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Real-world examples

e 2004: Avigad verifies in Isabelle:

(Ax. pi x x 1n (real x) / (real x)) ————> 1
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Real-world examples

e 2004: Avigad verifies in Isabelle:
(Ax. pi x x 1n (real x) / (real x)) ————> 1
i.e. the prime number theorem

im 7(x)Inx _

X—00 X

1

e 2009: Holzl uses 1061 explicit conversions in a single theory
e Both report “headaches”
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Solution: coercive structural subtyping

Related work

e Subtyping part of the type system:
Mitchell, Fuh & Mishra, Wand & O’Keefe, Pottier, Simonet

Cardelli, Pratt & Tiuryn, Luo, KieBling, Frey, Benke, Barthe, Chen
Reynolds, Swamy, Hicks & Bierman, Nordlander, Shields & Peyton Jones
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Solution: coercive structural subtyping

Related work

e Subtyping part of the type system:
Mitchell, Fuh & Mishra, Wand & O’Keefe, Pottier, Simonet

Cardelli, Pratt & Tiuryn, Luo, KieBling, Frey, Benke, Barthe, Chen
Reynolds, Swamy, Hicks & Bierman, Nordlander, Shields & Peyton Jones

e Incomplete coercion inference system:
Saibi, Luo
e Complete coercion inference system:
this publication
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The Hindley-Milner typing rules remain unchanged:
No subtypes here

Type inference is extended with coercion inference
and coercion insertion
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Our coercion inference system

Coercions: N <:pea1 R
Lifted by map functions: N /ist <:pap rea1 R list
Programmer inputs terms omitting coercions

The system infers and inserts coercions
Result is well-typed according to Hindley-Milner
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Our coercion inference system

Coercions: N <:pea1 R
Lifted by map functions: N /ist <:pap rea1 R list
Programmer inputs terms omitting coercions

The system infers and inserts coercions
Result is well-typed according to Hindley-Milner

The coercion inference system:

¢ is sound and complete
e does not change the underlying type system
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Local coercion insertion

e Usejudgementl'Ft~u: 7

e |Idea: insert coercions whenever the function’s domain does not
match the argument type:

Fty~uq:m1— T2 Fto~un:m To <ic T{1

Ftqta~ug(cug): 72



Why coercions? A naive algorithm Constraint-based algorithm Conclusion
0000 ®00 o

Local coercion insertion

e Usejudgementl'Ft~u: 7

e |Idea: insert coercions whenever the function’s domain does not
match the argument type:

Fty~uq:m1— T2 Fto~un:m To <ic T{1

Ftqta~ug(cug): 72

e Usedin Coq
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Problematic example

Example: 1eg i nvs. leg n i

e Signatures: leg::a—wa—B,n:Nandi:Z
e Declared coercion: N <:;, Z

Conclusion
o
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Problematic example

Example: 1eg i nvs. leg n i

e Signatures: leg::a—a—B,n::Nandi:Z
e Declared coercion: N <:i,c Z
e Correctly, leq i nbecomes leqg i (int n), as
e leqg 1i::Z—B
e n: N
¢ Unfortunately, the coercion inference of 1eq n i fails, as
e legn:N—B
e i:7Z
e no coercion from Z to N
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This is “normal” behaviour of coercions.

Coq Reference Manual
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The subtyping pipeline

term f,

Constraint
generation ( Weak unification test

context I r-t: > S

Y

[ Constraint simplification

4

[ Build constraint graph

Y

[ Constraint resolution

Coercion generation '
term u, and insertion 4—( Unification

type 67, or - 0 X
context 6I L tou:or J
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The subtyping pipeline

term t, Weak unification test )
context I

( Constraint simplification )

( Build constraint graph )

( Constraint resolution )

Coercion generation
and insertion

| or-ot~ u:o0r |

term u,
type 67,
context I

<—( Unification )
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Constraint generation

