrary-except-False)
auto
moreover
from «r < length I p %(1) <a € set T %(2) p < length w
have drop (Suc p) (enc (w, I)) € star (lang n (arbitrary-except n [(r, False)]
)
by (auto simp: in-set-conv-nth intro!: Ball-starl enc-atom-lang-arbitrary-except-False)
auto
ultimately have take p (enc (w, I)) @ [enc-atom I p a] @ drop (p + 1) (enc
(w, 1)) €
lang n (valid-ENC' n r) using (0 < n) unfolding valid-ENC-def by (auto
simp del: append.simps)
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with (p < length w) o have enc (w, I) € lang n (valid-ENC n r)
using id-take-nth-drop[of p enc (w, I)] by auto
}

hence ?R C ?L using lang-flatten-INTERSECT[OF finite nonempty wf-rexp]
by (auto simp add: ENC-def)
moreover
{ fix z assume z € ([ r € valid-ENC n ‘ FOV . lang n 1)
hence r: Vr € FOV ¢. z € lang n (valid-ENC n r) by blast
have length (dec-interp n (FOV ¢) z) = n unfolding dec-interp-def by simp
moreover
{ fix r assume r € FOV ¢
with assms have r < n using maz-idz-vars[of n ¢| by auto
from (r € FOV ¢) r obtain u v w where wvw: z = v Q v Q w
u € star (lang n (arbitrary-except n [(r, False)] X))
v € lang n (arbitrary-except n [(r, True)] X)
w € star (lang n (arbitrary-except n [(r, False)] X)) using 0 < n) unfolding
valid-ENC-def by fastforce
hence length u < length z \i. i < length x — snd (z ! i) ! r «— i = length
U
by (auto simp: nth-append nth-Cons’ split: split-if-asm
dest!: arbitrary-except|OF - (r < n)]
dest: star-arbitrary-except|OF - «r < n), of u]
elim!: iff D1[OF star-arbitrary-except[OF - «r < n), of w False]]) auto
hence 3!p. p < length x A snd (z ! p) ! r by auto
} note x = this
have z-wf-word: wf-word n = using wf-lang-wf-word|OF wf-rexp-valid-ENC)|
False v by auto
with x have = = enc (dec-word z, dec-interp n (FOV ¢) z) by (intro sym[OF
enc-dec]) auto
moreover
from x have wf-interp-for-formula (dec-word z, dec-interp n (FOV @) z) ¢
using r False x-wf-word|unfolded wf-word, unfolded o-def] assms
apply (auto simp: dec-word-def split: sum.splits)
apply fastforce
using Inl-dec-interp-length| OF balll] apply blast
using Inr-dec-interp-length apply blast
using dec-interp-Inl[OF - bspec|OF maz-idz-vars], of - FOV ¢ n ¢ x] apply
force
using dec-interp-Inr[OF - bspec[OF maz-idz-vars], of - FOV ¢ n ¢ z] apply
fastforce
done
ultimately have x € {enc (w, I) | w I. length I = n A wf-interp-for-formula
(w, I) ¢} by blast
}
with False lang-flatten-INTERSECT[OF finite nonempty wf-rexp] have ¢L C
?R by (auto simp add: ENC-def)
ultimately show ?thesis by blast
qed
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7.2 Welldefinedness of enc wrt. Models

lemma enc-alt-def:

enc (w, x # I) = map-index (An (a, bs). (a, (case x of Inlp = n =p | Inr P
= n € P) # bs)) (enc (w, I))

by (auto simp: comp-def)

lemma enc-extend-interp: enc (w, I) = enc (w’, I') = enc (w, z # I) = enc
(w', z # 1)
unfolding enc-alt-def by auto

lemma wf-interp-for-formula-F FExists:

[wf-formula (length I) (FEzists ¢); w # [|[|[=

wf-interp-for-formula (w, I) (FEzists ¢) «— (Vp < length w. wf-interp-for-formula
(w, Inl p # 1) )
apply (clarsimp split: sum.splits split-if-asm)
apply safe
apply (metis (hide-lams) DiffI Suc-pred grOI nth-Cons-0 nth-Cons-Suc singleton-iff
sum.simps(4))
apply (metis diff-Suc-Suc diff-zero nat.exhaust nth-Cons-Suc)
apply (metis length-greater-0-conv)
apply (metis length-greater-0-conv)
apply (metis length-greater-0-conv)
apply (metis diff-Suc-Suc grO-implies-Suc length-greater-0-conv minus-nat.diff-0
nth-Cons-Suc)
apply (auto simp: nth-Cons’ split: split-if-asm)
done

lemma wf-interp-for-formula-any-Inl: wf-interp-for-formula (w, Inl p # I) ¢ =
Vp < length w. wf-interp-for-formula (w, Inl p # I) ¢
by (auto simp: nth-Cons’ split: split-if-asm)

lemma wf-interp-for-formula-FEXISTS:
[wf-formula (length I) (FEXISTS ¢); w # [|]][=—
wf-interp-for-formula (w, I) (FEXISTS ¢) «— (VP C {0 .. length w — 1}.
wf-interp-for-formula (w, Inr P # I) ¢)
apply (clarsimp split: sum.splits split-if-asm)
apply safe
apply (cases w)
apply auto [2]
apply (metis Suc-pred grOl nth-Cons-Suc)
apply (metis (hide-lams) DiffI Suc-pred grOI nth-Cons-0 nth-Cons-Suc singleton-iff
sum.simps(4))
unfolding sym[OF length-greater-0-conv] nth-Cons’ One-nat-def
apply auto [2]
apply (metis empty-subsetl)
apply (metis empty-subsetl)
apply (metis empty-subset] neq0-conv)
done
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lemma wf-interp-for-formula-any-Inr: wf-interp-for-formula (w, Inr P # 1) p =
VP C {0 . lengthw — 1}. wf-interp-for-formula (w, Inr P # I) ¢
by (cases w) (auto simp: nth-Cons’ split: sum.splits split-if-asm)

lemma enc-word-length: enc (w, I) = enc (w’, I') = length w = length w’
by (auto elim: map-index-eg-imp-length-eq)

lemma enc-length:
assumes w # [| enc (w, I) = enc (w’, I')
shows length I = length I’
using assms
length-maplof (Az. case x of Inlp = 0 = p | Inr P = 0 € P) I
length-maplof (Az. case z of Inlp = 0 =p | Inr P = 0 € P) I']
by (induct rule: list-induct2[OF enc-word-length|OF assms(2)]]) auto

lemma wf-interp-for-formula-FOr:
wf-interp-for-formula (w, I) (FOr o1 ¢2) =
(wf-interp-for-formula (w, I) p1 A wf-interp-for-formula (w, I) p2)
by auto

lemma wf-interp-for-formula-FAnd:
wf-interp-for-formula (w, I) (FAnd ¢1 ¢2) =
(wf-interp-for-formula (w, I) p1 A wf-interp-for-formula (w, I) p2)
by auto

lemma enc-wf-interp:
assumes wf-formula (length I) ¢ wf-interp-for-formula (w, I) ¢
shows wf-interp-for-formula (dec-word (enc (w, I)), dec-interp (length I) (FOV
0) (enc (w, 1)) ¢
(is wf-interp-for-formula (-, ?dec) @)
unfolding dec-word-enc
proof —
{ fix i assume i: i € FOV ¢
with assms(2) have Ip. I'! i = Inl p by (cases I ! i) auto
with i assms have 3lp. p < length (enc (w, I)) A snd (enc (w, I) ! p) i
by (intro enc-uniquelof w I i]) (auto introl: bspec|OF maz-idz-vars] split:
sum.splits)
} note x = this
have Vz € set ?dec. sum-case (Ap. p < length w) (AP.VpeP. p < length w)
proof (intro balll, split sum.split, safe)
fix p assume Inl p € set ?dec
thus p < length w using Ini-dec-interp-length[OF balll[OF +|] by auto
next
fix p P assume Inr P € set ?dec p € P
thus p < length w using Inr-dec-interp-length by fastforce
qed
thus wf-interp-for-formula (w, ?dec) ¢
using assms
dec-interp-Inl[of - FOV ¢ length I enc (w, I), OF - bspec|OF max-idz-vars])
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dec-interp-Inr{of - FOV ¢ length I enc (w, I), OF - bspec[OF maz-idz-vars]]
by (fastforce split: sum.splits)
qed

lemma enc-welldef: [enc (w, I) = enc (w', I'); wf-formula (length I) ;
wf-interp-for-formula (w, I) ¢; wf-interp-for-formula (w’, I') ] =
satisfies (w, I) @ <— satisfies (w', I') ¢
proof (induction ¢ arbitrary: I 1)
case (FQ a m)
let ?dec = Aw I. (dec-word (enc (w, I)), dec-interp (length I) (FOV (FQ a m))
(enc (w, 1))
from FQ(2,3) have satisfies (w, I) (FQ a m) = satisfies (?dec w I) (FQ a m)
unfolding dec-word-enc
using dec-interp-enc-Inl[of length I {m} w I m]
by (auto intro: nth-mem dest: dec-interp-not-Inr split: sum.splits) (metis
nth-mem)—+
moreover
from FQ(3) have x: w # [| by simp
from FQ(2,4) have satisfies (w', I') (FQ a m) = satisfies (?dec w' I') (FQ a
m)
unfolding dec-word-enc enc-length[OF x FQ(1)]
using dec-interp-enc-Inl[of length I’ {m} w’ I’ m)]
by (auto dest: dec-interp-not-Inr split: sum.splits) (metis nth-mem)+
ultimately show ?case unfolding FQ(1) enc-length|OF x FQ(1)] ..
next
case (FLess m n)
let ?dec = Aw I. (dec-word (enc (w, I)), dec-interp (length I) (FOV (FLess m
n) (enc (w, 1))
from FLess(2,3) have satisfies (w, I) (FLess m n) = satisfies (?dec (TYPE
("a)) wI) (FLess m n)
unfolding dec-word-enc
using dec-interp-enc-Inl[of length I {m, n} w I m] dec-interp-enc-Inl|of length
I{m, n} wlin]
by (fastforce intro: nth-mem dest: dec-interp-not-Inr split: sum.splits)
moreover
from FLess(3) have x: w # [| by simp
from FLess(2,4) have satisfies (w’, I') (FLess m n) = satisfies (¢dec (TYPE
("a)) w' I’y (FLess m n)
unfolding dec-word-enc enc-length[OF * FLess(1)]
using dec-interp-enc-Inl|of length I’ {m, n} w’ I’ m] dec-interp-enc-Inl|of
length I' {m, n} w’ I’ n]
by (fastforce intro: nth-mem dest: dec-interp-not-Inr split: sum.splits)
ultimately show ?Zcase unfolding FLess(1) enc-length|OF x FLess(1)] ..
next
case (FIn m M)
let ?dec = Aw I. (dec-word (enc (w, I)), dec-interp (length I) (FOV (FIn m
M)) (enc (w, 1))
from FIn(2,3) have satisfies (w, I) (FIn m M) = satisfies (¢dec (TYPE ('a))
wlI) (FIn m M)
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unfolding dec-word-enc
using dec-interp-enc-Inl[of length I {m} w I m| dec-interp-enc-Inr|of length I
{m} w I M]
by (auto dest: dec-interp-not-Inr dec-interp-not-Inl split: sum.splits) (metis
nth-mem)+
moreover
from FIn(3) have x: w # [ by simp
from FIn(2,4) have satisfies (w', I') (FIn m M) = satisfies (?dec (TYPE ('a))
w' I (FIn m M)
unfolding dec-word-enc enc-length[OF  FIn(1)]
using dec-interp-enc-Inllof length I' {m} w’ I’ m] dec-interp-enc-Inr|of length
I'{m} w' I' M]
by (auto dest: dec-interp-not-Inr dec-interp-not-Inl split: sum.splits) (metis
nth-mem)—+
ultimately show ?case unfolding FIn(1) enc-length[OF * FIn(1)] ..
next
case (FOr ¢1 ¢2) show ?case unfolding satisfies.simps(5)
proof (intro disj-cong)
from FOr(8—6) show satisfies (w, I) o1 = satisfies (w’, I") p1
by (intro FOr(1)) auto
next
from FOr(3—06) show satisfies (w, I) 92 = satisfies (w', I') @2
by (intro FOr(2)) auto
qed
next
case (FAnd o1 ¢2) show ?case unfolding satisfies.simps(6)
proof (intro conj-cong)
from FAnd(3—6) show satisfies (w, I) @1 = satisfies (w’, I’) o1
by (intro FAnd(1)) auto
next
from FAnd(3—6) show satisfies (w, I) ¢2 = satisfies (w’, I’) p2
by (intro FAnd(2)) auto
qed
next
case (FEuxists o)
hence w # [| w’ # [] by auto
hence length: length w = length w' length I = length I’
using enc-word-length|OF FEzists.prems(1)] enc-length[OF - FEzists.prems(1)]
by auto
show ?Zcase
proof
assume satisfies (w, I) (FExzists ¢)
with FExists.prems(3) obtain p where p < length w satisfies (w, Inl p # I)
¥
by (auto intro: ord-less-eq-trans[OF le-imp-less-Suc Suc-pred))
moreover
with FFEzists.prems have satisfies (w’, Inl p # I") ¢
apply (intro iff D1 [OF FExists.IH[of Inl p # I Inl p # 1))
apply (elim enc-extend-interp)
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apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEzists|OF - «w # []b])
apply (blast dest!: wf-interp-for-formula-FEzists|OF - «w’ # [y, of I’, unfolded
length[symmetric]])
apply assumption
done
ultimately show satisfies (w’, I') (FEzists ¢) using length by (auto intro!:
ezl [of - p])
next
assume satisfies (w', I') (FExists ¢)
with FEuxists.prems(1,2,4) obtain p where p < length w’ satisfies (w’, Inl p
#1') ¢
by (auto intro: ord-less-eq-trans[OF' le-imp-less-Suc Suc-pred])
moreover
with FFEzists.prems have satisfies (w, Inl p # I) ¢
apply (intro iff D2[OF FExists.IH[of Inl p # I Inl p # 1))
apply (elim enc-extend-interp)
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEzists|OF - «w # [, of I, unfolded
length(1)])
apply (blast dest!: wf-interp-for-formula-FEzists|OF - «w’ # [, of I', unfolded
length(2)[symmetric]])
apply assumption
done
ultimately show satisfies (w, I) (FExists ) using length by (auto intro!:
ezl [of - p])
qed
next
case (FEXISTS )
hence w # [| w’ # [] by auto
hence length: length w = length w' length I = length I’
using enc-word-length|OF FEXISTS .prems(1)] enc-length|OF - FEXISTS .prems(1)]
by auto
show ?Zcase
proof
assume satisfies (w, I) (FEXISTS ¢)
then obtain P where P C {0 .. length w — 1} satisfies (w, Inr P # I) ¢ by
auto
moreover
with FEXISTS.prems have satisfies (w’, Inr P # ") ¢
apply (intro iff DI1[OF FEXISTS.IH|of Inr P # I Inr P # I']])
apply (elim enc-extend-interp)
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEXISTS[OF - «w # [)}])
apply (blast dest!: wf-interp-for-formula-FEXISTS[OF - «w’ # [, of I’
unfolded length[symmetric]])
apply assumption
done
ultimately show satisfies (w’, I') (FEXISTS ) using length by (auto intro!:
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exl[of - P])
next
assume satisfies (w’, I') (FEXISTS )
then obtain P where P: P C {0 .. length w' — 1} satisfies (w', Inr P # I')
@ by auto
moreover
with FEXISTS.prems have satisfies (w, Inr P # I) ¢
apply (intro iff D2[OF FEXISTS.IH|of Inr P # I Inr P # I']])
apply (elim enc-extend-interp)
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEXISTS[OF - «w # [, of I, unfolded
length(1)])
apply (blast dest!: wf-interp-for-formula-FEXISTS[OF - «w’ # [, of I’
unfolded length(2)[symmetric]])
apply assumption
done
ultimately show satisfies (w, I) (FEXISTS ) using length by (auto intro!:
exl[of - P])
qed
qed auto

lemma langpsop-FOT:
assumes wf-formula n (FOr ¢1 p2)
shows langprar, n (FOr o1 w2) C
(langprar, w1 U langprar n @2) N {enc (w, I) | w I. length I = n A
wf-interp-for-formula (w, I) (FOr o1 ¢2)}
(is - C (?L1 U ?L2) N ?ENC)
proof (intro equalityl subsetl)
fix z assume z € langprar, n (FOr 1 ¢2)
then obtain w I where
x: x = enc (w, I) wf-interp-for-formula (w, I) (FOr ©1 p2) length I = n length
w > 0 and
satisfies (w, I) p1 V satisfies (w, I) oo unfolding lang oy -def by auto
thus z € (L1 U ?L2) N YENC
proof (elim disjE)
assume satisfies (w, I) @1
with *x have z € ?L1 using assms unfolding langnsor-def by (fastforce)
with x show ?thesis by auto
next
assume satisfies (w, I) @o
with x have z €?L2 using assms unfolding langysor-def by (fastforce)
with x show %thesis by auto
qed
qed

lemma langpror,-FAnd:
assumes wf-formula n (FAnd o1 ¢2)
shows langprar, n (FAnd @1 ps) C
langarar n w1 N langprar n w2 N {enc (w, I) | wl. length I = n A wf-interp-for-formula
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(w, I) (FAnd o1 ¢2)}
(is-C ?L1 N 2L2 N ?ENC)
using assms unfolding lang oy -def by (fastforce)

