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1 Sum

definition pls :: stream = stream = stream where

(x5, ys)

lemma head-pls[simp]: head (pls xs ys) = head xs + head ys

stmp

lemma tail-pls[simp]: tail (pls zs ys) = pls (tail zs) (tail ys)

10

12
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16

pls xs ys = dtor-corec-J (A(zs, ys). (head xs + head ys, Inr (tail zs, tail ys)))

unfolding pls-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by



unfolding pls-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by
s1mp

lemma pls-code[code]: pls xs ys = SCons (head xs + head ys) (pls (tail xzs) (tail

ys))

by (metis J.ctor-dtor prod.collapse head-pls tail-pls)

lemma pls-uniform: pls xs ys = algol (zs, ys)

unfolding pls-def

apply (rule fun-cong|OF sym|[OF J.dtor-corec-unique]])

unfolding algo!

by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def fun-eq-iff convol-def
ol-def algo1-def)

2 Onetwo

definition onetwo :: stream where

onetwo = corecUUO (A-. GUARDO (1, SCONSO (2, CONTO ()))) ()

lemma onetwo-code[code]: onetwo = SCons 1 (SCons 2 onetwo)
apply (subst onetwo-def)
unfolding corecUU0O
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval0-leaf0’
o0-eq-dest[OF eval0-gg0] o-eq-dest|OF gg0-natural] onetwo-def)

definition onetwo’ :: stream where
onetwo’ = corecUUO (A-. SCONSO (1, GUARDO (2, CONTO ()))) ()

lemma onetwo’-code[code]: onetwo’ = SCons 1 (SCons 2 onetwo’)
apply (subst onetwo’-def)
unfolding corecUU0O
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval0-leaf0’
o0-eq-dest[OF eval0-gg0] o-eq-dest|OF gg0-natural] onetwo’-def)

definition stutter :: stream where
stutter = corecUU1 (A-. SCONSI (1, GUARDI1 (1, PLS1 (CONT1 (), CONT1

0N) 0

lemma stutter-code[code]: stutter = SCons 1 (SCons 1 (pls stutter stutter))
apply (subst stutter-def)
unfolding corecUU1 prod.case
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leaf1’
evall-op1 algA1-Inr o-eq-dest[OF Abs-X 1-natural
o0-eq-dest|OF evall-gg1] o-eq-dest|OF ggl-natural] pls-uniform stutter-def)

3 Shuffle product

definition prd :: stream = stream = stream where



prd xs ys = corecUUI (A(zs, ys). GUARDI1 (head s * head ys,
PLS1 (CONT1 (zs, tail ys), CONTI (tail zs, ys)))) (xs, ys)

lemma head-prd[simp): head (prd zs ys) = head xzs * head ys
unfolding prd-def corecUU1
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leaf1")

lemma tail-prd[simp]: tail (prd zs ys) = pls (prd xs (tail ys)) (prd (tail zs) ys)
apply (subst prd-def)
unfolding corecUU1 prod.case
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leaf1’
evall-op1 algA1-Inr o-eq-dest| OF Abs-X1-natural] pls-uniform prd-def)

lemma prd-code[code]: prd zs ys = SCons (head zs = head ys) (pls (prd zs (tail

ys)) (prd (tail xs) ys))
by (metis J.ctor-dtor prod.collapse head-prd tail-prd)

lemma prd-uniform: prd zs ys = algo?2 (xs, ys)
unfolding prd-def
apply (rule fun-cong[OF sym|[OF corecUUI-unique]])
apply (rule iff D1[OF dtor-J-o-inj])
unfolding algo2
apply (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def fun-eq-iff J.dtor-ctor
02-def Let-def convol-def eval2-op2 evall-op1 evall-leafl’
0-eq-dest[ OF Abs-% 1-natural] o-eq-dest[OF Abs-X.2-natural] algA2-Inl algo2-def)
done

abbreviation scale n s = prd (sconst n) s

4 Exponentiation

definition FEzp :: stream = stream where
Ezp = corecUU2 (Axs. GUARD2 (exp (head zs), PRD2 (END2 (tail zs), CONT2

as)))

lemma head-Ezxp[simp|: head (Exp xs) = exp (head xs)
unfolding FExp-def corecUU2
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval2-leaf2")