T D> Sy Fto:op> S a, B fresh

Ftq

to: > SIUSU{T =a — f,0 < a}



Constraint-based algorithm

Why coercions? A naive algorithm
080000000

0000 [e]e]e}

Constraint generation

Fty:7> S Fto:op> S a, B fresh
Ftq t22,3[>S1U52U{7'i04—>[)),0'<105}

Example: 1eg n 1

Conclusion
o

legi:a—a—B n:N
Fleg:a—a—Br>0 Fn:N>( A
Fleg n:fB>{a—a—B=a— f, N< as} Fi:Z>0

a—a—B = ax— B,
Flegn i:81> % <:: Z;,%ﬁh
7 <: oy
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The subtyping pipeline

Input Constraint
term t generation

context I | r-t:r> 8

( Build constraint graph

~—

( Constraint resolution )

Coercion generation
and insertion

| or-ot~ u:or

term u,
type 67,
context I

Unification

—/
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e Goal: only atomic constraints o <: g, a <: T, T <: «
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Constraint simplification

e Goal: only atomic constraints a <: 8, a <: T, T <: «

oclist<:tlist & o<:71
01 202 <:T{ 7 T2 & T <.0{ andag <! To
a<:Tlist & 3Fd'.a=d listhd list<: T list

e = corresponds to simplification
e < corresponds to coercion generation
e variances are derived from map functions
e map :: (a — B) — a list — 3 list
e \f g h. g oh o f::
(B1 = 1) = (a2 = B2) = (a1 = a2) = (B1 — Be)
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Weak unification

a<: alist & 3d.a=4d listand o list <: « list
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Weak unification

a<: alist & 3d.a=4d listand o list <: « list
< Jo.a=d listand o <: «
s o < d list
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Weak unification

a<:alist & 3Fa.a=4d listand o list <: « list
< Jo.a=d listand o <: «
s o < d list

o Simplification process does not terminate
¢ Not solvable with structural coercions
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Weak unification

a<:alist & 3Fa.a=4d listand o list <: « list
< Jo.a=d listand o <: «
& o < d list

Simplification process does not terminate

Not solvable with structural coercions

Weak unification := unification after identifying all base types
Initial constraint set weakly unifiable = termination proof
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Constraint simplification (example)
Example: 1eg n 1
{a—wa—=B=ay— P, fo=a1 = f1, N<iap, Z <: a1}
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Constraint simplification (example)
Example: 1eg n 1
{a—wa—=B=ay— P, fo=a1 = f1, N<iap, Z <: a1}
U
{N< o, Z<:a}
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Constraint simplification (example)

Example: 1eg n 1

{a—wa—=B=ay— P, fo=a1 = f1, N<iap, Z <: a1}

{N< o, Z<:a}

N

Constraint graph

Constraint-based algorithm
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4
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Z

Conclusion
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Constraint simplification (example)

Example: 1eg n 1

{a—wa—=B=ay— P, fo=a1 = f1, N<iap, Z <: a1}

{N< o, Z<:a}

Constraint-based algorithm
0000@0000

4

4

Z

/\

N

Constraint graph

Z

Conclusion
o
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The subtyping pipeline

Constraint
generation Weak unification test )
. rrt:r>8S |

term t,
context '

[ Constraint simplification ]

[ Build constraint graph ]

Coercion generation
term u,

and insertion L—( Unification )

type O, or - o 0
context oI L Lo u: 07 J
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Constraint resolution

base type successors variable successors

Gl [ O e ()

variable predecessors base type predecessors

e Compute the intersection of sets of all supertypes of base type
predecessors of o

e Assign a the “smallest” type from the intersection
e Check that the assignment is subtype of all base type successors
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Constraint resolution (example)

N C

=

Constraint graph Partial order on base types

R N
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Constraint resolution (example)

R N C
[
R B N
Constraint graph Partial order on base types

e Possibly, the algorithm assigns « the type R first
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Constraint resolution (example)

//v]R

Constraint graph Partial order on base types

R N N

e Possibly, the algorithm assigns « the type R first
e Then 3 is assigned the infimum of {N, R}
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Constraint resolution (example)

(a) N C
/ R

Constraint graph Partial order on base types

R N

e Same constraints, different coercion declarations
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Why coercions?