7.3 From M2L to Regular expressions

fun rexp-of :: nat = 'a formula = (‘a x bool list) rexp where
rexp-of n (FQ a m) =
Inter (TIMES [rexp.Not Zero, arbitrary-except n [(m, True)] [a], rexp.Not Zero))
(ENCn (FQ a m))
| rexp-of n (FLess m1 m2) = (if m1 = m2 then Zero else
Inter (TIMES [rexp.Not Zero, arbitrary-except n [(ml1, True)] 3,
rexp.Not Zero, arbitrary-except n [(m2, True)] X,
rexp.Not Zero]) (ENC n (FLess m1 m2)))
| rexp-of n (FIn m M) =
Inter (TIMES [rexp.Not Zero, arbitrary-except n [(min m M, True), (maz m
M, True)] 2, rexp.Not Zero))
(ENC n (FIn m M))
| rexp-of n (FNot @) = Inter (rexp.Not (rexp-of n ¢)) (ENC n (FNot ¢))
| rexp-of n (FOr 1 @2) = Inter (Plus (rexp-of n 1) (rexp-of n ¢2)) (ENC n (FOr
P1 p2))
| rexp-of n (FAnd ¢y w2) = INTERSECT [rexp-of n @1, rexp-of n w2, ENC n
(FAnd o1 ¢2)]
| rexp-of n (FExists @) = Pr (rexp-of (n 4+ 1) @)
| rexp-of n (FEXISTS @) = Pr (rexp-of (n + 1) ¢)

fun rexp-of-alt :: nat = 'a formula = ('a x bool list) rexp where
rexp-of-alt n (FQ a m) =
TIMES [rexp.Not Zero, arbitrary-except n [(m, True)] [a], rexp.Not Zero]
| rexp-of-alt n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [rexp.Not Zero, arbitrary-except n [(m1, True)] X,
rexp.Not Zero, arbitrary-except n [(m2, True)] 3,
rexp.Not Zero))
| rexp-of-alt n (FIn m M) =
TIMES [rexp.Not Zero, arbitrary-except n [(min m M, True), (max m M, True)]
3, rexp.Not Zero]
| rexp-of-alt n (FNot ) = rexp.Not (rexp-of-alt n )
| rexp-of-alt n (FOr @1 p2) = Plus (rexp-of-alt n ¢1) (rexp-of-alt n ¢3)
| rexp-of-alt n (FAnd o1 @2) = Inter (rexp-of-alt n 1) (rexp-of-alt n p2)
| rexp-of-alt n (FEzists ¢) = Pr (Inter (rexp-of-alt (n + 1) ¢) (ENC (n + 1) ¢))
| rexp-of-alt n (FEXISTS @) = Pr (Inter (rexp-of-alt (n + 1) ¢) (ENC (n + 1)
)

definition rexp-of ' n ¢ = Inter (rexp-of-alt n ¢) (ENC n ¢)

lemma length-dec-interp[simp]: length (dec-interp n FO z) = n
unfolding dec-interp-def by auto

theorem langror-rexp-of : wf-formula n ¢ = langprar, n @ = lang n (rexp-of n
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o) — A}
(is-= -= %L n )
proof (induct ¢ arbitrary: n)
case (FQ a m)
show Zcase
proof (intro equalityl subsetl)
fix © assume z € langp2r, 7 (FQ a m)
then obtain w I where
x: & = enc (w, I) wf-interp-for-formula (w, I) (FQ a m) satisfies (w, I) (FQ
am)
length I = n
unfolding lang o1, -def by blast
with FQ(1) obtain p where p: p < lengthw I !m =Inlpw!p=a
by (auto simp: all-set-conv-all-nth split: sum.splits)
with %(1) have = = take p (enc (w, I)) @ [enc-atom I p a] @ drop (p + 1)
(enc (w, I))
using id-take-nth-drop[of p enc (w, I)] by auto
moreover from x(4) FQ(1) p(2)
have [enc-atom I p a] € lang n (arbitrary-except n [(m, True)] [a])
by (intro enc-atom-lang-arbitrary-except-True) auto
moreover from x(2,4) have take p (enc (w, I)) € lang n (rexp.Not Zero)
by (auto intro!: enc-atom-o dest!: in-set-takeD)
moreover from x(2,4) have drop (Suc p) (enc (w, I)) € lang n (rexp.Not
Zero)
by (auto intro!: enc-atom-o dest!: in-set-dropD)
ultimately show z € ?L n (FQ a m) using *(1,2,4)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps Int-Diff lang-ENC[OF
FQ]
by (auto elim: ssubst simp del: o-apply append.simps lang.simps)
next
fix x assume z: z € ?L n (FQ a m)
with F'Q) obtain w I p where m: I ! m = Inl p m < length I and
wl: x = enc (w, I) length I = n wf-interp-for-formula (w, I) (FQ a m)
unfolding rexp-of .simps lang.simps lang-ENC[OF FQ)] Int-Diff by atomize-elim
(auto split: sum.splits)
hence wf-interp-for-formula (dec-word x, dec-interp n {m} z) (FQ a m) un-
folding wiI(1)
using enc-wf-interp[OF FQ(1)[folded wI(2)]] by auto
moreover
from z obtain u! u u2 where z = vl @ v @ u2 u € lang n (arbitrary-except
n [(m, True)] [a])
unfolding rexp-of .simps lang.simps rexp-of-list.simps using concE by fast
with FQ(1) obtain v where v: z = ul Q [v] Qu2 sndv ! m fstv =a
using arbitrary-except|of u n m True [a]] by fastforce
hence u: length ul < length x by auto
{ from v have snd (z ! length ul) ! m by auto
moreover
from m wl have p < length x snd (z ! p) ! m
by (fastforce intro: nth-mem split: sum.splits)+
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moreover
from m wl have exl: I!p. p < length x A snd (z ! p) ! m unfolding wl (1)
by (intro enc-unique) auto
ultimately have p = length ul using v by auto
} note x = this
from v have v = enc (w, I) ! length ul unfolding wI(1) by simp
hence a = w ! length ul using nth-map[OF u, of fst|] unfolding wI(1)
v(8)[symmetric] by auto
with x m wl have satisfies (dec-word z, dec-interp n {m} z) (FQ a m)
unfolding dec-word-enc[of w I, folded wI(1)]
by (auto simp del: enc.simps dest: dec-interp-not-Inr split: sum.splits)
(fastforce dest!: dec-interp-enc-Inl intro: nth-mem split: sum.splits)
moreover from wl have wf-word n z unfolding wf-word by (auto intro!:
enc-atom-o)
ultimately show z € langp2r n (FQ a m) unfolding lang oy -def using m
wl(3)
by (auto simp del: enc.simps intro!: exI|of - dec-word x| exI[of - dec-interp n
{m} 7]
intro: sym|OF enc-dec[OF - ballI[OF impI[OF enc-uniquelof w I, folded
wI (1))
qged
next
case (FLess m m’)
show ?Zcase
proof (cases m = m’)
case False
thus ?thesis
proof (intro equalityl subsetl)
fix z assume z € langpror, n (FLess m m’)
then obtain w I where
x: ¢ = enc (w, I) wf-interp-for-formula (w, I) (FLess m m’) satisfies (w,
I) (FLess m m”)
length I = n
unfolding lang o1 -def by blast
with FLess(1) obtain p ¢ where pg: p < length w I ! m = Inl p q < length
wl!m' =1Inlqp <q
by (auto simp: all-set-conv-all-nth split: sum.splits)
with x(1) have z = take p (enc (w, I)) @ [enc-atom I p (w ! p)] @ drop (p
T 1) (enc (w, 1))
using id-take-nth-drop[of p enc (w, I)] by auto
also have drop (p + 1) (enc (w, I)) = take (¢ — p — 1) (drop (p + 1) (enc
(w, 1)) @
[enc-atom I q (w ! q)] Q drop (¢ — p) (drop (p + 1) (enc (w, I))) (is - =
¢LHS)
using id-take-nth-droplof ¢ — p — 1 drop (p + 1) (enc (w, I))] pg by auto
finally have z = take p (enc (w, I)) Q [enc-atom [ p (w ! p)] @ LHS .
moreover from *(2,4) FLess(1) pq(1,2)
have [enc-atom I p (w ! p)] € lang n (arbitrary-except n [(m, True)] X)
by (intro enc-atom-lang-arbitrary-except-True) auto
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moreover from x(2,4) FLess(1) pq(3,4)
have [enc-atom I q (w ! ¢)] € lang n (arbitrary-except n [(m’, True)] X)
by (intro enc-atom-lang-arbitrary-except-True) auto
moreover from *(2,4) have take p (enc (w, I)) € lang n (rexp.Not Zero)
by (auto introl: enc-atom-o dest!: in-set-takeD)
moreover from x(2,4) have take (¢ — p — 1) (drop (Suc p) (enc (w, I)))
€ lang n (rexp.Not Zero)
by (auto intro!: enc-atom-o dest!: in-set-dropD in-set-takeD)
moreover from x(2,4) have drop (¢ — p) (drop (Suc p) (enc (w, I))) €
lang n (rexp.Not Zero)
by (auto intro!: enc-atom-o dest!: in-set-dropD)
ultimately show z € ?L n (FLess m m') using *(1,2,4)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps Int-Diff lang-ENC|[OF
FLess] if-not-P[OF False)
by (auto elim: ssubst simp del: o-apply append.simps lang.simps)
next
fix © assume z: ¢ € ?L n (FLess m m’)
with FLess obtain w I where
wl: z = enc (w, I) length I = n wf-interp-for-formula (w, I) (FLess m m’)
unfolding rexp-of .simps lang.simps lang-ENC|OF FLess] Int-Diff if-not-P|OF
False]
by (fastforce split: sum.splits)
with FlLess obtain p p’ where m: I ! m = Inl p m < length I 1! m' = Inl
p’ m’ < length I
by (auto split: sum.splits)
with wl have wf-interp-for-formula (dec-word x, dec-interp n {m, m’} z)
(FLess m m’) unfolding wI(1)
using enc-wf-interp|OF FLess(1)[folded wI(2)]] by auto
moreover
from z obtain u! v u2 v’ u3 where z = ul Q@ v Q@ u2 Q u’ @ u3
u € lang n (arbitrary-except n [(m, True)] X)
u’ € lang n (arbitrary-except n [(m’, True)] X)
unfolding rezp-of .simps lang.simps rexp-of-list.simps if-not-P[OF False]
using concE by fast
with FLess(1) obtain v v’/ where v: z = vl Q [v] @ 42 Q [v] @ u3 snd v
'msnd v’ ! m'
using arbitrary-except[of u n m True 3| arbitrary-except[of u’ n m’ True
Y] by fastforce
hence u: length ul < length x and u” Suc (length ul + length u2) < length
z (is ?u’ < -) by auto
{ from v have snd (z ! length ul) ! m by auto
moreover
from m wl have p < length z snd (z ! p) ! m
by (fastforce intro: nth-mem split: sum.splits)+
moreover
from m wl have exl: 3!p. p < length x A snd (z ! p) ! m unfolding wI(1)
by (intro enc-unique) auto
ultimately have p = length u! using u by auto

}
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{ from v have snd (z ! %u’) ! m’ by (auto simp: nth-append)
moreover
from m wl have p’ < length = snd (z ! p’) ! m’
by (fastforce intro: nth-mem split: sum.splits)+
moreover
from m wl have exl: 3!p. p < length x A snd (z ! p) ! m’ unfolding
wl(1) by (intro enc-unique) auto
ultimately have p’ = ?u’ using v’ by auto
} note * = this p = length ul»
with x m wl have satisfies (dec-word z, dec-interp n {m, m’} z) (FLess m
m’)
unfolding dec-word-enc[of w I, folded wI(1)]
by (auto simp del: enc.simps dest: dec-interp-not-Inr split: sum.splits)
(fastforce dest!: dec-interp-enc-Inl intro: nth-mem split: sum.splits)
moreover from w/ have wf-word n x unfolding wf-word by (auto intro!:
enc-atom-o)
ultimately show z € langpyor, n (FLess m m’) unfolding lang oy -def
using m wI(3)
by (auto simp del: enc.simps intro!: exl|of - dec-word x| exI|of - dec-interp
n {m, m’} ]
intro: sym[OF enc-dec[OF - ballI[OF impI|OF enc-unique[of w I, folded
wI(D)
qed
qed (simp add: langpror-def del: o-apply)
next
case (FIn m M)
show ?Zcase
proof (intro equalityl subsetl)
fix ¢ assume z € langprar, n (FIn m M)
then obtain w I where
x: ¢ = enc (w, I) wf-interp-for-formula (w, I) (FIn m M) satisfies (w, I)
(FIn m M)
length I = n
unfolding lang ;o1 -def by blast
with FIn(1) obtain p P where p: p < length wI ! m =1Inlp I ! M = Inr
PpeP
by (auto simp: all-set-conv-all-nth split: sum.splits)
with %(1) have = = take p (enc (w, I)) @Q [enc-atom I p (w ! p)] @ drop (p
T 1) (enc (w, 1))
using id-take-nth-drop|of p enc (w, I)] by auto
moreover
have [enc-atom I p (w ! p)] € lang n (arbitrary-except n [(min m M, True),
(maz m M, True)] X)
proof (cases m < M)
case True with %(2,4) FIn(1) p show ?thesis
by (intro enc-atom-lang-arbitrary-except-True2) (auto simp: min-absorbl
maz-absorb2)
next
case Fualse with x(2,4) FIn(1) p show ?thesis
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by (intro enc-atom-lang-arbitrary-except-True2) (auto simp: min-absorb2
maz-absorbl)
qed
moreover from *(2,4) have take p (enc (w, I)) € lang n (rexp.Not Zero)
by (auto intro!: enc-atom-o dest!: in-set-takeD)
moreover from x(2,4/) have drop (Suc p) (enc (w, I)) € lang n (rexp.Not
Zero)
by (auto introl: enc-atom-o dest!: in-set-dropD)
ultimately show z € ?L n (FIn m M) using *(1,2,4)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps Int-Diff lang-ENC[OF
FiIn]
by (auto elim: ssubst simp del: o-apply append.simps lang.simps)
next
fix x assume z: z € ?L n (FIn m M)
with FIn obtain w I where wl: x = enc (w, I) length I = n wf-interp-for-formula
(w, I) (FIn m M)
unfolding rexp-of .simps lang.simps lang-ENC|[OF FIn] Int-Diff by (fastforce
split: sum.splits)
with FIn obtain p P where m: I ! m = Inl p m <length II ! M = Inr P
M < length I by (auto split: sum.splits)
with wl have wf-interp-for-formula (dec-word x, dec-interp n {m} z) (FIn m
M) unfolding wI(1)
using enc-wf-interp[OF FIn(1)[folded wI(2)]] by auto
moreover
from z obtain u! u u2 where z = ul Q v @Q u2
u € lang n (arbitrary-except n [(min m M, True), (max m M, True)] X)
unfolding rexp-of .simps lang.simps rexp-of-list.simps using concE by fast
with FIn(1) obtain v where v: z = ul Q [v] @ u2 and snd v ! min m M
snd v ! max m M
using arbitrary-except2[of u n min m M True max m M True Y] by fastforce
hence v”: snd v ! msndv ! M
by (induct m < M) (auto simp: min-absorbl min-absorb2 maz-absorbl
max-absorb?2)
from v have u: length ul < length by auto
{ from v v’ have snd (z ! length ul) ! m by auto
moreover
from m wl have p < length z snd (z ! p) ! m
by (fastforce intro: nth-mem split: sum.splits)+
moreover
from m wl have exl: I!p. p < length © A snd (z ! p) ! m unfolding wl (1)
by (intro enc-unique) auto
ultimately have p = length vl using v by auto
} note % = this
from v v’ have v = enc (w, I) ! length ul unfolding wI(1) by simp
with v(2) m(3,4) v wI(1) have length ul € P by auto
with x m wl have satisfies (dec-word z, dec-interp n {m} z) (FIn m M)
unfolding dec-word-enc[of w I, folded wI(1)]
by (auto simp del: enc.simps dest: dec-interp-not-Inr dec-interp-not-Inl split:
sum.splits)
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(auto simp del: enc.simps dest!: dec-interp-enc-Inl dec-interp-enc-Inr dest:
nth-mem split: sum.splits)
moreover from wl have wf-word n z unfolding wf-word by (auto intro!:
enc-atom-o)
ultimately show z € langyor n (FIn m M) unfolding langasor-def using
m wl(8)
by (auto simp del: enc.simps intro!: exI|of - dec-word z] exI|of - dec-interp n
{m} z]
intro: sym[OF enc-dec|OF - ballI[OF impI[OF enc-uniquelof w I, folded
Wl (O]
qed
next
case (FOr ¢1 p2)
from FOr(3) have IH1: langprar, n ¢1 = lang n (rexp-of n v1) — {[|}
by (intro FOr(1)) auto
from FOr(3) have IH2: langpr2r n w2 = lang n (rexp-of n p2) — {[|}
by (intro FOr(2)) auto
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langyar n (FOr o1 ¢2) thus = € lang n (rezp-of n (FOr
p1 ¢2)) — {lI}
using langpsor,-FOr[OF FOr(3)] unfolding lang-ENC[OF FOr(3)] rexp-of .simps
lang.simps IH1 IH2 Int-Diff by auto
next
fix  assume z € lang n (rexp-of n (FOr @1 ¢2)) — {[|}
then obtain w I where or: x € langpyarp n @1 V x € langpyrap n @2 and wi:
x = enc (w, I) length I = n
wf-interp-for-formula (w, I) (FOr @1 p2)
unfolding lang-ENC[OF FOr(3)] rexp-of .simps lang.simps IH1 IH2 Int-Diff
by auto
have satisfies (w, I) p1 V satisfies (w, I) o2
proof (intro mp[OF disj-mono|OF impl impl] or])
assume z € langyor 1 @1
with wI(2,3) FOr(8) show satisfies (w, I) ¢1
unfolding langnsor-def wl(1) wf-interp-for-formula-FOr
by (auto simp del: enc.simps dest!: iffD2[OF enc-welldef[of - - - - ¢1]])
next
assume z € langpor m P2
with wI(2,3) FOr(8) show satisfies (w, I) p2
unfolding langysor,-def wl(1) wf-interp-for-formula-FOr

by (auto simp del: enc.simps dest!: iffD2[OF enc-welldef[of - - - - ¢3]])
qged
with wl show x € langyor n (FOr @1 o) unfolding lang o -def by auto
qed
next

case (FAnd o1 v2)

from FAnd(3) have IHI: langprar n w1 = lang n (rexp-of n v1) — {[J}
by (intro FAnd(1)) auto

from FAnd(3) have IH2: langpr2r n w2 = lang n (rexp-of n w2) — {[J}
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by (intro FAnd(2)) auto
show ?Zcase
proof (intro equalityl subsetl)
fix z assume z € langprar, n (FAnd p1 ¢2) thus z € lang n (rexp-of n (FAnd
o1 ¢2)) — {[I}
using lang o, -FAnd[OF FAnd(3)]
unfolding lang-ENC[OF FAnd(3)] rexp-of .simps rexp-of-list.simps lang.simps
IH1 IH?2 Int-Diff by auto
next
fix z assume z € lang n (rexp-of n (FAnd ¢1 ¢2)) — {[]}
then obtain w I where and: x € langpop m @1 A T € langp2r n @2 and
wl: z = enc (w, I) length I = n
wf-interp-for-formula (w, I) (FAnd ¢1 ¢2)
unfolding lang-ENC[OF FAnd(3)] rexp-of .simps rexp-of-list.simps lang.simps
IH1 IH2 Int-Diff by auto
have satisfies (w, I) o1 A satisfies (w, I) ¢
proof (intro mp[OF conj-mono[OF impl impI| and))
assume z € langyor 1 @1
with wI(2,3) FAnd(3) show satisfies (w, I) ¢4
unfolding lang a1, -def wI(1) wf-interp-for-formula-FAnd
by (auto simp del: enc.simps dest!: iffD2[OF enc-welldef[of - - - - ¢1]])
next
assume z € langpror n P2
with wI(2,3) FAnd(3) show satisfies (w, I) 2
unfolding lang oy -def wI(1) wf-interp-for-formula-FAnd

by (auto simp del: enc.simps dest!: iffD2[OF enc-welldef[of - - - - ¢3]])
qed
with wl show z € langpror, n (FAnd p1 ¢2) unfolding lang oy -def by auto
qed
next

case (FNot o)
hence IH: ?L n ¢ = langa2r n @ by simp
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langpr2r, n (FNot ¢)
then obtain w I where
x: x = enc (w, I) wf-interp-for-formula (w, I) ¢ length I = n length w > 0
and unsat: - (satisfies (w, I) )
unfolding lang o1 -def by auto
{ assume z € 7L n ¢
with IH have satisfies (w, I) ¢ using enc-welldef[of - - w I ¢, OF - - -
*(2)] FNot(2)
unfolding *(1,3) langnor-def by auto
}

with unsat have = ¢ ?L n ¢ by blast
with x show z € ?L n (FNot ¢) unfolding rexp-of.simps lang.simps using
lang-ENC[OF FNot(2)]
by (auto simp: comp-def introl: enc-atom-o)
next
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fix x assume = € ?L n (FNot ¢)
with IH have z € lang n (ENC n (FNot ¢)) — {[]} and z: z ¢ langaar n ¢
by (auto simp del: o-apply)
then obtain w I where x: x = enc (w, I) wf-interp-for-formula (w, I) (FNot
®) length I = n
unfolding lang-ENC[OF FNot(2)] by blast
{ assume - satisfies (w, I) (FNot )
with x have z € langy2p n ¢ unfolding langysop-def by auto
}
with 2 x show z € langprar, n (FNot ¢) unfolding langysor-def by blast
qed
next
case (FExists o)
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langpor n (FExists o)
then obtain w I p where
x: © = enc (w, I) wf-interp-for-formula (w, I) (FExists )
length I = n length w > 0 p € {0 .. length w — 1} satisfies (w, Inlp # 1) ¢
unfolding lang o -def by auto
with FFEzists(2) have enc (w, Inl p # I) € ?L (Suc n) ¢
by (intro subsetD[OF equalityD1[OF FEuists(1)], of Suc n enc (w, Inl p #
)
(auto simp: langpror-def nth-Cons’ ord-less-eq-trans|OF le-imp-less-Suc
Suc-pred|OF *(4)]]
split: split-if-asm sum.splits introl: exI[of - w] exI[of - Inl p # I])
with x(1) show z € ?L n (FEzists ¢)
by (auto simp: map-index intro!: image-eql[of - map ©| simp del: o-apply)
(auto simp: w-def)
next
fix x assume = € ?L n (FEzxists ¢)
then obtain z’ where z: x = map 7 '’ and z’ € ?L (Suc n) ¢ by (auto simp
del: o-apply)
with FEzists(2) have z’ € langpyrar (Suc n) ¢
by (intro subsetD|OF equalityD2[OF FExists(1)], of Suc n z'])
(auto split: split-if-asm sum.splits)
then obtain w I’ where
x: ' = enc (w, I') wf-interp-for-formula (w, I') ¢ length I' = Suc n satisfies
(w, I') ¢
unfolding lang o -def by auto
moreover then obtain I I where I’ = Iy # I by (cases I') auto
moreover with FExists(2) *(2) obtain p where Iy = Inl p p < length w
by (auto simp: nth-Cons’ split: sum.splits split-if-asm)
ultimately have = = enc (w, I) wf-interp-for-formula (w, I) (FEzists ¢)
length I = n
length w > 0 satisfies (w, I) (FExists )using FEzists(2) unfolding
by (auto simp: map-tl nth-Cons’ split: split-if-asm simp del: o-apply) (auto
simp: w-def )
thus z € langy2r n (FEzists ¢) unfolding langpror-def by (auto intro!:
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exl[of - w] exI[of - I])
qed
next
case (FEXISTS o)
show Zcase
proof (intro equalityl subsetl)
fix © assume z € langpor, n (FEXISTS )
then obtain w I P where
x: x = enc (w, I) wf-interp-for-formula (w, I) (FEXISTS ¢)
length I = n length w > 0 P C {0 .. length w — 1} satisfies (w, Inr P # 1)

unfolding lang o1 -def by auto
from *(4,5) have Vp € P. p < length w by (cases w) auto
with «(2—4,6) FEXISTS(2) have enc (w, Inr P # I) € 7L (Suc n) ¢
by (intro subsetD[OF equalityD1[OF FEXISTS(1)], of Suc n enc (w, Inr P
4 1)
(auto simp: langprop-def nth-Cons’ split: split-if-asm sum.splits
introl: exl[of - w] exI[of - Inr P # I])
with x(1) show z € ?L n (FEXISTS )
by (auto simp: map-index introl: image-eql [of - map w| simp del: o-apply)
(auto simp: w-def)
next
fix x assume = € ?L n (FEXISTS o)
then obtain z’ where z: z = map © '’ and z” length 2’ > 0 and z’ € ?L
(Suc n) ¢ by (auto simp del: o-apply)
with FEXISTS(2) have z’ € langpr2r, (Suc n) ¢
by (intro subsetD|OF equalityD2[OF FEXISTS(1)], of Suc n z'])
(auto split: split-if-asm sum.splits)
then obtain w I’ where
x: 2’ = enc (w, I') wf-interp-for-formula (w, I') ¢ length I’ = Suc n satisfies
(w, I') ¢
unfolding lang o -def by auto
moreover then obtain Iy [ where I' = Iy # I by (cases I’) auto
moreover with FEXISTS(2) %(2) obtain P where [y = Inr P
by (auto simp: nth-Cons’ split: sum.splits split-if-asm)
moreover have length w > 1 using z’ x(1) by (cases w) auto
ultimately have z = enc (w, I) wf-interp-for-formula (w, I) (FEXISTS ¢)
length I = n
length w > 0 satisfies (w, I) (FEXISTS ¢) using FEXISTS(2) unfolding z
by (auto simp add: map-tl nth-Cons’ split: split-if-asm
intro!: exI[of - P] simp del: o-apply) (auto simp: w-def)
thus z € langpor n (FEXISTS @) unfolding langpror-def by (auto intro!:
exl[of - w] exI[of - I])
qed
qed

lemma wf-rexp-of : wf-formula n ¢ = wf n (rexp-of n )

by (induct ¢ arbitrary: n) (auto simp: wf-rexp-ENC intro: wf-rexp-arbitrary-except
split: sum.splits split-if-asm)
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lemma wf-rexp-of : wf-formula n ¢ = wf n (rexp-of ' n v)

unfolding rezp-of -def

by (induct @ arbitrary: n) (auto simp: wf-rexp-ENC intro: wf-rexp-arbitrary-except
split: sum.splits split-if-asm)

lemma ENC-Not: ENC n (FNot ) = ENC n ¢
unfolding ENC-def by auto

lemma ENC-And:
wf-formula n (FAnd ¢ ) = lang n (ENC n (FAnd ¢ ¢)) — {[]} C lang n
(ENC n @) N lang n (ENC n ¢) — {[]}

proof
fix x assume wf: wf-formula n (FAnd ¢ ) and z: « € lang n (ENC n (FAnd
e ) —A{l}

hence wf1: wf-formula n ¢ and wf2: wf-formula n ¢ by auto
from z obtain w I where wl: © = enc (w, I) wf-interp-for-formula (w, I)
(FAnd ¢ ) length I = n
using lang-ENC[OF wf] by auto
hence wf-interp-for-formula (w, I) ¢ wf-interp-for-formula (w, I) v
unfolding wf-interp-for-formula-FAnd by auto
hence z € (lang n (ENC n @) — {[]}) N (lang n (ENC n ) — {[]})
unfolding lang-ENC[OF wf1] lang-ENC[OF wf2] using wl by auto
thus z € lang n (ENC n ¢) N lang n (ENC n ¢) — {[]} by blast
qged

lemma ENC-Or:
wf-formula n (FOr ¢ ¢) = lang n (ENC n (FOr ¢ v)) — {[]} C lang n (ENC
n ) N lang n (ENC n ¢) — {[I}
proof
fix z assume wf: wf-formula n (FOr ¢ ¢) and z: z € lang n (ENC n (FOr ¢
¥)) — A}
hence wf1: wf-formula n ¢ and wf2: wf-formula n 1 by auto
from z obtain w I where wl: z = enc (w, I) wf-interp-for-formula (w, I) (FOr
© ) length I = n
using lang-ENC[OF wf] by auto
hence wf-interp-for-formula (w, I) ¢ wf-interp-for-formula (w, I) v
unfolding wf-interp-for-formula-FOr by auto
hence z € (lang n (ENC n ) — {[]}) N (lang n (ENC n ¢) — {[]})
unfolding lang-ENC[OF wf1] lang-ENC[OF wf2] using wl by auto
thus z € lang n (ENC n ¢) N lang n (ENC n ) — {[]} by blast
qged

lemma project-enc: map 7 (enc (w, z # I)) = enc (w, I)
unfolding 7-def by auto

lemma ENC-Euxists:
wf-formula n (FEzists ¢) = lang n (ENC n (FEzists ¢)) — {[|} = map 7 °
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lang (Suc n) (ENC (Suc n) ¢) — {[]}
proof (intro equalityl subsetl)
fix z assume wf: wf-formula n (FEzists ¢) and z: z € lang n (ENC n (FEzxists
v)) — A}
hence wf1: wf-formula (Suc n) ¢ by auto
from z obtain w I where wl: z = enc (w, I) wf-interp-for-formula (w, I)
(FExists @) length I = n
using lang-ENC[OF wf] by auto
with z have w # [| by (cases w) auto
from wI(2) obtain p where p < length w wf-interp-for-formula (w, Inl p # 1)
¥
using wf-interp-for-formula-FEzists|OF wf[folded wI(3)] «w # [p] by auto
with wI(3) have z € map © ¢ (lang (Suc n) (ENC (Suc n) ¢) — {[|})
unfolding wi(1) lang-ENC|[OF wf1] project-enc[symmetric, of w I Inl p)
by (intro imagel Collect] exI[of - w] exI[of - Inl p # I]) auto
thus z € map © ¢ lang (Suc n) (ENC (Suc n) ¢) — {[]} by blast
next
fix z assume wf: wf-formula n (FExists ¢) and = € map m ‘ lang (Suc n) (ENC
(Sucn) ) = {[}
hence wf1: wf-formula (Suc n) ¢ and 0 € FOV ¢ and z: © € map =
(Suc n) (ENC (Suc n) ¢) — {[]}) by auto
from z obtain w I where wl: z = map 7 (enc (w, I)) wf-interp-for-formula
(w, I) ¢ length I = Suc n
using lang-ENC[OF wfl] by auto
with (0 € FOV ¢) obtain p I’ where I: I = Inl p # I’ by (cases I) (fastforce
split: sum.splits)+
with wl have wtll: x = enc (w, I') length I' = n unfolding 7-def by auto
with z have w # [| by (cases w) auto
have wf-interp-for-formula (w, I') (FEzists ¢)
using wf-interp-for-formula-FEzists|OF wf[folded wtll(2)] «w # []]
wf-interp-for-formula-any-Inl[ OF wI(2)[unfolded I]] ..
with wtll show z € lang n (ENC n (FEzists ¢)) — {[]} unfolding lang-ENC[OF
wf] by blast
qed

3

(lang

lemma ENC-EXISTS:
wf-formula n (FEXISTS ¢) = lang n (ENC n (FEXISTS ¢)) — {[]} = map =
“lang (Suc n) (ENC (Suc n) ¢) — {[]}
proof (intro equalityl subsetl)
fix z assume wf: wf-formula n (FEXISTS ¢) and z: z € lang n (ENC n
(FEXISTS ¢)) — {[I}
hence wf1: wf-formula (Suc n) ¢ by auto
from z obtain w I where wl: © = enc (w, I) wf-interp-for-formula (w, I)
(FEXISTS ) length I = n
using lang-ENC|OF wf]| by auto
with z have w # [] by (cases w) auto
from wI(2) obtain P where Vp € P. p < length w wf-interp-for-formula (w,
InrP# 1)y
using wf-interp-for-formula-FEXISTS[OF wf[folded wI(3)] «w # [})] by auto
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with wI(3) have z € map © ¢ (lang (Suc n) (ENC (Suc n) ¢) — {[|})
unfolding wl (1) lang-ENC[OF wfl1] project-enc|symmetric, of w I Inr P]
by (intro imagel Collect] exI[of - w] exI[of - Inr P # I|) auto
thus © € map © ¢ lang (Suc n) (ENC (Suc n) ¢) — {[]} by blast
next
fix x assume wf: wf-formula n (FEXISTS ¢) and z € map © * lang (Suc n)
(ENC (Suc n) ¢) — {[}}
hence wfl: wf-formula (Suc n) ¢ and 0 € SOV ¢ and z: © € map «
(Suc n) (ENC (Suc n) ¢) — {[]}) by auto
from z obtain w I where wl: z = map 7 (enc (w, I)) wf-interp-for-formula
(w, I) ¢ length I = Suc n
using lang-ENC|[OF wfl] by auto
with (0 € SOV ) obtain P I’ where I: I = Inr P # I’ by (cases I) (fastforce
split: sum.splits)+
with wl have wtll: z = enc (w, I') length I’ = n unfolding 7-def by auto
with z have w # [] by (cases w) auto
have wf-interp-for-formula (w, I') (FEXISTS )
using wf-interp-for-formula-FEXISTS[OF wf[folded wtll(2)] «w # []]
wf-interp-for-formula-any-Inr|OF wI(2)[unfolded I]] ..
with wtll show z € lang n (ENC n (FEXISTS ¢)) — {[|} unfolding lang-ENC[OF
wf] by blast
qed

3

(lang

lemma lang ;s -rexp-of-rexp-of -
wf-formula n ¢ = lang n (rexp-of n ) — {[|} = lang n (rexzp-of ' n ) — {[|}
unfolding rexp-of -def proof (induction ¢ arbitrary: n)
case (FNot o)
hence wf-formula n ¢ by simp
with FNot.IH show ?case unfolding rexp-of.simps rexp-of-alt.simps lang.simps
ENC-Not by blast
next
case (FAnd 1 ¢2)
hence wf1: wf-formula n 1 and wf2: wf-formula n ps by force+
from FAnd.IH(1)[OF wfl] FAnd.IH(2)[OF wf2] show ?case using ENC-And[OF
FAnd.prems)
unfolding rexp-of .simps rexp-of-alt.simps lang.simps rexp-of-list.simps by blast
next
case (FOr o1 p2)
hence wf1: wf-formula n ¢1 and wf2: wf-formula n @2 by force+
from FOr.IH(1)[OF wfl] FOr.IH(2)[OF wf2] show ?case using ENC-Or[OF
FOr.prems]
unfolding rexp-of .simps rexp-of-alt.simps lang.simps by blast
next
case (FExists ¢)
hence wf: wf-formula (n + 1) ¢ by auto
have «: NA. map 7 ‘A — {[]} = map © * (A — {[]}) by auto
show ?case using ENC-Exists|OF FExists.prems)
unfolding rexp-of .simps rexp-of-alt.simps lang.simps * FEzists.IH[OF wf]| by
auto
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next

case (FEXISTS )

hence wf: wf-formula (n + 1) ¢ by auto

have x: AA. map 7 ‘A — {[]} = map © * (A — {[]}) by auto

show ?Zcase using ENC-EXISTS|OF FEXISTS.prems]

unfolding rexp-of .simps rexp-of-alt.simps lang.simps x+ FEXISTS.IH[OF wf]

by auto
qed auto

theorem lang o -rexp-of " wf-formula n o = langnror n @ = lang n (rexp-of’

n o) —{[l}

unfolding langyso 1, -rexp-of-rexp-of [symmetric] by (rule lang yro1-rezp-of )
end

end

8 Normalization of M2L Formulas

fun nNot where

nNot (FNot @) = ¢
| nNot (FAnd @1 ¢2) = FOr (nNot p1) (nNot ¢2)
| nNot (FOr o1 ¢2) = FAnd (nNot ¢1) (nNot ¢2)
| nNot ¢ = FNot ¢

primrec norm where
norm (FQ a m) = FQ am
| norm (FLess m n) = FLess m n
| norm (FInm M) = FIn m M
| norm (FOr ¢ ¢) = FOr (norm @) (norm 1)
| norm (FAnd ¢ ) = FAnd (norm ¢) (norm 1)
| norm (FNot ¢) = nNot (norm )
| norm (FExists ¢) = FEzxists (norm @)
| norm (FEXISTS ¢) = FEXISTS (norm )

context formula
begin

lemma satisfies-nNot[simp]: satisfies (w, I) (nNot @) = satisfies (w,I) (FNot )
by (induct ¢ rule: nNot.induct) auto

lemma FOV-nNot[simp]|: FOV (nNot ¢) = FOV (FNot )
by (induct ¢ rule: nNot.induct) auto

lemma SOV-nNot[simp]: SOV (nNot @) = SOV (FNot ¢)
by (induct ¢ rule: nNot.induct) auto
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lemma pre-wf-formula-nNot[simp]: pre-wf-formula n (nNot ) = pre-wf-formula
n (FNot ¢)
by (induct ¢ rule: nNot.induct) auto

lemma FOV-norm[simp]: FOV (norm ¢) = FOV ¢
by (induct ) auto

lemma SOV-norm[simp]: SOV (norm ¢) = SOV ¢
by (induct @) auto

lemma pre-wf-formula-norm[simp): pre-wf-formula n (norm ¢) = pre-wf-formula

ne
by (induct ¢ arbitrary: n) auto

lemma satisfies-norm[simp]: satisfies (w, I) (norm @) = satisfies (w, I) ¢
by (induct ¢ arbitrary: I) auto

lemma lang oy, -norm[simp|: langpror, n (norm ) = langyar n @
unfolding langprop-def by auto

end

end

9 Deciding Equivalence of M2L Formulas

type-synonym 'a T = 'a x bool list
abbreviation £ = AX. project.lang (set o (0 X)) 7

definition wf-rezp where [code del]:
wf-rexp ¥ = alphabet.wf (set 0 o X)

interpretation project set 0o 0 X
where alphabet.wf (set o o ¥) = wf-rexp ¥
by (unfold-locales) (auto simp: o-def w-def wf-rexp-def)

definition norm-lderiv where [code del]:
norm-lderiv = AX. embed.lderiv (¢ X)

interpretation embed set o (o (X :: ‘a :: linorder list)) me ¥
where embed.lderiv (¢ ) = norm-lderiv ¥
by (unfold-locales) (auto simp: norm-lderiv-def o-def w-def e-def)

definition norm-step’ where [code del]:

norm-step’ = A\X. equivalence-checker.step’ (o X) (e X) (Smart-Constructors-Normalization.norm
: 'az:linorder T rexp = 'a T rexp)
definition norm-closure’ where [code del]:
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norm-closure’ = \3. equivalence-checker.closure’ (o X) (e ¥) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-check-equ’ where [code del]:
norm-check-equ’ = \X. equivalence-checker.check-equ’ (o X)) (e 3) (Smart-Constructors-Normalization.norm
: 'az:linorder T rexp = 'a T rexp)
definition norm-step where [code del]:
norm-step = AX. equivalence-checker.step (o ¥) (€ ) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-closure where [code del]:
norm-closure = A\X. equivalence-checker.closure (o X) (€ ¥) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-check-equ where [code del]:
norm-check-equ = A\X. equivalence-checker.check-equ (o ¥) (e £) (Smart-Constructors-Normalization.norm
i 'azlinorder T rexp = 'a T rexp)
definition norm-check-equ-counterexample where [code del]:
norm-check-equ-counterexample = \X. equivalence-checker.check-equ-counterexample
(o 2) (¢ ) (Smart-Constructors-Normalization.norm :: 'a::linorder T rexp = 'a
T rexp)