Constraint resolution (example)

R N C
/ -
R B N
Constraint graph Partial order on base types

e Same constraints, different coercion declarations
e Then, there is no allowed assignment for 3
= Coercion inference fails
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Constraint resolution (example)

C N C
A A
/ -
R N N
Constraint graph Partial order on base types

e Same constraints, different coercion declarations
e Then, there is no allowed assignment for 3

= Coercion inference fails
e But: {a — C, g~ N} is a solution
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The subtyping pipeline

term f,

Constraint
generation ( Weak unification test

context I r-t: > S

Y

[ Constraint simplification

4

[ Build constraint graph

Y

[ Constraint resolution

Coercion generation '
term u, and insertion 4—( Unification

type 67, or - 0 X
context 6I L tou:or J
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e Total correctness
e The algorithm terminates for any input t and I
e The output term u has type 07 in context oI

o Completeness

o Assumption: subtyping relation is a disjoint union of lattices
o If t can be coerced to a well-typed term u in the context I',
then the algorithm will output a term u”’
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Correctness & Completeness

e Total correctness

e The algorithm terminates for any input t and I
e The output term u has type 07 in context oI
o Completeness
o Assumption: subtyping relation is a disjoint union of lattices
o If t can be coerced to a well-typed term u in the context I',
then the algorithm will output a term u’
e Can’t guarantee u = u’
e = refined notion of completeness
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Ambiguity example

Example: sin (- n)

e Signatures: sin::R—R,-::a—aandn :: N
e Declared coercion: N <: .1 R
e Two possible output terms:

e sin (real (- n))
e sin (- (real n))

Conclusion
o
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e Necessary coercions in Holzl’s theory

- 1061
Q
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Q
Q
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Q
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inference based



Thank you for your attention!

Questions?
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Another ambiguity example

Example: sin (- n)

e Signatures: sin:R—R, - a—aandn N
e Declared coercions: N <:i,¢ Z, Z <:rea1 R
e Derived coercion: N <:;ca1 o int R
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Another ambiguity example

Example: sin (- n)

Signatures: sin: R— R, - a—«aandn :: N
Declared coercions: N <:int Z, Z <:yea1 R
Derived coercion: N <:yca1 o int R

Two possible output terms:

e sin ((real o int) (- n)))
e sin (- ((real o int) n)))

Impossible output term:

e sin (real (- (int n)))
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Coercive subtyping and /et-polymorphism

Example: let £ = s in u
where s = Ax. if x > n A sin x > r then x else x

andu = (Suc (f n), f r)

e Signatures: ¥(sin) =R — R, ¥(Suc) =N —= N,
YG)=a—a—B,X(n)=Nand X(r)=R

e Declared coercion: N <:,.,1 R
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Example: let £ = s in u
where s = Ax. if x > n A sin x > r then x else x
andu = (Suc (f n), f r)

e Signatures: ¥(sin) =R — R, ¥(Suc) =N —= N,
YG)=a—a—B,X(n)=Nand X(r)=R

e Declared coercion: N <:,.,; R

e Possible typesfors: N —-NandR — R

¢ Any algorithm that only inserts coercions has to choose one type
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Coercive subtyping and /et-polymorphism

Example: let £ = s in u
where s = Ax. if x > n A sin x > r then x else x
andu = (Suc (f n), f r)

e Signatures: ¥(sin) =R — R, ¥(Suc) =N —= N,
YG)=a—a—B,X(n)=Nand X(r)=R

Declared coercion: N <:,.,; R

Possible types for s: N —+ Nand R — R

Any algorithm that only inserts coercions has to choose one type
let £ = s in uis not coercible either way

On the other hand u[s/f] can be coerced
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