lemmas norm-defs = wf-rexp-def
norm-check-equ-def norm-closure-def norm-step-def norm-check-equ-counterexample-def
norm-check-equ’-def norm-closure’-def norm-step’-def

interpretation norm: equivalence-checker o ¥ m e ¥ Smart-Constructors-Normalization.norm
£x

where norm.check-equ’ = norm-check-equ’ 2

and norm.check-equ = norm-check-equ 3

and norm.check-equ-counterezample = norm-check-equ-counterexample ¥

and norm.closure’ = norm-closure’ 2

and norm.closure = norm-closure %

and norm.step’ = norm-step’ 2

and norm.step = norm-step X

by unfold-locales (auto simp: norm-defs trans|OF lang-norm[OF iffD2[OF ACI-norm-wf]]
ACI-norm-lang])

abbreviation ext ¥ = None # map Some (X :: 'a :: linorder list)

definition pre-wf-formula where [code del]:

pre-wf-formula = AX. formula.pre-wf-formula (ext X)
definition wf-formula where [code del:

wf-formula = AX. formula.wf-formula (ext )
definition valid-ENC where [code del]: valid-ENC = \X. formula.valid-ENC' (ext
%)
definition ENC where [code del]: ENC = A\X. formula. ENC' (ext )
definition rezp-of where [code del]: rexp-of = AX. formula.rexp-of (ext X)
definition rexp-of-alt where [code del]: rexp-of-alt = AX. formula.rexp-of-alt (ext
%)
definition rexp-of ' where [code del]: rexp-of ' = AX. formula.rexp-of ' (ext X)
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lemmas formula-defs = pre-wf-formula-def wf-formula-def
rexp-of-def rexp-of -def rexp-of-alt-def ENC-def valid-ENC-def FOV-def SOV-def

interpretation ®: formula ext (X :: ‘a :: linorder list)
where alphabet.wf (set o 0 X) = wf-rexp ¥
and @.pre-wf-formula = pre-wf-formula %
and O.wf-formula = wf-formula X
and ®.rexp-of = rexp-of X
and .rexp-of-alt = rexp-of-alt 3
and ®.rexp-of ' = rexp-of ' X
and @.valid-ENC = valid-ENC %
and ®.ENC = ENC X
by (unfold-locales) (auto simp: o-def w-def wf-rexp-def formula-defs)

definition check-equ where
check-equ ¥ n o ¥ +— wf-formula X n (FOr ¢ ¢) A

norm-check-equ’ (ext ¥) n (Plus (rexp-of ¥ n (norm ¢)) One) (Plus (rexp-of
¥ n (norm 1)) One)

definition check-equ-countererample where
check-equ-counterexample ¥ n ¢ ¢ =

norm-check-equ-counterezample (ext ¥) n (Plus (rexp-of ¥ n (norm ¢)) One)
(Plus (rezp-of ¥ n (norm 1)) One)

definition check-equ’ where
check-equ’ X n o ¢ +— D.wf-formula X n (FOr ¢ ¢) A

norm-check-equ’ (ext ¥) n (Plus (rexp-of ' ¥ n (norm ¢)) One) (Plus (rexp-of’
¥ n (norm 1)) One)

lemma lang-Plus-Zero: £ ¥ n (Plus r One) = £ X n (Plus s One) «+— £X nr
—{}=£xns —{[}

by auto
lemmas lang pro 1, -rexp-of-norm = trans[OF sym[OF ®.lang pror-norm| ®.lang o -rezp-of]

lemma soundness: check-equ X n ¢ v = ®.langprorp X n @ = P.langpor X n

G
by (rule boz-equals|OF iffD1[OF lang-Plus-Zero, OF norm.soundness’]

sym[OF trans|OF lang pro 1 -rexp-of-norm)] sym[OF trans[OF lang pr21-rexp-of-norml]]])
(auto simp: check-equ-def split: sum.splits option.splits)

lemmas lang pro 1 -rexp-of '-norm = trans[OF sym[OF ®.lang o -norm| ®.langprar-rexp-of /]

lemma soundness’: check-equ’ X n o 1 = ®.langpy2r X n o = Plangyar X n

G
by (rule box-equals|OF iff D1[OF lang-Plus-Zero, OF norm.soundness’]

sym[OF trans|OF lang pro 1, -rexp-of '-norm]] sym[OF trans|OF lang a2 1, -rexp-of '-norm]]])
(auto simp: check-equ’-def split: sum.splits option.splits)
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lemma completeness:
assumes D.langprar X n @ = Plangyor ¥ n ¢ wf-formula ¥ n (FOr ¢ )
shows check-equ X n ¢ ¥
using assms(2) unfolding check-equ-def
by (intro conjI[OF assms(2) norm.completeness’|OF iffD2[OF lang-Plus-Zero|,
OF boz-equals|OF assms(1) langaso 1, -rexp-of-norm lang pro 1, -rexp-of-norm|)
(auto simp: wf-rexp-def [symmetric] split: sum.splits option.splits intro!: ®.wf-rexp-of)

lemma completeness”:
assumes D.langpor X n @ = @langyor X n ¢ wi-formula ¥ n (FOr ¢ ¢)
shows check-equ’ ¥ n o 9
using assms(2) unfolding check-equ’-def
by (intro conjI[OF assms(2) norm.completeness’|OF iff D2[OF lang-Plus-Zero]],
OF boz-equals| OF assms(1) lang oy, -rexp-of '-norm lang pro 1, -rexp-of '-norml]))
(auto simp: wf-rexp-def [symmetric] split: sum.splits option.splits introl: ®.wf-rexp-of )

end

10 WSI1S
10.1 Encodings

definition cutSame z s = stake (LEAST n. sdrop n s = same z) s
abbreviation poss I = (|Jz€set I. case z of Inl p = {p} | Inr P = P)

lemma shift-snth: (zs Q— s) ! n = (if n < length xs then xs ! n else s ! (n —
length xs))
by auto

lemma stream-map-stream-map2[simp):
stream-map f (stream-map2 g sl s2) = stream-map2 Az y. f (g x y)) sl s2
unfolding stream-map2-szip stream.map-comp’ o-def split-def ..

lemma stream-map2-alt:
(stream-map2 f s1 s2 = s) = (V. f (s1 1 n) (s2 1 n) = s !l n)
unfolding stream-map2-szip stream-map-alt by auto

lemma snth-stream-map2[simp]:
stream-map2 f s1 s2 ' n = f (s1 ' n) (s2 ! n)
by (induct n arbitrary: sl s2) auto
lemma stake-stream-map2[simp]:
stake n (stream-map2 f s1 s2) = map (split ) (zip (stake n s1) (stake n s2))
by (induct n arbitrary: sl s2) auto

lemma sdrop-stream-map2[simp]:
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sdrop n (stream-map2 f s1 s2) = stream-map2 f (sdrop n s1) (sdrop n s2)
by (induct n arbitrary: sl s2) auto

lemma stake-szip[simp]:
stake n (szip s1 s2) = zip (stake n s1) (stake n s2)
by (induct n arbitrary: sl s2) auto

lemma sdrop-szip[simp): sdrop n (szip sl s2) = szip (sdrop n s1) (sdrop n s2)
by (induct n arbitrary: sl s2) auto

lemma take-stake: take n (stake m s) = stake (min n m) s
proof (induct m arbitrary: s n)

case (Suc m) thus Zcase by (cases n) auto
qed simp

lemma drop-stake: drop n (stake m s) = stake (m — n) (sdrop n s)
proof (induct m arbitrary: s n)

case (Suc m) thus Zcase by (cases n) auto
qed simp

lemma stream-map-same[simpl: stream-map f (same x) = same (f x)
by (coinduct rule: stream.coinduct[of Asl s2. s1 = stream-map f (same ) N s2
= same (f x)]) auto

lemma (in wellorder) min-Least:
[3n. Pn; In. Qn] = min (Least P) (Least Q) = (LEAST n. Pn VvV Q n)
proof (intro sym[OF Least-equality))
fix y assume Py VvV Q y
thus min (Least P) (Least Q) < y
proof (elim disjE)
assume P y
hence Least P < y by (auto intro: LeastI2-wellorder)
thus min (Least P) (Least Q) < y unfolding min-def by auto
next
assume @Q y
hence Least Q < y by (auto intro: LeastI2-wellorder)
thus min (Least P) (Least Q) < y unfolding min-def by auto
qed
qed (metis LeastI-ex min-def)

lemma sdrop-snth: sdrop n s ! m = s !l (n + m)
by (induct n arbitrary: m s) auto

context formula
begin

definition any = hd X

lemma any-X[simpl: any € set ¥
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unfolding any-def by (auto simp: nonempty intro: somel|of - hd X))

lemma enc-atom-any-o[simp]: length I = n = enc-atom I m any € set (o X n)
by (auto simp: o-def image-iff set-n-lists)

fun stream-enc :: 'a interp = ('a x bool list) stream where
stream-enc (w, I) = stream-map2 (enc-atom I) nats (w Q— same any)

lemma tl-stream-enc[simp|: stream-map 7 (stream-enc (w, x # I)) = stream-enc
(w, I
by (auto simp: comp-def m-def)

lemma enc-atom-maz: [Vx€set I. case x of Inlp = p < n | Inr P = VpeP. p
<n;n<n] =

enc-atom I (Suc n') a = (a, replicate (length I) False)

by (induct I) (auto split: sum.splits)

lemma ex-Loop-stream-enc:
assumes Vz € set I. case z of Inr P = finite P | - = True
shows I n. sdrop n (stream-enc (w, I)) = same (any, replicate (length I) False)
proof —
from assms have In > length w. Vz€set I. case z of Inlp = p < n | Inr P =
VpeP.p <n
proof (induct I)
case (Cons z I)
then obtain n where IH: length w < n
Vzeset I. case x of Inlp = p < n | Inr P = VpeP. p < n by auto
thus Zcase
proof (cases x)
case (Inl p)
with IH show %thesis
by (intro exI[of - maz p n]) (fastforce split: sum.splits)
next
case (Inr P)
with IH Cons(2) show ?thesis
by (intro exI[of - max (Max P) n]) (fastforce dest: Maz-ge split: sum.splits)
qed
qed auto
then guess n by (elim exE conjE)
hence sdrop (Suc n) (stream-enc (w, I)) = same (any, replicate (length I) False)
(is %s1 n = 7s2)
by (coinduct rule: stream.coinduct[of sl s2. In'> n. s1 = 9s1 n' A s2 =
?752])
(auto simp: enc-atom-maz dest: le-Sucl)
thus ?thesis by blast
qed

lemma length-snth-enc[simp]: length (snd (stream-enc (w, I) ! n)) = length I
by auto
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lemma stream-set-same: [y € stream-set s; s = same z] = y =«
by (induct rule: stream-set-inductl) auto

lemma same-alt: s = same ¢ «— stream-set s = {z}

using stream-set-same[of - same z z]

apply auto

apply (metis shd-stream-set)

apply (coinduct rule: stream.coinduct[of Asl s2. s2 = same x N stream-set sl
= {=}))

apply auto

apply (metis shd-stream-set singleton-iff)

apply (metis stl-stream-set singleton-iff)

by (metis (full-types) empty-iff insert-iff shd-stream-set stl-stream-set)

lemma sdrop-samekE: [sdrop n (w Q— same y) = same y; p < length w; = p <
nf=w!lp=y

unfolding not-less same-alt

apply (induct p arbitrary: w n)

apply simp

apply (metis hd-conv-nth shd-stream-set shift-simps(1) singletonE stream-set-shift)

apply (case-tac w)

apply simp-all

apply (case-tac n)

apply simp-all

by (metis equalsOD nth-mem singletonE subset-singletonD)

lemma less-length-cutSame:

[(w @— same y) ! p = a] = a =y V (p < length (cutSame y (w Q— same
W Aw!p=a)

unfolding cutSame-def length-stake

by (rule LeastI2-ex[OF exl|of - length w]])

(auto simp: sdrop-shift shift-snth split: split-if-asm elim: sdrop-sameE)

lemma less-length-cutSame-Inl:

[(Vz € set I. case x of Inr P = finite P | - = True); r < length I; I ! r = Inl
rl =

p < length (cutSame (any, replicate (length I) False) (stream-enc (w, I)))

unfolding cutSame-def length-stake

by (erule LeastI2-ex[OF ex-Loop-stream-enc ccontr))

(auto simp: stream-map2-alt dest!: add-diff-inverse,

metis (lifting, full-types) nth-map nth-replicate sum.simps(5))

lemma less-length-cutSame-Inr:

[(Vz € set I. case z of Inr P = finite P | - = True); r < length I; [ | r = Inr
P] =

Vp € P. p < length (cutSame (any, replicate (length I) False) (stream-enc (w,

1))

unfolding cutSame-def length-stake
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by (rule balll, erule LeastI2-ex|OF ex-Loop-stream-enc ccontr])
(auto simp: stream-map2-alt dest!: add-diff-inverse,
metis nth-map nth-replicate sum.simps(6))

fun enc :: ‘a interp = (‘a x bool list) list set where
enc (w, I) = {z. In. x = (cutSame (any, replicate (length I) False) (stream-enc
(w, 1)) @
replicate n (any, replicate (length I) False))}

lemma cutSame-all[simp|: cutSame x (same z) = []
unfolding cutSame-def by (auto intro: Least-equality)

lemma cutSame-stop[simp]:
assumes  # y
shows cutSame x (zs Q— Stream y (same z)) = zs Q [y] (is cutSame x ?s = -)
proof —
have (LEAST n. sdrop n ?s = same ) = Suc (length xs)
proof (rule Least-equality)
show sdrop (Suc (length xs)) ?s = same x
by (metis sdrop-shift sdrop-simps(2) stream.sels(2))
next
fix m assume *: sdrop m ?s = same x
{ assume m < Suc (length xs)
hence m < length xs by simp
then obtain ys where sdrop m ?s = ys Q— Stream y (same x)
by atomize-elim (induct m arbitrary: zs, auto)
with *x obtain ys @Q— Stream y (same z) = same x by simp
hence Stream y (same z) = same z by (metis sdrop-same sdrop-shift)
with assms have False by (metis same-simps(1) stream.sels(1))
}
thus Suc (length xs) < m by (blast intro: lel)
qed
thus ?thesis unfolding cutSame-def
by (metis length-append-singleton shift.simps shift-append stake-shift)
qed

lemma cutSame-shift-same: In. w = cutSame z (w Q— same ) Q replicate n x
proof (induct w rule: rev-induct)

case (snoc a w)

then obtain n where w = cutSame © (w Q— same x) @ replicate n by blast

thus “case

by (cases a = x)
(auto simp: same-unfold[symmetric] replicate-append-same[symmetric] introl:

exI[of - Suc n])
qed simp

lemma set-cutSame: set (cutSame z (w Q— same z)) C set w

proof (induct w rule: rev-induct)
case (snoc a w)
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thus ?case by (cases a = z) (auto simp: same-unfold[symmetric])
qed simp

lemma stream-enc-cutSame:
assumes (Vx € set I. case z of Inr P = finite P | - = True)
shows stream-enc (w, I) = cutSame (any, replicate (length I) False) (stream-enc
(w, 1)) G-
same (any, replicate (length I) False)
unfolding cutSame-def
by (rule trans|OF sym|[OF stake-sdrop] arg-cong2|of - - - - op Q—, OF refl]])
(rule LeastI-ex[OF ex-Loop-stream-enc|OF assms]])

lemma map-fst-zip-min[simp|: map fst (zip zs ys) = take (min (length xs) (length
ys)) as
proof (induct ys arbitrary: xs)
case Cons thus ?case by (case-tac zs) auto
qed simp

lemma map-snd-zip-min[simp]: map snd (zip xs ys) = take (min (length zs)
(length ys)) ys
proof (induct ys arbitrary: xs)
case Cons thus ?case by (case-tac zs) auto
qed simp

lemma stream-enc-enc:

assumes (Vx € set I. case x of Inr P = finite P | - = True) and v: v € enc
(w, 1)

shows stream-enc (w, I) = v @Q— same (any, replicate (length I) False)

(is s = 2v Q— same ?F)
proof —

from assms(1) obtain n where sdrop n (stream-enc (w, I)) = same ?F by
(metis ex-Loop-stream-enc)

moreover from v obtain m where %v = cutSame ?F ?s Q replicate m ?F by
auto

ultimately show ?%s = v @Q— same ?F

by (auto simp del: stream-enc.simps intro: stream-enc-cutSame[OF assms(1)])

qged

lemma stream-enc-enc-some:

assumes (Vz € set I. case x of Inr P = finite P | - = True)

shows stream-enc (w, I) = (SOME v. v € enc (w, I)) @Q— same (any, replicate
(length I) False)

by (rule stream-enc-enc|OF assms]|, rule somel-ex) auto

lemma enc-unique-length: v € enc (w, I) = Vv'. length v’/ = length v A v’ €
enc (w, I) — v = v’

by auto

lemma sdrop-same: sdropn s = samez =—> n < m — s!lm =z
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by (metis le-iff-add sdrop-snth snth-same)

lemma fin-cutSame-tl:
assumes 3 n. sdrop n s = same x
shows fin-cutSame (m x) (map m (cutSame x s)) = cutSame (7 ) (stream-map
T 8)
proof —
def min = LEAST n. sdrop n s = same x
from assms have min: sdrop min s = same x \m. sdrop m s = same © =
min < m
unfolding min-def by (auto intro: Leastl Least-le)
have Ex: 3n. drop n (map m (stake min s)) = replicate (length (map 7 (stake
min s)) — n) (7 z)
by (auto intro: exI[of - length (map w (stake min s))])
have fin-cutSame (7 z) (map © (cutSame x s)) =
map 7w (stake (LEAST n.
map m (stake (min — n) (sdrop n s)) = replicate (min — n) (7 =) V sdrop
ns = same x) s)
unfolding fin-cutSame-def cutSame-def take-map take-stake min-Least|OF Ex
assms, folded min-def]
min-def [symmetric] by (auto simp: drop-map drop-stake)
also have (An. map 7 (stake (min — n) (sdrop n s)) = replicate (min — n) (7
x) V sdrop n s = same ) =
(An. stream-map w (sdrop n s) = same (7w x))
proof (rule ext, unfold stream-map-alt snth-same, safe)
fix nm
assume map 7 (stake (min — n) (sdrop n s)) = replicate (min — n) (7 x)
hence Vycset (stake (min — n) (sdropn s)). my =7z
by (intro iffD1[OF map-eq-conv]) (metis length-stake map-replicate-const)
hence Vi<min — n. w (sdropn sl i) =7z
unfolding all-set-conv-all-nth by (auto simp: sdrop-snth)
thus 7 (sdropns!! m) =7z
proof (cases m < min — n)
case Fulse
hence min < n + m by linarith
hence sdrop n s ! m = x unfolding sdrop-snth by (rule sdrop-same[OF
min(1))
thus ?thesis by simp
qed auto
next
fix n
assume Vm. 7 (sdropns!! m) =m z
thus map 7 (stake (min — n) (sdrop n s)) = replicate (min — n) (7 )
unfolding stake-stream-map[symmetric] by (metis snth-same stake-same
stream-map-alt)
qed auto
finally show ?thesis unfolding cutSame-def sdrop-stream-map stake-stream-map

qed
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lemma tl-enc[simp]:

assumes YV € set (z # I). case z of Inr P = finite P | - = True

shows SAMEQUOT (any, replicate (length I) False) (map ©  enc (w, z # I))
= enc (w, I)

unfolding SAMEQUOT-def

by (fastforce simp: assms w-def

fin-cutSame-tl[OF ex-Loop-stream-enc[OF assms|, unfolded w-def, simplified,

symmetric))

lemma encD:
[v € enc (w, I); (Va € set I. case z of Inr P = finite P | - = True)] =
v = map (split (enc-atom I)) (zip [0 ..< length v] (stake (length v) (w Q— same
any)
by (erule boz-equals| OF sym[OF arg-cong|of - - stake (length v) ,OF stream-enc-enc]]])
(auto simp: stake-shift sdrop-shift stake-add[symmetric] simp del: stake-add)

lemma enc-Inl: [z € enc (w, I); (Va € set I. case z of Inr P = finite P | - =
True);

m <length I; I'! m = Inl p] = p < lengthxz A snd (z!p)!m

by (auto dest!: less-length-cutSame-Inl[of - - - w] simp: nth-append cutSame-def)

lemma enc-Inr: assumes z € enc (w, I) Vo € set I. case z of Inr P = finite P
| - = True

M < length IT! M = Inr P

shows p € P +— p < length x A snd (z ! p) ! M
proof

assume p € P with assms show p < length x A snd (z ! p) ! M

by (auto dest!: less-length-cutSame-Inr|of - - - w] simp: nth-append cutSame-def )
next

assume p < length x A snd (z ! p) ! M

thus p € P using assms by (subst (asm) (2) encD[OF assms(1,2)]) auto
qed

lemma enc-length:

assumes enc (w, I) = enc (w’, I')

shows length I = length I’
proof —

let ?cL = Aw I. cutSame (any, replicate (length I) False) (stream-enc (w, I))

let 2w = Aw I m. ?cL w I Q replicate (m — length (?cL w I)) (any, replicate
(length I) False)

let ?maz = maz (length (¢cL w I)) (length (?cL w’' I")) + 1

from assms have ?w w I mazx € enc (w, I) ?w w’ I’ ?max € enc (w’, I') by
auto

hence ?w w I ?max = ?w w’ I’ ?max using enc-unique-length assms by (simp
del: enc.simps)

moreover have last (?w w I ?mazx) = (any, replicate (length I) False)

last (w w' I' ?max) = (any, replicate (length I') False) by auto
ultimately show length I = length I’ by auto
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qed

lemma enc-stream-enc:
[(Vz € set I. case z of Inr P = finite P | - = True);
(Vz € set I'. case x of Inr P = finite P | - = True);
enc (w, I) = enc (w', I')] = stream-enc (w, I) = stream-enc (w', I")
by (rule box-equals[OF - sym[OF stream-enc-enc-some] sym|[OF stream-enc-enc-somel))
(auto dest: enc-length simp del: enc.simps)

fun wf-interp-for-formula :: 'a interp = ’a formula = bool where
wf-interp-for-formula (w, I) ¢ =
(Va € set w. a € set ) A
(Vn € FOV @. case I | n of Inl - = True | - = False) A
(Vn € SOV ¢. case I | n of Inl - = False | Inr - = True) A
(Vz € set I. case x of Inr P = finite P | - = True))

fun satisfies :: 'a interp = 'a formula = bool (infix = 50) where
(w, I) EFQ am = ((case I ! m of Inl p = if p < length w then w ! p else any)

E FInm M = ((case I ' m of Inl p = p) € (case I ! M of Inr P = P))
= FlNot ¢ = (- (w, I) = ¢)

(FOr @1 ¢2) = ((w, I) = o1 V (w, I) |= ¢2)

FAnd @1 ¢2) = ((w, I) = o1 A (w, ) |= ¢2)

FExists ¢) = (3p. (w, Inlp # I) = ¢)

FEXISTS ¢) = (3P. finite P A (w, Inr P # I) |= o)

m
~—~

definition langw s1s :: nat = ‘a formula = ('a x bool list) list set where
langwsis n o = U{enc (w, I) | wI . length I = n A wf-interp-for-formula (w,
Do A (w, 1) = e}

lemma encD-ex: [z € enc (w, I); (Y € set I. case x of Inr P = finite P | - =
True)] =
In. z = map (split (enc-atom I)) (zip [0 ..< n] (stake n (w Q— same any)))
by (auto dest!: encD simp del: enc.simps)

lemma enc-set-o: [z € enc (w, I); (Vz € set I. case x of Inr P = finite P | - =
True);

length I = n; a € set x; set w C set X] = a € set (o ¥ n)

apply (auto dest!: encD-ex simp: in-set-zip simp del: enc.simps)

apply (case-tac na < length w)

apply (auto intro!: enc-atom-o)

done

definition positions-in-row s i =

Option.these (stream-set (stream-map2 (Ap (-, bs). if nth bs i then Some p else
None) nats s))
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lemma positions-in-row: positions-in-row s i = {p. snd (s !l p) ! i}

unfolding positions-in-row-def these-def stream-map2-szip stream.set-natural’
stream-set-range

by (auto split: split-if-asm introl: image-eql [of - the] split: prod.splits)

lemma positions-in-row-unique: I!p. snd (s 1! p) ! i =
the-elem (positions-in-row s i) = (THE p. snd (s ! p) ! i)
by (rule thell2) (auto simp: the-elem-def positions-in-row)

lemma positions-in-row-nth: I!p. snd (s ! p) ! i =
snd (s !! the-elem (positions-in-row s 1)) ! i
unfolding positions-in-row-unique by (rule thellI2) auto

definition dec-word s = cutSame any (stream-map fst s)

lemma dec-word-stream-enc: dec-word (stream-enc (w, 1)) = cutSame any (w Q—
same any)

unfolding dec-word-def by (auto introl: arg-conglof - - cutSame any] simp:
stream-map2-alt)

definition stream-dec n FO s = map (\i.
ifi € FO
then Inl (the-elem (positions-in-row s 1))
else Inr (positions-in-row s 1)) [0..<n]

lemma stream-dec-Inl: [i € FO; i < n] = Jp. stream-dec n FO s ! i = Inlp
unfolding stream-dec-def using nth-map|of n [0..<n]] by auto

lemma stream-dec-not-Inr: [stream-dec n FO s | ¢ = Inr P; i € FO; i < n] =
False
unfolding stream-dec-def using nth-map|of n [0..<n]] by auto

lemma stream-dec-Inr: [i ¢ FO; i < n] = 3 P. stream-dec n FO s | i = Inr P
unfolding stream-dec-def using nth-map[of n [0..<n]] by auto

lemma stream-dec-not-Inl: [stream-dec n FO s ! i = Inl p; i ¢ FO; i < n] =
False
unfolding stream-dec-def using nth-map|of n [0..<n]] by auto

lemma Inr-dec-finite: [Vi<n. finite {p. snd (s !! p) ! i}; Inr P € set (stream-dec
n FO s)] =

finite P

unfolding stream-dec-def by (auto simp: positions-in-row)

lemma enc-atom-dec:

[Vp. length (snd (s ! p)) =n; Vi € FO. i <n — (3!p. snd (s ! p)i); a =
fst (s p)] =

enc-atom (stream-dec n FO s) pa =s!lp

unfolding stream-dec-def
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by (rule sym, subst surjective-pairing|of s ! p])
(auto introl: nth-equalityl simp: positions-in-row simp del: pair-collapse split:
split-if-asm,
(metis positions-in-row positions-in-row-nth)+)

lemma length-stream-dec[simp]: length (stream-dec n FO x) = n
unfolding stream-dec-def by auto

lemma stream-enc-dec:

[3n. sdrop n (stream-map fst s) = same any;

stream-all (Az. length (snd z) = n) s; Vi € FO. (3!p. snd (s ! p) 1 1)] =
stream-enc (dec-word s, stream-dec n FO s) = s
unfolding dec-word-def snth-fromN
by (drule Leastl-ex)

(auto introl: enc-atom-dec simp: stream-map2-alt cutSame-def

simp del: stake-stream-map sdrop-stream-map

intro!: trans|OF arg-cong2[of - - - - op 1] snth-stream-map]

trans[OF arg-cong2|of - - - - op Q—] stake-sdrop))

lemma stream-enc-unique:
i <length I = Jp. I i = Inlp = Ilp. snd (stream-enc (w, I) ! p) i
by auto

lemma stream-dec-enc-Inl:
[stream-dec n FO (stream-enc (w, I)) i =Inlp’; I i = Inlp; i€ FO; i < n;
length I = n] =
p=p
unfolding stream-dec-def
by (auto introl: trans[OF - sym|[OF positions-in-row-unique| OF stream-enc-uniquel]]
simp del: stream-enc.simps) simp

lemma stream-dec-enc-Inr:

[stream-dec n FO (stream-enc (w, I)) !4 = Inr P; I i = Inr P; i ¢ FO; i <
n; length I = n] =

pP=r

unfolding stream-dec-def positions-in-row by auto

lemma Collect-snth: {p. P (Stream z s ! p)} C {0} U Suc ‘ {p. P (s ! p)}
unfolding image-def by (auto simp: gr0-conv-Suc)

lemma finite- True-in-row: Vi < n. finite {p. snd ((w Q— same (any, replicate n
False)) ! p) ! i}
by (induct w) (auto intro: finite-subset[OF Collect-snth])

lemma lang-ENC'"
assumes wf-formula n
shows lang n (ENC n ¢) = J{enc (w, I) | w1 . length I = n A wf-interp-for-formula
(w, I) ¢}
(is ?L = ?R)
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proof (intro equalityl subsetl)
fix z assume L: z € 7L
hence *: set  C set (o X n) using wf-lang-wf-~word|OF wf-rexp-ENC] by (auto
simp: wf-word)
let ?s = x Q— same (any, replicate n False)
have list-all (\bs. length (snd bs) = n) z
using bspec|OF wf-lang-wf-word|OF wf-rexp-ENC], OF (x € ?L)]
by (auto simp: list-all-iff wf~word) (auto simp: o-def set-n-lists)
hence stream-all (\z. length (snd z) = n) (z Q— same (any, replicate n False))
by (auto simp only: stream-all-shift stream-all-same length-replicate snd-conv)
moreover
{ fix m assume m € FOV ¢
with assms have m < n by (auto simp: maz-idz-vars)
with L tm € FOV ¢) obtain u z v where uzv: = v @ z Q v
u € star (lang n (arbitrary-except n [(m, False)] X))
z € lang n (arbitrary-except n [(m, True)] X)
v € star (lang n (arbitrary-except n [(m, False)] ¥)) unfolding ENC-def
by (auto simp: wf-rexp-valid-ENC finite-FOV dest!: iffD1[OF lang-flatten-INTERSECT,
rotated —1])
(fastforce simp: valid-ENC-def)
with ¢m < n) have 3!p. snd (z ! p) ! m A p < length
proof (intro exll[of - length u])
fix p assume m < nsnd (z ! p) ! m A p < length z
with star-arbitrary-ezcept|OF uzv(2)] arbitrary-except| OF uzv(3)] star-arbitrary-except| OF
uzv(4)]
show p = length u by (cases rule: nat-less-cases) (auto simp: nth-append
uzv(1))
qed (auto dest!: arbitrary-except)
then obtain p where p: p < length z snd (z ! p) ! m
Ag. snd (z! ¢) ! m A ¢ < length z — q = p by auto
hence !p. snd (?s !l p) ! m
proof (intro ex1I[of - p])
fix ¢ from p (m < n) show snd (%s!! ¢) ! m = ¢ = p by (cases q < length
x) auto
qed auto
}
moreover have sdrop (length x) (stream-map fst (z Q— same (any, replicate n
False))) = same any
unfolding sdrop-stream-map by (subst sdrop-shift[OF refl refl]) simp
ultimately have enc-dec: stream-enc (dec-word ?s, stream-dec n (FOV ¢) ?s)

r Q— same (any, replicate n False) by (intro stream-enc-dec) auto

def I = stream-dec n (FOV ) s

with assms have wf-interp-for-formula (dec-word %s, I) ¢ unfolding I-def

dec-word-def
by (auto dest: stream-dec-not-Inr stream-dec-not-Inl simp :o-def maz-idz-vars
dest!: set-mp|OF set-cutSame|of any map fst z]] set-mp[OF x| split: sum.splits)
(auto simp: stream-dec-def positions-in-row finite- True-in-row)
moreover have length I = n unfolding I-def by simp
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moreover have z € enc (dec-word ?s, I') unfolding I-def
by (simp add: enc-dec cutSame-shift-same del: stream-enc.simps)
ultimately show =z € 7R by blast
next
fix z assume z € 7R
then obtain w I where I: z € enc (w, I) wf-interp-for-formula (w, I) ¢ length
I = n by blast
{ fix i from I(2) have (w Q— same any) !! i € set ¥ by (cases i < length w)
auto } note x = this
from I have ¢ Q— same (any, replicate (length I) False) = stream-enc (w, I)
(is z @Q— 2F = %s)
by (intro stream-enc-enc[symmetric]) auto
with * (ength I = n) have Va € set z. length (snd z) = n A fst z € set X
by (auto dest!: shift-snth-less[of - - ?F, symmetric] simp: in-set-conv-nth)
thus ¢ € 7L
proof (cases FOV ¢ = {})
case Fulse
hence nonempty: valid-ENC n * FOV ¢ # {} by simp
have finite: finite (valid-ENC n ¢ FOV @) by (rule finite-imagel [OF finite-FOV)
from Fualse assms(1) have 0 < n by (cases n) (auto split: dest!: max-idz-vars)
with wf-rexp-valid-ENC have wf-rexp: V& € valid-ENC n * FOV ¢. wf n z by
auto
{ fix r assume r € FOV ¢
with 1(2) obtain p where p: I | v = Inl p by (cases I ! r) auto
from « € FOV ¢ assms I(2,3) have r: r < length I by (auto dest!:
maz-idz-vars)
from p I(1,2) r have p < length x
using less-length-cutSame-Inl[of I r p w] by auto
with p I r « have [z ! p] € lang n (arbitrary-except n [(r, True)] X)
by (subst encD[of z]) (auto intro!: enc-atom-lang-arbitrary-except-True)
moreover
from p I r x have take p z € star (lang n (arbitrary-except n [(r, False)] 3))
by (subst encD|of z]) (auto simp: in-set-conv-nth intro!: Ball-starl enc-atom-lang-arbitrary-except-False)
moreover
from p I r x have drop (Suc p) z € star (lang n (arbitrary-except n [(r,
False)] X))
by (subst encD|of z]) (auto simp: in-set-conv-nth simp del: snth.simps introl:
Ball-starl enc-atom-lang-arbitrary-except-False)
ultimately have take p z Q [z ! p] @Q drop (p + 1) z € lang n (valid-ENC
nr)
using (0 < n» unfolding valid-ENC-def by (auto simp del: append.simps)
hence z € lang n (valid-ENC n r) using id-take-nth-drop[OF (p < length )]
by auto
}
with False lang-flatten-INTERSECT|OF finite nonempty wf-rexp] show ?thesis
by (auto simp: ENC-def)
qed (simp add: ENC-def, auto simp: o-def set-n-lists image-iff)
qed
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10.2 Welldefinedness of enc wrt. Models

lemma wf-interp-for-formula-F Exists:

[wf-formula (length I) (FEzists ¢)]—

wf-interp-for-formula (w, I) (FEzists ¢) «— (V¥ p. wf-interp-for-formula (w, Inl
p# 1) ¢)

by (auto simp: nth-Cons’ split: split-if-asm)

lemma wf-interp-for-formula-any-Inl: wf-interp-for-formula (w, Inlp # I) ¢ =
Y p. wf-interp-for-formula (w, Inl p # I) ¢
by (auto simp: nth-Cons’ split: split-if-asm)

lemma wf-interp-for-formula-FEXISTS:

[wf-formula (length I) (FEXISTS ¢)]—

wf-interp-for-formula (w, I (FEXISTS ¢) +— (V¥ P. finite P — wf-interp-for-formula
(w, Inr P # 1) ¢)

by (auto simp: nth-Cons’ split: split-if-asm)

lemma wf-interp-for-formula-any-Inr: wf-interp-for-formula (w, Inr P # 1) p =
V P. finite P — wf-interp-for-formula (w, Inr P # I) ¢
by (auto simp: nth-Cons’ split: split-if-asm)

lemma wf-interp-for-formula-FOr:
wf-interp-for-formula (w, I) (FOr ¢1 ¢2) =
(wf-interp-for-formula (w, I) @1 A wf-interp-for-formula (w, I) ¢2)
by auto

lemma wf-interp-for-formula-FAnd:
wf-interp-for-formula (w, I) (FAnd @1 ¢2) =
(wf-interp-for-formula (w, I) p1 A wf-interp-for-formula (w, I) ¢2)
by auto

lemma enc-wf-interp:
[wf-formula (length I) y; wf-interp-for-formula (w, I) p; x € enc (w, I)] =
wf-interp-for-formula (dec-word (x Q— same (any, replicate (length I) False)),
stream-dec (length I) (FOV @) (x Q— same (any, replicate (length I) False)))
<p .
using
stream-dec-Inl[of - FOV o length I stream-enc (w, I), OF - bspec[ OF maz-idz-vars]]
stream-dec-Inr[of - FOV ¢ length I stream-enc (w, I), OF - bspec| OF maz-idz-vars|]
by (auto split: sum.splits intro: Inr-dec-finite[ OF finite- True-in-row] simp: max-idz-vars
dec-word-def
dest!: stream-dec-not-Inl stream-dec-not-Inr set-mp[OF set-cutSame] simp del:
stream-enc.simps)
(auto simp: cutSame-def in-set-zip stream-map2-alt shift-snth)

lemma enc-atom-welldef: ¥V z a. enc-atom I z a = enc-atom I' z a = m < length
I =

(case (I!'m, I'!m) of (Inlp, Inl ¢) = p=9q | (Inr P, Inr Q) = P =Q | -
= True)

105



proof (induct length I arbitrary: I 1" m)
case (Sucn I1')
then obtain z zs 2’ zs’ where *: [ = z # zs [’ = 2’ # zs’
by (fastforce simp: Suc-length-conv map-eq-Cons-conv)
with Suc show ?case
proof (cases m)
case 0 thus ?thesis using Suc(3) unfolding x
by (cases z z' rule: sum.exhaust|case-product sum.ezhaust]) auto
qed auto
qged simp

lemma stream-enc-welldef: [stream-enc (w, I) = stream-enc (w', I'); wf-formula
(length I) o,
wf-interp-for-formula (w, I) ¢; wf-interp-for-formula (w’, I') ] =
(w, ) Eyp+— (W', I) EF o
proof (induction ¢ arbitrary: w w’ I 1)
case (F@Q a m) thus fcase using enc-atom-welldef[of I I' m]
by (simp split: sum.splits add: stream-map2-alt shift-snth) (metis snth-same)
next
case (FLess m1 m2) thus ?case using enc-atom-welldef [of I 1’ m1] enc-atom-welldef[of
11" m2)
by (auto split: sum.splits simp add: stream-map2-alt)
next
case (FInm M) thus ?case using enc-atom-welldef[of I I’ m] enc-atom-welldef [of
11" M]
by (auto split: sum.splits simp add: stream-map2-alt)
next
case (FOr o1 ¢2) show ?case unfolding satisfies.simps(5)
proof (intro disj-cong)
from FOr(8—6) show (w, I) = ¢1 «+— (w’, I') = ¢!
by (intro FOr(1)) auto
next
from FOr(3—6) show (w, I) E ¢2 «— (w', I') |E ¢2
by (intro FOr(2)) auto
qed
next
case (FAnd o1 ¢2) show ?case unfolding satisfies.simps(6)
proof (intro conj-cong)
from FAnd(3—6) show (w, I) = ¢l «— (w', I') E ¢l
by (intro FAnd(1)) auto
next
from FAnd(3—6) show (w, I) = 92 +— (w', I') E ¢2
by (intro FAnd(2)) auto
qed
next
case (FExists ¢)
hence length: length 1’ = length I by (metis length-snth-enc)
show Zcase
proof
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assume (w, I) = FEzists ¢
with FEzists.prems(3) obtain p where (w, Inl p # I) = ¢ by auto
moreover
with FFEzists.prems have (w’, Inlp # I') E ¢
apply (intro iffD1[OF FExists.IH[of w Inl p # I w’ Inl p # I']])
apply (auto simp: stream-map2-alt split: sum.splits) [|
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEzists)
apply (blast dest!: wf-interp-for-formula-FEzists[of 1', unfolded length))
apply assumption
done
ultimately show (w’, I') = FFEuzists ¢ by auto
next
assume (w’, I') = FEuzists ¢
with FFEzists.prems(1,2,4) obtain p where (w’, Inl p # I') &= ¢ by auto
moreover
with FEzists.prems have (w, Inlp # I) = ¢
apply (intro iff D2|OF FExists.IH[of w Inl p # T w’' Inl p # 1))
apply (auto simp: stream-map2-alt split: sum.splits) ||
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FExists)
apply (blast dest!: wf-interp-for-formula-FEzists[of I', unfolded length])
apply assumption
done
ultimately show (w, I) | FEzists ¢ by auto
qged
next
case (FEXISTS o)
hence length: length I’ = length I by (metis length-snth-enc)
show ?Zcase
proof
assume (w, I) | FEXISTS ¢
with FEXISTS.prems(3) obtain P where finite P (w, Inr P # I) |= ¢ by
auto
moreover
with FEXISTS.prems have (w’, Inr P # I') = ¢
apply (intro iffD1[OF FEXISTS.IH[of w Inr P # I w' Inr P # 1))
apply (auto simp: stream-map2-alt split: sum.splits) ||
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEXISTS)
apply (blast dest!: wf-interp-for-formula-FEXISTS[of I', unfolded length))
apply assumption
done
ultimately show (w’, I') = FEXISTS ¢ by auto
next
assume (w', I') = FEXISTS ¢
with FEXISTS.prems(1,2,4) obtain P where finite P (w’, Inr P # I') = ¢
by auto
moreover
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with FEXISTS .prems have (w, Inr P # I) = ¢
apply (intro iff D2|OF FEXISTS.IH|of w Inr P # [ w' Inr P # 1))
apply (auto simp: stream-map2-alt split: sum.splits) ||
apply (auto split: sum.splits split-if-asm) ||
apply (blast dest!: wf-interp-for-formula-FEXISTS)
apply (blast dest!: wf-interp-for-formula-FEXISTS[of I', unfolded length])
apply assumption
done

ultimately show (w, I) | FEXISTS ¢ by auto

qged
qed auto

lemma langw s15-FOr:
assumes wf-formula n (FOr @1 p2)
shows langws1s n (FOr ¢1 p2) C
(langwsis n w1 U langwsis n p2) N U{enc (w, I) | wI. length I = n A
wf-interp-for-formula (w, I) (FOr @1 v2)}
(is - C (?L1 U ?L2) N ?ENC)
proof (intro equalityl subsetl)
fix x assume z € langwsis n (FOr @1 ¢2)
then obtain w I where
x: z € enc (w, I) wf-interp-for-formula (w, I) (FOr @1 3) length I = n and
satisfies (w, I) p1 V satisfies (w, I) o unfolding langw s15-def by auto
thus z € (L1 U ?L2) N YENC
proof (elim disjE)
assume satisfies (w, I) @1
with * have z € ?L1 using assms unfolding langw s1s-def by (fastforce
simp del: enc.simps)
with * show ?thesis by auto
next
assume satisfies (w, I) @2
with x have z €?L2 using assms unfolding langw s1s-def by (fastforce simp
del: enc.simps)
with * show ?thesis by auto
qed
qed

lemma langw s1s-FAnd:
assumes wf-formula n (FAnd o1 ¢2)
shows langw s1s n (FAnd @1 pa) C
langwsis n w1 N langwsis n w2 N U{enc (w, I) | w I. length I = n A
wf-interp-for-formula (w, I) (FAnd @1 ¢2)}
using assms unfolding langw s1s-def by (fastforce simp del: enc.simps)

10.3 From WSI1S to Regular expressions

fun rezp-of :: nat = 'a formula = ('a x bool list) rexp where
rexp-of n (FQ a m) =
Inter (TIMES [rexzp.Not Zero, arbitrary-except n [(m, True)] [a], rexp.Not Zero)
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(ENCn (FQ a m))
| rexp-of n (FLess m1 m2) = (if m1 = m2 then Zero else
Inter (TIMES [rexp.Not Zero, arbitrary-except n [(m1, True)] X,
rexp.Not Zero, arbitrary-except n [(m2, True)] X,
rexp.Not Zero]) (ENC n (FLess m1 m2)))
| rexp-of n (FIn m M) =
Inter (TIMES [rexzp.Not Zero, arbitrary-except n [(min m M, True), (maz m
M, True)] ¥, rexp.Not Zero))
(ENC n (FIn m M))
| rexp-of n (FNot @) = Inter (rexp.Not (rexp-of n ¢)) (ENC n (FNot ¢))
| rexp-of n (FOr @1 @2) = Inter (Plus (rexp-of n ¢1) (rexp-of n ¢3)) (ENC n (FOr
P1 ¢2))
| rexp-of n (FAnd @1 p2) = INTERSECT [rexp-of n @1, rexp-of n @2, ENC n
(FAnd o1 ¢2)]
| rexp-of n (FExists ) = samequot-exec (any, replicate n False) (Pr (rexp-of (n
1) ¢))
| rexp-of n (FEXISTS ¢) = samequot-exec (any, replicate n False) (Pr (rexp-of

(n+ 1) ¢))

fun rexp-of-alt :: nat = ‘a formula = ('a x bool list) rexp where
rexp-of-alt n (FQ a m) =
TIMES [rexp.Not Zero, arbitrary-except n [(m, True)] [a], rexp.Not Zero]
| rexp-of-alt n (FLess m1 m2) = (if m1 = m2 then Zero else
TIMES [rexp.Not Zero, arbitrary-except n [(m1, True)] X,
rexp.Not Zero, arbitrary-except n [(m2, True)] X,
rexp.Not Zero)
| rexp-of-alt n (FIn m M) =
TIMES [rexp.Not Zero, arbitrary-except n [(min m M, True), (max m M, True)]
¥, rexp.Not Zero]
| rexp-of-alt n (FNot ) = rexp.Not (rexp-of-alt n @)
| rexp-of-alt n (FOr @1 @2) = Plus (rexp-of-alt n 1) (rexp-of-alt n @)
| rexp-of-alt n (FAnd 1 @2) = Inter (rexp-of-alt n 1) (rexp-of-alt n p2)
| rexp-of-alt n (FFExists @) = samequot-exec (any, replicate n False) (Pr (Inter
(rexp-of-alt (n + 1) ¢) (ENC (Suc n) ¢)))
| rexp-of-alt n (FEXISTS @) = samequot-exec (any, replicate n False) (Pr (Inter
(rexp-of-alt (n + 1) ¢) (ENC (Suc n) ¢)))

definition rezp-of ' n ¢ = Inter (rexp-of-alt n ¢) (ENC n )

lemma enc-eql:

assumes z € enc (w, I) = € enc (w', I') wf-interp-for-formula (w, I) ¢
wf-interp-for-formula (w’, I') ¢

length I = length I’

shows enc (w, I) = enc (w’, I')
proof —

from assms have stream-enc (w, I) = stream-enc (w’, I")

by (intro box-equals|OF - stream-enc-enc[symmetric] stream-enc-enc[symmetric]])
auto

thus ?thesis using assms(5) by auto
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qed

lemma enc-eq-welldef:
[enc (w, I) = enc (w’, I'); wf-formula (length I) o; wf-interp-for-formula (w, I)
¢ swf-interp-for-formula (w', I') ¢] =
(w, I) | @ = (w', I') |F ¢
by (intro stream-enc-welldef) (auto simp del: stream-enc.simps intro!l: enc-stream-enc)

lemma enc-welldef:
[z € enc (w, I); x € enc (w’, I'); length I = length I'; wf-formula (length I) o;
wf-interp-for-formula (w, I) ¢ jwf-interp-for-formula (w’, I') ] =
(0, 1) ¢ e (', 1) £
by (intro enc-eq-welldef [ OF enc-eql])

lemma wf-rexp-of : wf-formula n ¢ = wf n (rexp-of n )
by (induct ¢ arbitrary: n)
(auto simp: wf-rexp-ENC intro: wf-rexp-arbitrary-except intro!: wf-samequot-exec,
auto simp: o-def set-n-lists image-iff)

theorem langw s15-rexp-of : wf-formula n ¢ = langws1s n ¢ = lang n (rexp-of
n )
(is-= -= %L n )
proof (induct ¢ arbitrary: n)
case (F@Q a m)
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langwsis n (FQ a m)
then obtain w I where
x: x € enc (w, I) wf-interp-for-formula (w, I) (FQ a m) length I = n (w, I)
E FQam
unfolding langw s1s-def by blast
hence z-alt: © = map (split (enc-atom I)) (zip [0 ..< length z] (stake (length
z) (w Q— same any)))
by (intro encD) auto
from FQ(1) x(2,4) obtain p where p: I ! m = Inlp
by (auto simp: all-set-conv-all-nth enc-def split: sum.splits)
with FQ(1) * have p-less: p < length «
by (auto simp del: stream-enc.simps intro: trans-less-add1 [ OF less-length-cutSame-Inl))
hence enc-atom: z ! p = enc-atom I p ((w Q— same any) !! p) (is - = enc-atom
- - 7p)
by (subst z-alt, simp)
with %(1) p-less(1) have x = take p © Q [enc-atom [ p ?p] Q drop (p + 1) x
using id-take-nth-drop[of p z] by auto
moreover
from x(2,3,4) FQ(1) p have [enc-atom I p ?p] € lang n (arbitrary-except n
[(m, True)] [a])
by (intro enc-atom-lang-arbitrary-except-True) auto
moreover from x(2,3) have take p x € lang n (rexp.Not Zero)
by (subst x-alt) (auto simp: in-set-zip shift-snth introl: enc-atom-o dest!:
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in-set-takeD)
moreover from x(2,3) have drop (Suc p) © € lang n (rexp.Not Zero)
by (subst z-alt) (auto simp: in-set-zip shift-snth intro!: enc-atom-o dest!:
in-set-dropD)
ultimately show z € ?L n (FQ a m) using x(1,2,3)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps lang-ENC[OF
FQ)
by (auto elim: ssubst simp del: o-apply append.simps lang.simps enc.simps)
next
fix x let %2 = © Q— same (any, replicate n False)
assume z: ¢ € ?L n (FQ a m)
with F() obtain w I where
I: z € enc (w, I) length I = n wf-interp-for-formula (w, I) (FQ a m)
unfolding rezp-of .simps lang.simps lang-ENC[OF FQ] by fastforce
hence stream-enc: stream-enc (w, I) = ?z using stream-enc-enc by auto
from I FQ obtain p where m: I | m = Inl p m < length I by (auto split:
sum.splits)
with I have wf-interp-for-formula (dec-word %z, stream-dec n {m} ?z) (FQ a
m) unfolding (1)
using enc-wf-interp[OF FQ(1)[folded I(2)]] by auto
moreover
from z obtain u! u u2 where z = ul Q v Q u2
u € lang n (arbitrary-except n [(m, True)] [a])
unfolding rexp-of .simps lang.simps rexp-of-list.simps using concE by fast
with FQ(1) obtain v where v: z = ul Q [v] @ u2 sndv ! m fstv =a
using arbitrary-except[of u n m True [a]] by fastforce
from v have u: length ul < length z by auto
{ from v have snd (z ! length ul) ! m by auto
moreover
from m I have p < length z snd (z ! p) ! m by (auto dest: enc-Inl simp del:
enc.simps)
moreover
from m I have exl: I!p. snd (stream-enc (w, I) !! p) I m by (intro
stream-enc-unique) auto
ultimately have p = length ul unfolding stream-enc using u I(3) by auto
} note x = this
from v have v = z ! length ul by simp
with u have 2z !! length ul = v by (auto simp: shift-snth)
with « m I v(3) have (dec-word ?z, stream-dec n {m} ?z) = FQ a m
using stream-enc-enc[OF - 1(1), symmetric] less-length-cutSame[of w any
length ul al
by (auto simp del: enc.simps stream-enc.simps simp: dec-word-stream-enc
dest!:
stream-dec-enc-Inl stream-dec-not-Inr split: sum.splits)
(auto simp: stream-map2-alt cutSame-def)
moreover from m I(2)
have stream-enc-dec: stream-enc (dec-word (stream-enc (w, I)), stream-dec n
{m} (stream-enc (w, I))) = stream-enc (w, I)
by (intro stream-enc-dec)
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(auto simp: stream-map2-alt sdrop-snth shift-snth intro: stream-enc-unique,
auto simp: stream-map2-szip stream.set-natural’)
moreover from [ have wf-word n z unfolding wf-word by (auto elim:
enc-set-o simp del: enc.simps)
ultimately show z € langw s1s n (FQ a m) unfolding langw s15-def using
m I(1,3)
by (auto simp del: enc.simps stream-enc.simps introl: exI|of - enc (dec-word
2z, stream-dec n {m} ?z)],
fastforce simp del: enc.simps stream-enc.simps,
auto simp del: stream-enc.simps simp: stream-enc[symmetric] I1(2))
qed
next
case (FLess m m/)
show ?Zcase
proof (cases m = m’)
case Fulse
thus ?thesis
proof (intro equalityl subsetl)
fix z assume z € langws1s n (FLess m m’)
then obtain w I where
x: ¢ € enc (w, I) wf-interp-for-formula (w, I) (FLess m m') length I = n
(w, I) = FLess m m/’
unfolding langw s1s-def by blast
hence z-alt: © = map (split (enc-atom I)) (zip [0 ..< length ] (stake (length
z) (w Q— same any)))
by (intro encD) auto
from FlLess(1) *(2,4) obtain p ¢ where pg: I ! m =InlpI!m’'=1Inlqp
<gq
by (auto simp: all-set-conv-all-nth enc-def split: sum.splits)
with FlLess(1) x(1,2,38) have pg-less: p < length © q¢ < length z
by (auto simp del: stream-enc.simps intro!: trans-less-add1[OF less-length-cutSame-Inl])
hence enc-atom: z ! p = enc-atom I p ((w Q— same any) ! p) (is - =
enc-atom - - ?p)
z ! g = enc-atom I ¢ ((w @Q— same any) !! q) (is - = enc-atom -
- 2q) by (subst z-alt, simp)-+
with %(1) pg-less(1) have z = take p x @Q [enc-atom [ p ?p] @ drop (p + 1)
x
using id-take-nth-drop[of p z] by auto
also have drop (p + 1) © = take (¢ — p — 1) (drop (p + 1) z) @
[enc-atom I q ?q] @ drop (¢ — p) (drop (p + 1) z) (is - = ?LHS)
using id-take-nth-droplof ¢ — p — 1 drop (p + 1) z] pq pg-less(2) enc-atom(2)
by auto
finally have z = take p z Q [enc-atom I p ?p] @ ?LHS .
moreover from (2,3) FLess(1) pq(1)
have [enc-atom I p ?p] € lang n (arbitrary-except n [(m, True)] X)
by (intro enc-atom-lang-arbitrary-except-True) (auto simp: shift-snth)
moreover from (2,8) FLess(1) pq(2)
have [enc-atom I q ?q] € lang n (arbitrary-except n [(m/', True)] X)
by (intro enc-atom-lang-arbitrary-except-True) (auto simp: shift-snth)
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moreover from (2,3) have take p z € lang n (rexp.Not Zero)
by (subst z-alt) (auto simp: in-sel-zip shift-snth intro!: enc-atom-o dest!:
in-set-takeD)
moreover from *(2,3) have take (¢ — p — 1) (drop (Suc p) z) € lang n
(rexp.Not Zero)
by (subst z-alt) (auto simp: in-set-zip shift-snth intro!: enc-atom-o dest!:
in-set-dropD in-set-takeD)
moreover from %(2,3) have drop (¢ — p) (drop (Suc p) =) € lang n (rexp.Not
Zero)
by (subst z-alt) (auto simp: in-set-zip shift-snth intro!: enc-atom-o dest!:
in-set-dropD)
ultimately show z € ?L n (FLess m m') using *(1,2,3)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps Int-Diff lang-ENC|[OF
FLess] if-not-P[OF False)
by (auto elim: ssubst simp del: o-apply append.simps lang.simps enc.simps)
next
fix z let 22 = x Q— same (any, replicate n False)
assume z: ¢ € ?L n (FLess m m’)
with FLess obtain w I where
I: z € enc (w, I) length I = n wf-interp-for-formula (w, I) (FLess m m”)
unfolding rexp-of .simps lang.simps lang-ENC|[OF FLess] if-not-P|OF False]
by fastforce
hence stream-enc: stream-enc (w, I) = x Q— same (any, replicate n False)
using stream-enc-enc by auto
from I FLess obtain p p’ where m: I ! m = Inl p m < length I 1! m' =
Inl p’ m' < length I
by (auto split: sum.splits)
with I have wf-interp-for-formula (dec-word ?x, stream-dec n {m, m'} ?z)
(FLess m m') unfolding I(1)
using enc-wf-interp[OF FLess(1)[folded I(2)]] by auto
moreover
from z obtain u! v u2 v’ u8 where z = ul Q@ v @ u2 Q v’ @ u8
u € lang n (arbitrary-except n [(m, True)] X)
u’ € lang n (arbitrary-except n [(m’, True)] )
unfolding rezp-of .simps lang.simps rexp-of-list.simps if-not-P[OF False]
using concFE by fast
with FLess(1) obtain v v’/ where v: z = ul Q [v] Q u2 @ [v] @ u3
sndv! msndv'!m’ fstv e set X fstv' € set &
using arbitrary-except[of u n m True X| arbitrary-except[of v’ n m’ True
Y] by fastforce
hence u: length ul < length z and u”: Suc (length ul + length u2) < length
z (is %u’ < -) by auto
{ from v have snd (z ! length ul) ! m by auto
moreover
from m I have p < length x snd (z ! p) | m by (auto dest: enc-Inl simp
del: enc.simps)
moreover
from m I have ex!: 3lp. snd (stream-enc (w, I) ! p) | m by (intro
stream-enc-unique) auto
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ultimately have p = length ul unfolding stream-enc using u I(3) by
auto

}
{ from v have snd (z ! 2u’) | m’ by (auto simp: nth-append)
moreover
from m I have p’ < length z snd (z ! p’) ! m’ by (auto dest: enc-Inl simp
del: enc.simps)
moreover
from m I have ex1: 3lp. snd (stream-enc (w, I) ! p) ! m’ unfolding I(1)
by (intro stream-enc-unique) auto
ultimately have p’ = %u’ unfolding stream-enc using u’ I(3) by auto
(metis shift-snth-less)
} note x = this (p = length ul)
with m I have (dec-word ?z, stream-dec n {m, m’} ?z) = FLess m m’
using stream-enc-enc[OF - I(1), symmetric]
by (auto dest: stream-dec-not-Inr stream-dec-enc-Inl split: sum.splits simp
del: stream-enc.simps)
moreover from m I(2)
have stream-enc-dec: stream-enc (dec-word (stream-enc (w, I)), stream-dec
n {m, m’} (stream-enc (w, I))) = stream-enc (w, I)
by (intro stream-enc-dec)
(auto simp: stream-map2-alt sdrop-snth shift-snth intro: stream-enc-unique,
auto simp: stream-map2-szip stream.set-natural’)
moreover from [ have wf-word n z unfolding wf-word by (auto elim:
enc-set-o simp del: enc.simps)
ultimately show z € langwsi1s n (FLess m m’) unfolding langw s15-def
using m I1(1,3)
by (auto simp del: enc.simps stream-enc.simps introl: exI|of - enc (dec-word
2z, stream-dec n {m, m'} ?z)],
fastforce simp del: enc.simps stream-enc.simps,
auto simp del: stream-enc.simps simp: stream-enc[symmetric] I1(2))
qed
qed (simp add: langw s15-def del: o-apply)
next
case (FIn m M)
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langwsis n (FIn m M)
then obtain w I where
x: ¢ € enc (w, I) wf-interp-for-formula (w, I) (FIn m M) length I = n (w,
IE FInm M
unfolding langw s1s-def by blast
hence z-alt: © = map (split (enc-atom I)) (zip [0 ..< length x| (stake (length
z) (w @Q— same any)))
by (intro encD) auto
from FiIn(1) %(2,4) obtain p P where p: [ | m=InlpI! M = Inr Pp € P
by (auto simp: all-set-conv-all-nth enc-def split: sum.splits)
with FIn(1) x(1,2,3) have p-less: p < length x Vp € P. p < length x
by (auto simp del: stream-enc.simps intro: trans-less-add1[OF less-length-cutSame-Inl]
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trans-less-add1[OF bspec[OF less-length-cutSame-Inr]))
hence enc-atom: z ! p = enc-atom I p ((w Q— same any) !! p) (is - = enc-atom
- - 7p)
Vp e P.z!p=encatom I p ((w Q= same any) !! p) (is Ball - (Ap. -
= enc-atom - - (¢P p)))
by (subst z-alt, simp)+
with (1) p-less(1) have = = take p x Q [enc-atom [ p %p] @Q drop (p + 1) z
using id-take-nth-drop|of p z] by auto
moreover
have [enc-atom I p ?p]| € lang n (arbitrary-except n [(min m M, True), (maz
m M, True)] X)
proof (cases m < M)
case True with %(2,3) FIn(1) p show %thesis
by (intro enc-atom-lang-arbitrary-except-True2) (auto simp: min-absorbl
maz-absorb? shift-snth)
next
case False with %(2,3) FIn(1) p show ?thesis
by (intro enc-atom-lang-arbitrary-except-True2) (auto simp: min-absorb2
maz-absorbl shift-snth)
qed
moreover from x(2,3) have take p x € lang n (rexp.Not Zero)
by (subst x-alt) (auto simp: in-set-zip shift-snth intro!: enc-atom-o dest!:
in-set-takeD)
moreover from x(2,3) have drop (Suc p) © € lang n (rexp.Not Zero)
by (subst x-alt) (auto simp: in-set-zip shift-snth introl: enc-atom-o dest!:
in-set-dropD)
ultimately show z € ?L n (FIn m M) using *(1,2,3)
unfolding rexp-of .simps lang.simps(5,8) rexp-of-list.simps Int-Diff lang-ENC[OF
FIn]
by (auto elim: ssubst simp del: o-apply append.simps lang.simps enc.simps)
next
fix z let %2 = x Q— same (any, replicate n False)
assume z: ¢ € ?L n (FInm M)
with FIn obtain w I where
I: z € enc (w, I) length I = n wf-interp-for-formula (w, I) (FIn m M)
unfolding rezp-of .simps lang.simps lang-ENC[OF FIn] by fastforce
hence stream-enc: stream-enc (w, I) = %z using stream-enc-enc by auto
from [ FIn obtain p P where m: I ! m = Inlp m < length [ I ! M = Inr P
M < length I
by (auto split: sum.splits)
with I have wf-interp-for-formula (dec-word ?z, stream-dec n {m} ?z) (FIn
m M) unfolding I(1)
using enc-wf-interp[OF FIn(1)[folded I(2)]] by auto
moreover
from z obtain u! v u2 where z = ul Q@ y @ u2
u € lang n (arbitrary-except n [(min m M, True), (max m M, True)] )
unfolding rexp-of .simps lang.simps rexp-of-list.simps using concE by fast
with FIn(1) obtain v where v: z = ul Q [v] @ u2 and snd v ! min m M
snd v ! max m M fst v € set

115



using arbitrary-except2[of u n min m M True maz m M True X] by fastforce
hence v": sndv ! msndv! M
by (induct m < M) (auto simp: min-absorbl min-absorb2 maz-absorbl
maz-absorb2)
from v have u: length ul < length by auto
{ from v v’ have snd (z ! length u1) ! m by auto
moreover
from m I have p < length z snd (z ! p) ! m by (auto dest: enc-Inl simp del:
enc.simps)
moreover
from m I have exl: Ilp. snd (stream-enc (w, I) !! p) I m by (intro
stream-enc-unique) auto
ultimately have p = length ul unfolding stream-enc using u I(3) by auto
} note x = this
from v v’ have v = z ! length ul by simp
with v/(2) m(3,4) v I(1,3) have length ul € P by (auto dest!: enc-Inr simp
del: enc.simps)
with x m I have (dec-word ?z, stream-dec n {m} ?z) = FIn m M
using stream-enc-enc[OF - I(1), symmetric]
by (auto simp del: stream-enc.simps dest: stream-dec-not-Inr stream-dec-not-Inl
stream-dec-enc-Inl stream-dec-enc-Inr split: sum.splits)
moreover from m I(2)
have stream-enc-dec: stream-enc (dec-word (stream-enc (w, I)), stream-dec n
{m} (stream-enc (w, I))) = stream-enc (w, I)
by (intro stream-enc-dec)
(auto simp: stream-map2-alt sdrop-snth shift-snth intro: stream-enc-unique,
auto simp: stream-map2-szip stream.set-natural”)
moreover from [ have wf-word n z unfolding wf-word by (auto elim:
enc-set-o simp del: enc.simps)
ultimately show z € langw s1s n (FIn m M) unfolding langw s1s-def using
m I(1,8)
by (auto simp del: enc.simps stream-enc.simps intro!: exI|of - enc (dec-word
%r, stream-dec n {m} ?z)],
fastforce simp del: enc.simps stream-enc.simps,
auto simp del: stream-enc.simps simp: stream-enc[symmetric] 1(2))
qed
next
case (FOr ¢1 p2)
from FOr(3) have IHI: langwsis n @1 = lang n (rexp-of n ¢1)
by (intro FOr(1)) auto
from FOr(3) have IH2: langwsis n @2 = lang n (rexp-of n ¢3)
by (intro FOr(2)) auto
show ?Zcase
proof (intro equalityl subsetl)
fix x assume z € langwsis n (FOr @1 ) thus © € lang n (rexp-of n (FOr
P1 ¢2))
using langw s15-FOr[OF FOr(3)] unfolding lang-ENC[OF FOr(3)] rexp-of .simps
lang.simps IH1 IH2 by blast
next
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fix x assume = € lang n (rexp-of n (FOr @1 ¢2))
then obtain w I where or: z € langwsis n p1 V ¢ € langwsis n @2 and
Iz € enc (w, I) length I = n
wf-interp-for-formula (w, I) (FOr o1 ¢2)
unfolding lang-ENC[OF FOr(3)] rexp-of .simps lang.simps IH1 IH2 Int-Diff
by auto
have (11), I) ': w1V (wa I) ': P2
proof (intro mp[OF disj-mono[OF impl implI]| or])
assume z € langwsis N ¢1
with I FOr(3) show (w, I) = ¢1
unfolding langw s15-def (1) wf-interp-for-formula-FOr
by (auto dest!: enc-welldef[of z w I - - ¢1] simp del: enc.simps)
next
assume z € langwsis N Y2
with 7 FOr(3) show (w, I) = ¢
unfolding langw s1s-def (1) wf-interp-for-formula-FOr
by (auto dest!: enc-welldef[of z w I - - @3] simp del: enc.simps)
qed
with [ show z € langws1s n (FOr @1 v2) unfolding langw s1s-def by auto
qed
next
case (FAnd 1 ¢2)
from FAnd(3) have IH1: langwsis n 1 = lang n (rexp-of n ¢1)
by (intro FAnd(1)) auto
from FAnd(3) have IH2: langw s1s n @2 = lang n (rexp-of n ¢2)
by (intro FAnd(2)) auto
show ?Zcase
proof (intro equalityl subsetl)
fix z assume z € langw s1s n (FAnd 1 ¢2) thus x € lang n (rexp-of n (FAnd
P1 ¢2))
using langw s15-FAnd[OF FAnd(3)]
unfolding lang-ENC[OF FAnd(3)] rexp-of .simps rexp-of-list.simps lang.simps
IH1 IH2 Int-assoc
by blast
next
fix x assume = € lang n (rexp-of n (FAnd ¢1 2))
then obtain w I where and: © € langwsis n w1 A T € langwsis n p2 and
I: x € enc (w, I) length I = n
wf-interp-for-formula (w, I) (FAnd 1 ¢2)
unfolding lang-ENC[OF FAnd(3)] rexp-of .simps rexp-of-list.simps lang.simps
IH1 IH2 Int-Diff by auto
have (w, I) = 1 A (w, I) = 2
proof (intro mp[OF conj-mono[OF impl impI| and))
assume z € langwsis N @1
with I FAnd(3) show (w, I) = ¢1
unfolding langw s1s-def 1(1) wf-interp-for-formula-FAnd
by (auto dest!: enc-welldef[of x w I - - 1] simp del: enc.simps)
next
assume z € langwsis n Y2
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with I FAnd(3) show (w, I) = ¢
unfolding langw s1s-def 1(1) wf-interp-for-formula-FAnd
by (auto dest!: enc-welldef[of x w I - - 3] simp del: enc.simps)
qed
with I show z € langwsis n (FAnd ¢1 2) unfolding langw s1s-def by
auto
qed
next
case (FNot o)
hence IH: ?L n ¢ = langwsis n @ by simp
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langwsis n (FNot ¢)
then obtain w [ where
x: ¢ € enc (w, I) wf-interp-for-formula (w, I) ¢ length I = n and unsat: —
(w, 1) |
unfolding langw s1s-def by auto
{ assume z € ?Ln ¢
hence (w, I) = ¢ using enc-welldef[of ¢ w I - - ¢, OF (1) - - - %(2)]
FNot(2)
unfolding *(3) langw s1s-def IH by auto
}

with unsat have = ¢ ?L n ¢ by blast
with x show z € ?L n (FNot ¢) unfolding rexp-of .simps lang.simps using
lang-ENC[OF FNot(2)]
by (auto simp del: enc.simps simp: comp-def intro: enc-set-o)
next
fix x assume z € ?L n (FNot ¢)
with IH have z € lang n (ENC n (FNot ¢)) and z: z ¢ langwsis n ¢ by
(auto simp del: o-apply)
then obtain w I where *: © € enc (w, I) wf-interp-for-formula (w, I) (FNot
®) length I = n
unfolding lang-ENC[OF FNot(2)] by blast
{ assume - (w, I) E FNot ¢
with x have z € langw s1s n ¢ unfolding langw s1s-def by auto
}
with z x show z € langw si1s n (FNot ¢) unfolding langw s15-def by blast
qed
next
case (FExists ©)
have o: (any, replicate n False) € (set 0 o ) n by (auto simp: o-def set-n-lists
image-iff )
from FExists(2) have wf: wf n (Pr (rexp-of (Suc n) ¢)) by (fastforce intro:
wf-rexp-of )
note lang-quot = lang-samequot-exec|OF wf o)
show ?Zcase
proof (intro equalityl subsetl)
fix z assume z € langw s1s n (FExists ¢)
then obtain w I p where
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x: x € enc (w, I) wf-interp-for-formula (w, I) (FExists @) length I = n (w,
Inlp # 1) ¢
unfolding langw s15-def by auto
with FFErists(2) have enc (w, Inl p # I) C 7L (Suc n) ¢
by (subst FEzists(1)[of Suc n, symmetric])
(fastforce simp del: enc.simps simp: langw s1s-def nth-Cons’ intro!: exI|of
-enc (w, Inl p # I)])+
thus © € ?L n (FEzists @) using %(1,2,3)
by (auto simp: lang-quot simp del: o-apply enc.simps elim: set-mp[OF
SAMEQUOT-mono[OF image-monol])
next
fix © assume z € ?L n (FEzists )
then obtain z’ m where 2’ € ?L (Suc n) ¢ and
z: = fin-cutSame (any, replicate n False) (map m z') Q replicate m (any,
replicate n False)
by (auto simp: lang-quot SAMEQUOT-def simp del: o-apply enc.simps)
with FFEzists(2) have z’ € langws1s (Suc n) ¢
by (intro subsetD|OF equalityD2|OF FEzists(1)], of Suc n z])
(auto split: split-if-asm sum.splits)
then obtain w I’ where
x: x’ € enc (w, 1) wf-interp-for-formula (w, I') ¢ length I' = Suc n (w, I)
o
unfolding langw s1s-def by blast
moreover then obtain Iy I where I’ = [y # I by (cases I') auto
moreover with FExists(2) x(2) obtain p where Iy = Inl p
by (auto simp: nth-Cons’ split: sum.splits split-if-asm)
ultimately have z € enc (w, I) wf-interp-for-formula (w, I) (FEzists ¢)
length I = n
(w, I) = FEzists ¢ using FFEzists(2) fin-cutSame-tl[OF ex-Loop-stream-enc,
of Inl p # I w]
unfolding z by (auto simp add: w-def nth-Cons’ split: split-if-asm)
thus z € langws1s n (FEzists ¢) unfolding langw s1s-def by (auto intro!:
exl[of - I])
qed
next
case (FEXISTS o)
have o: (any, replicate n False) € (set 0o 0 3) n by (auto simp: o-def set-n-lists
image-iff)
from FEXISTS(2) have wf: wf n (Pr (rexp-of (Suc n) ¢)) by (fastforce intro:
wf-rexp-of )
note lang-quot = lang-samequot-exec[OF wf o]
show ?Zcase
proof (intro equalityl subsetl)
fix © assume z € langws1s n (FEXISTS )
then obtain w I P where
x: ¢ € enc (w, I) wf-interp-for-formula (w, I) (FEXISTS ¢) length I = n
finite P (w, Inr P # 1) E ¢
unfolding langw s1s-def by auto
with FEXISTS(2) have enc (w, Inr P # I) C ?L (Suc n) ¢
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by (subst FEXISTS(1)[of Suc n, symmetric])
(fastforce simp del: enc.simps simp: langw s15-def nth-Cons’ intro!: exl|of
- enc (w, Inr P # I)])+
thus z € 7L n (FEXISTS ¢) using %(1,2,5,4)
by (auto simp: lang-quot simp del: o-apply enc.simps elim: set-mp[OF
SAMEQUOT-mono[OF image-monol])
next
fix x assume = € ?L n (FEXISTS o)
then obtain z’ m where 2’ € ?L (Suc n) ¢ and
z: = fin-cutSame (any, replicate n False) (map m z') Q replicate m (any,
replicate n False)
by (auto simp: lang-quot SAMEQUOT-def simp del: o-apply enc.simps)
with FEXISTS(2) have z’ € langws1s (Suc n) ¢
by (intro subsetD|OF equalityD2[OF FEXISTS(1)], of Suc n z'])
(auto split: split-if-asm sum.splits)
then obtain w I’ where
x: ' € enc (w, I') wf-interp-for-formula (w, I') ¢ length I' = Suc n (w, I)
=
unfolding langw s15-def by blast
moreover then obtain Iy I where I’ = [y # I by (cases I') auto
moreover with FEXISTS(2) %(2) obtain P where Iy = Inr P finite P
by (auto simp: nth-Cons’ split: sum.splits split-if-asm)
ultimately have z € enc (w, I) wf-interp-for-formula (w, I) (FEXISTS )
length I = n
(w, I) |E FEXISTS ¢ using FEXISTS(2) fin-cutSame-tl[OF ex-Loop-stream-enc,
of Inr P # I
unfolding z by (auto simp: nth-Cons’ w-def split: split-if-asm)
thus z € langws1s n (FEXISTS ¢) unfolding langw s1s-def by (auto intro!:
exl[of - I])
qed
qed

lemma wf-rexp-of-alt: wf-formula n ¢ = wf n (rexp-of-alt n )
by (induct ¢ arbitrary: n)
(auto simp: wf-rexp-ENC intro: wf-rexp-arbitrary-except intro!: wf-samequot-exec,
auto simp: o-def set-n-lists image-iff)

lemma wf-rexp-of : wf-formula n ¢ = wf n (rexp-of ' n ¢)
unfolding rexp-of '-def by (auto intro: wf-rexp-of-alt wf-rexp-ENC')

lemma ENC-FNot: ENC n (FNot ¢) = ENC n ¢
unfolding ENC-def by auto

lemma ENC-FAnd:

wf-formula n (FAnd ¢ ) = lang n (ENC n (FAnd ¢ 1)) C lang n (ENC n )
N lang n (ENC n )
proof

fix x assume wf: wf-formula n (FAnd ¢ ¢) and z: « € lang n (ENC n (FAnd

© )
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hence wf1: wf-formula n ¢ and wf2: wf-formula n ¢ by auto
from z obtain w I where I: z € enc (w, I) wf-interp-for-formula (w, I) (FAnd
© V) length I = n
using lang-ENC[OF wf] by auto
hence wf-interp-for-formula (w, I) ¢ wf-interp-for-formula (w, I) v
using wf-interp-for-formula-FAnd by auto
thus z € lang n (ENC n ¢) N lang n (ENC n )
unfolding lang-ENC[OF wf1] lang-ENC[OF wf2] using I by blast
qed

lemma ENC-FOr:
wf-formula n (FOr ¢ ¢) = lang n (ENC n (FOr ¢ 1)) C lang n (ENC n )
N lang n (ENC n 1)
proof
fix z assume wf: wf-formula n (FOr ¢ ¢) and z: z € lang n (ENC n (FOr ¢
¥))
hence wf1: wf-formula n ¢ and wf2: wf-formula n ¢ by auto
from z obtain w I where I: z € enc (w, I) wf-interp-for-formula (w, I) (FOr
© V) length I = n
using lang-ENC[OF wf] by auto
hence wf-interp-for-formula (w, I) ¢ wf-interp-for-formula (w, I) v
using wf-interp-for-formula-FOr by auto
thus z € lang n (ENC n o) N lang n (ENC n )
unfolding lang-ENC[OF wf1] lang-ENC[OF wf2] using I by blast
qed

lemma ENC-FFEzists:
wf-formula n (FExists ¢) = lang n (ENC n (FEzists ¢)) =
SAMEQUOT (any, replicate n False) (map ©  lang (Suc n) (ENC (Suc n) ¢))
(is - = 7L = 7R)
proof (intro equalityl subsetl)
fix z assume wf: wf-formula n (FEzists ¢) and z: z € 7L
hence wf1: wf-formula (Suc n) ¢ by auto
from z obtain w I where I: z € enc (w, I) wf-interp-for-formula (w, I)
(FEzists @) length I = n
using lang-ENC[OF wf] by auto
from I(2) obtain p where wf-interp-for-formula (w, Inl p # I) ¢
using wf-interp-for-formula-FEzists|OF wf|[folded 1(3)]] by blast
with I(3) show z € 7R
unfolding lang-ENC[OF wf1] using I(1) tl-enc[of Inl p I, symmetric]
by (simp del: enc.simps)
(fastforce simp del: enc.simps elim!: set-rev-mp[OF - SAMEQUOT-mono|OF
image-monol]
intro: exl[of - enc (w, Inl p # I)])
next
fix ¢ assume wf: wf-formula n (FEzists ¢) and z: z € YR
hence wf1: wf-formula (Suc n) p and 0 € FOV ¢ by auto
from z obtain w I where I: x € SAMEQUOT (any, replicate n False) (map
7w ‘enc (w, I))
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wf-interp-for-formula (w, I) ¢ length I = Suc n
using lang-ENC|OF wf!] unfolding SAMEQUOT-def by fast
with (0 € FOV ) obtain p I’ where I": I = Inl p # I’ by (cases I) (fastforce
split: sum.splits)+
with I have wtll: z € enc (w, I') length I’ = n using tl-enclof Inl p I' w] by
auto
have wf-interp-for-formula (w, I') (FEzists ¢)
using wf-interp-for-formula-FEzists|OF wf [folded witll(2)]]
wf-interp-for-formula-any-Inl[OF 1(2)[unfolded 1] ..
with wtll show z € ?L unfolding lang-ENC[OF wf] by blast
qed

lemma ENC-FEXISTS:
wf-formula n (FEXISTS ¢) = lang n (ENC n (FEXISTS ¢)) =
SAMEQUOT (any, replicate n False) (map 7 lang (Suc n) (ENC (Suc n) ¢))
(is - = ?L = ?R)
proof (intro equalityl subsetl)
fix z assume wf: wf-formula n (FEXISTS ¢) and z: z € L
hence wf1: wf-formula (Suc n) ¢ by auto
from z obtain w I where I: z € enc (w, I) wf-interp-for-formula (w, I)
(FEXISTS ) length I = n
using lang-ENC|OF wf] by auto
from I(2) obtain P where wf-interp-for-formula (w, Inr P # I) ¢
using wf-interp-for-formula-FEXISTS[OF wf[folded I1(3)]] by blast
with I(3) show z € 7R
unfolding lang-ENC[OF wf1] using (1) tl-enc[of Inr P I, symmetric]
by (simp del: enc.simps)
(fastforce simp del: enc.simps elim!: set-rev-mp|OF - SAMEQUOT-mono[OF
image-monol|
intro: exl|of - enc (w, Inr P # T)])
next
fix z assume wf: wf-formula n (FEXISTS ¢) and z: z € R
hence wf1: wf-formula (Suc n) p and 0 € SOV ¢ by auto
from z obtain w I where I: x € SAMEQUOT (any, replicate n False) (map
m ‘enc (w, I))
wf-interp-for-formula (w, I) ¢ length I = Suc n
using lang-ENC[OF wfl] unfolding SAMEQUOT-def by fast
with <0 € SOV ) obtain P I’ where I: I = Inr P # I’ by (cases I) (fastforce
split: sum.splits)+
with I have wtll: z € enc (w, I') length I' = n using tl-enclof Inr P I’ w] by
auto
have wf-interp-for-formula (w, I') (FEXISTS ¢)
using wf-interp-for-formula-FEXISTS|[OF wf[folded wtlI(2)]]
wf-interp-for-formula-any-Inr|OF I(2)[unfolded 1] ..
with wtll show z € ?L unfolding lang-ENC[OF wf] by blast
qed

lemma langw s15-rexp-of-rexp-of .
wf-formula n ¢ = lang n (rexp-of n p) = lang n (rexp-of ' n ¥)
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unfolding rexp-of '-def proof (induction ¢ arbitrary: n)
case (FNot )
hence wf-formula n ¢ by simp
with FNot.IH show ?case unfolding rexp-of.simps rexp-of-alt.simps lang.simps
ENC-FNot by blast
next
case (FAnd o1 ¢2)
hence wf1: wf-formula n p; and wf2: wf-formula n ps by force+
from FAnd.IH(1)[OF wf1] FAnd.IH(2)[OF wf2] show ?case using ENC-FAnd[OF
FAnd.prems)
unfolding rexp-of .simps rexp-of-alt.simps lang.simps rexp-of-list.simps by blast
next
case (FOr ¢1 p2)
hence wf1: wf-formula n p; and wf2: wf-formula n ps by force+
from FOr.IH(1)[OF wfl] FOr.IH(2)[OF wf2] show ?case using ENC-FOr[OF
FOr.prems]
unfolding rexp-of .simps rexp-of-alt.simps lang.simps by blast
next
case (FExists o)
from FFEuzists(2) have IH: lang (n + 1) (rexp-of (n + 1) ¢) =
lang (n + 1) (Inter (rexp-of-alt (n + 1) ¢) (ENC (n + 1) ¢)) by (intro
FEzists.IH) auto
have o: (any, replicate n False) € (set 0 0 ¥) n by (auto simp: o-def set-n-lists
image-iff)
from FEzists(2) have wf: wf n (Pr (rexp.Inter (rexp-of-alt (n + 1) ¢) (ENC
(n+ 1) ¢)))
wf n (Pr (rexp-of (n + 1) ¢)) by (fastforce intro!: wf-rexp-of wf-rexp-of-alt
wf-rexp-ENC)+
note lang-quot = lang-samequot-exec[OF wf (1) o] lang-samequot-exec[ OF wf(2)
o
]
show ?case unfolding rexp-of.simps rexp-of-alt.simps lang.simps IH lang-quot
Suc-eq-plusi
ENC-FEzists|OF FEists.prems, unfolded Suc-eq-plusl] by (auto simp add:
SAMEQUOT-def)
next
case (FEXISTS o)
from FEXISTS(2) have IH: lang (n + 1) (recvp-of ( +1)p) =
lang (n + 1) (Inter (rexp-of-alt (n + 1) ¢) (ENC (n + 1) ¢)) by (intro
FEXISTS.IH) auto
have o: (any, replicate n False) € (set 0o o ¥) n by (auto simp: o-def set-n-lists
image-iff)
from FEXISTS(2) have wf: wfn (Pr (rexp.Inter (rexp-of-alt (n + 1) ¢) (ENC
(n+ 1) 9)))
wf n (Pr (rexp-of (n + 1) ¢)) by (fastforce intro: wf-rexp-of wf-rexp-of-alt
wf-rexp-ENC)+
note lang-quot = lang-samequot-exec|OF wf (1) o] lang-samequot-exec|OF wf(2)
o]
show ?case unfolding rexp-of.simps rexp-of-alt.simps lang.simps IH lang-quot
Suc-eq-plus1

123



ENC-FEXISTS[OF FEXISTS.prems, unfolded Suc-eq-plusl] by (auto simp
add: SAMEQUOT-def)
qed auto

theorem langw s1s-rexp-of "= wf-formula n o = langw s1s n © = lang n (rexp-of '

n )
unfolding langw s1s-rexp-of-rexp-of [symmetric] by (rule langw s1s-rexp-of)

end

end

11 Normalization of WS1S Formulas

fun nNot where

nNot (FNot @) = ¢
| nNot (FAnd o1 p2) = FOr (nNot 1) (nNot ¢2)
| nNot (FOr o1 ¢2) = FAnd (nNot ¢1) (nNot ¢2)
| nNot ¢ = FNot ¢

primrec norm where
norm (FQ a m) = FQ am
| norm (FLess m n) = FLess m n
| norm (FInm M) = FIn m M
| norm (FOr ¢ ¢) = FOr (norm @) (norm 1)
| norm (FAnd ¢ ) = FAnd (norm ¢) (norm )
| norm (FNot ¢) = nNot (norm @)
| norm (FExists ¢) = FEzxists (norm @)
| norm (FEXISTS ¢) = FEXISTS (norm )

context formula
begin

lemma satisfies-nNot[simp]: (w, I) |E nNot ¢ +— (w, I) E FNot ¢
by (induct ¢ rule: nNot.induct) auto

lemma FOV-nNot[simp]|: FOV (nNot ¢) = FOV (FNot )
by (induct ¢ rule: nNot.induct) auto

lemma SOV-nNot[simp]: SOV (nNot @) = SOV (FNot ¢)
by (induct ¢ rule: nNot.induct) auto

lemma pre-wf-formula-nNot[simp]: pre-wf-formula n (nNot @) = pre-wf-formula
n (FNot ¢)
by (induct ¢ rule: nNot.induct) auto

lemma FOV-norm[simp]: FOV (norm ¢) = FOV ¢
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by (induct ) auto

lemma SOV-norm[simp]: SOV (norm ¢) = SOV ¢
by (induct @) auto

lemma pre-wf-formula-norm|[simp]: pre-wf-formula n (norm @) = pre-wf-formula

ny
by (induct ¢ arbitrary: n) auto

lemma satisfies-norm[simpl: wl = norm ¢ +— wl = ¢
by (induct ¢ arbitrary: wl) auto

lemma langw g15-norm[simp|: langw s1s n (norm ¢) = langwsis n ¢
unfolding langw s1s-def by auto

end

end

12 Deciding Equivalence of WS1S Formulas

type-synonym ‘a T = 'a x bool list
abbreviation £ = AX. project.lang (set o (0 X)) 7

definition wf-rezp where [code del]:
wf-rexp ¥ = alphabet.wf (set o 0 X)

interpretation project set 0o 0 X
where alphabet.wf (set 0 0 X) = wf-rexp ¥
by (unfold-locales) (auto simp: o-def w-def wf-rexp-def)

el
definition norm-rderiv where [code del]: norm-rderiv = A\X. embed.rderiv (¢ X)
definition norm-rderiv-and-add where [code del]: norm-rderiv-and-add = A%
embed.rderiv-and-add (e X)
definition quot where [code del]: quot = A\X. embed.samequot-exec (¢ X)

definition norm-lderiv where [code del]: norm-lderiv = A\X. embed.lderiv (¢ X)

interpretation embed set o (o (X :: ’a :: linorder list)) w e X

where embed.lderiv (¢ ) = norm-lderiv 3

and embed.rderiv (e ) = norm-rderiv 3

and embed.rderiv-and-add (¢ ¥) = norm-rderiv-and-add ¥

and embed.samequot-exec (¢ X) = quot X

by (unfold-locales) (auto simp: norm-lderiv-def norm-rderiv-def norm-rderiv-and-add-def
quot-def o-def mw-def e-def)

definition norm-step’ where [code del]:
norm-step’ = A\3. equivalence-checker.step’ (o X) (¢ ¥) (Smart-Constructors-Normalization.norm
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i 'az:linorder T rexp = 'a T rexp)
definition norm-closure’ where [code del]:
norm-closure’ = AX. equivalence-checker.closure’ (o ¥) (e X) (Smart-Constructors-Normalization.norm
: ‘az:linorder T rexp = 'a T rexp)
definition norm-check-equ’ where [code del]:
norm-check-equ’ = A\X. equivalence-checker.check-equ’ (o X) (e X) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-step where [code del]:
norm-step = AX. equivalence-checker.step (o X) (e X) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-closure where [code del]:
norm-closure = AX. equivalence-checker.closure (o ¥) (€ ¥) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-check-equ where [code del]:
norm-check-equ = A\X. equivalence-checker.check-equ (o X) (e X) (Smart-Constructors-Normalization.norm
i 'az:linorder T rexp = 'a T rexp)
definition norm-check-equ-counterezample where [code del]:
norm-check-equ-counterexample = \X. equivalence-checker.check-equ-counterexample
(o ) (¢ ) (Smart-Constructors-Normalization.norm :: 'a::linorder T rexp = 'a
T rezp)

lemmas norm-defs = wf-rexp-def
norm-check-equ-def norm-closure-def norm-step-def norm-check-equ-countererample-def
norm-check-equ’-def norm-closure’-def norm-step’-def

interpretation norm: equivalence-checker o ¥ w e X Smart-Constructors-Normalization.norm
£5

where norm.check-equ’ = norm-check-equ’ 2

and norm.check-equ = norm-check-equ 3

and norm.check-equ-counterexample = norm-check-equ-counterexample %

and norm.closure’ = norm-closure’ ¥

and norm.closure = norm-closure %

and norm.step’ = norm-step’ 2

and norm.step = norm-step X

by unfold-locales (auto simp: norm-defs trans|OF lang-norm[OF iffD2[OF ACI-norm-wf]]
ACI-norm-lang])

abbreviation ext ¥ = None # map Some (¥ :: 'a :: linorder list)

definition any where [code del]:
any = AX. formula.any (ext X)
definition pre-wf-formula where [code del]:
pre-wf-formula = \X. formula.pre-wf-formula (ext X)
definition wf-formula where [code del]:
wf-formula = AX. formula.wf-formula (ext )
definition valid-ENC where [code del]: valid-ENC = A\X. formula.valid-ENC' (ext
)
definition ENC where [code del]: ENC = A\X. formula. ENC (ext X)
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definition rezp-of where [code del]: rexp-of = AX. formula.rexp-of (ext X)
definition rexzp-of-alt where [code del]: rexp-of-alt = AX. formula.rexp-of-alt (ext
)

definition rexzp-of ' where [code del]: rexp-of ' = AX. formula.rexp-of ' (ext X)

lemmas formula-defs = pre-wf-formula-def wf-formula-def any-def
rexp-of-def rexp-of '-def rexp-of-alt-def ENC-def valid-ENC-def FOV-def SOV-def

interpretation ®: formula ext (X :: ‘a :: linorder list)

where alphabet.wf (set o 0 X) = wf-rexp ¥

and embed.rderiv (e ) = norm-rderiv X

and embed.rderiv-and-add (¢ ¥) = norm-rderiv-and-add X

and embed.samequot-exec (¢ 3) = quot X

and ®.any = any X

and ®.pre-wf-formula = pre-wf-formula X

and O.wf-formula = wf-formula ¥

and ®.rexp-of = rezp-of X

and ®.rexp-of-alt = rexp-of-alt X

and ®.rezp-of ' = rexp-of ' ¥

and ®.valid-ENC = valid-ENC %

and ®.ENC = ENC %

by unfold-locales

(auto simp: o-def w-def wf-rexp-def norm-rderiv-def norm-rderiv-and-add-def

quot-def formula-defs)

definition check-equ where
check-equ ¥ n o ¥ +— wf-formula X n (FOr ¢ ¢) A
norm-check-equ’ (ext ) n (rexp-of X n (norm @)) (rexp-of ¥ n (norm 1))

definition check-equ-counterexample where
check-equ-counterexample ¥ n ¢ 1p =
norm-check-equ-counterexample (ext ¥) n (rexp-of X n (norm ¢)) (rexp-of ¥ n

(norm 1))

definition check-equ’ where
check-equ’ ¥ n @ ) +— wf-formula ¥ n (FOr ¢ ¥) A
norm-check-equ’ (ext 3) n (rexp-of ' ¥ n (norm ¢)) (rexp-of ' ¥ n (norm 1))

lemmas langw g15-rexp-of-norm = trans|OF sym[OF ®.langw s15-norm] ®.langw s1s-rexp-of ]
lemma soundness: check-equ ¥ n ¢ v = ®.langwsi1s X n ¢ = P.langwsis =
n

by (rule boz-equals|OF norm.soundness’

sym[OF trans| OF langw s1s-rexp-of-norm]| sym[OF trans| OF langw s1s-rexp-of-norm]]])

(auto simp: check-equ-def split: sum.splits option.splits)

lemmas langw s1s-rexp-of '-norm = trans[OF sym[OF ®.langw s15-norm] ®.langw s1s-rexp-of )
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lemma soundness’: check-equ’ X n ¢ v = ®.langwsis X n ¢ = langwsis X
n
by (rule box-equals|OF norm.soundness’
sym[OF trans|OF langw s1s-rexp-of '-norm]| sym[OF trans|OF langw s15-rexp-of -norm]]])
(auto simp: check-equ’-def split: sum.splits option.splits)

lemma completeness:
assumes D.langwsi1s X n ¢ = P.langwsis ¥ n ¥ wf-formula ¥ n (FOr ¢ )
shows check-equ X n ¢ ¥
using assms(2) unfolding check-equ-def
by (intro conjI[OF assms(2) norm.completeness’,
OF boz-equals[OF assms(1) langw s1s-rexp-of-norm langw s1s-rexp-of-norm]|)
(auto split: sum.splits option.splits introl: ®.wf-rexp-of )

lemma completeness’:
assumes D.langwsis X n ¢ = Plangwsis X n ¥ wi-formula ¥ n (FOr ¢ )
shows check-equ’ ¥ n o 9
using assms(2) unfolding check-equ’-def
by (intro conjI[OF assms(2) norm.completeness’,
OF boz-equals|OF assms(1) langw s1s-rexp-of '-norm langw s1s-rexp-of '-norm]])
(auto split: sum.splits option.splits introl: ®.wf-rexp-of ')

end
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