lemma tail-Exp[simp): tail (Fzp xs) = prd (tail zs) (Ezp zs)
apply (subst Exp-def)
unfolding corecUU2
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval2-leaf2’
eval2-op2 algA2-Inr o0-eq-dest|OF Abs-X2-natural] prd-uniform Exp-def)

lemma Fzp-code[code]: Fxp xs = SCons (exp (head xs)) (prd (tail zs) (Exp xs))
by (metis J.ctor-dtor prod.collapse head-Exp tail-Exp)

lemma Ezxp-uniform: Exp zs = alge3 (I xs)



unfolding Ezp-def

apply (rule fun-cong[OF sym[OF corecUU2-unique]])

apply (rule iff D1[OF dtor-J-o-inj])

unfolding algo3 o-def[symmetric] o-assoc

apply (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def fun-eq-iff J.dtor-ctor
03-def Let-def convol-def eval3-0p3 eval2-op2 eval2-leaf2’ eval3-leaf3’
o0-eq-dest| OF Abs-X.2-natural] o-eq-dest| OF Abs-¥3-natural] algA3-Inl algoe3-def)

done

5 Supremum

definition sup :: stream fset = stream where
sup = dtor-corec-J (AF. (fMax (head |‘| F), Inr (tail |‘| F)))

lemma head-sup[simp]: head (sup F) = fMax (head |‘| F)
unfolding sup-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by
s1mp

lemma tail-sup[simp]: tail (sup F) = sup (tail |‘| F)
unfolding sup-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by
stmp

lemma sup-code[code]: sup F = SCons (fMax (head |‘| F)) (sup (tail |‘| F))
by (metis J.ctor-dtor prod.collapse head-sup tail-sup)

lemma sup-uniform: sup F = algo4 F

unfolding sup-def

apply (rule fun-cong[OF sym[OF J.dtor-corec-unique)])

unfolding algo4

by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def fun-eq-iff convol-def
04-def algo4-def o-def)

6 Skewed product

definition prd’ :: stream = stream = stream where
prd’ zs ys = corecUU5 (A(zs, ys). GUARDS (head xs * head ys,
PRD5 (CONTS5 (ws, tail ys), PLS5 (ENDS (tail zs), ENDS5 ys)))) (zs, ys)

lemma prd’-uniform: prd’ zs ys = algo5 (s, ys)

unfolding prd’-def

apply (rule fun-cong[OF sym|[OF corecUU5-unique]])

apply (rule iff D1[OF dtor-J-o-inj])

unfolding alge

apply (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def fun-eq-iff J.dtor-ctor

o5-def Let-def convol-def eval5-op5 evalj-op4 eval3-op3 eval2-0p2 evall-opl
evalb-leafs’
o0-eq-dest[OF Abs-% 1-natural] o-eq-dest|OF Abs-X.2-natural] o-eq-dest| OF Abs-% 3-natural]
o0-eq-dest| OF Abs-Y¥/-natural] o-eq-dest[OF Abs-Y5-natural] algA5-Inl algo5-def)



done

lemma head-prd’[simp]: head (prd’ xzs ys) = head xs = head ys
unfolding prd’-def corecUUS
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval5-leaf5 ")

lemma tail-prd [simp]|: tail (prd’ zs ys) = prd’ (prd’ zs (tail ys)) (pls (tail xs) ys)
apply (subst prd’-def, subst (2) prd’-uniform)
unfolding corecUUS prod.case
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor
eval5-0ps evalf-op4 eval3-0p3 eval2-o0p2 evall-opl evals-leafs’
algA5-Inr algA5-Inl algA4-Inl algA3-Inl algA2-Inl algA1-Inr
0-eq-dest[OF Abs-Y5-natural] o-eq-dest|OF Abs-X4-natural]
o0-eq-dest|OF Abs-Y.3-natural] o-eq-dest|OF Abs-Y.2-natural] o-eg-dest[OF
Abs-X 1-natural]
pls-uniform prd’-def)

lemma prd’-code[code]:
prd’ xs ys = SCons (head zs x head ys) (prd’ (prd’ zs (tail ys)) (pls (tail zs) ys))
by (metis J.ctor-dtor prod.collapse head-prd’ tail-prd”)

7 Coinduction Up-To Congruence

lemma SCons-uniform: SCons x s = eval0 (gg0 (z, leaf0 s))
by (rule iffD1[OF J.dtor-inject])
(simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor o-eq-dest|OF
eval0-gg0] eval0-leaf0’)

lemma genCngdd0-SCons: [x1 = x2; genCngdd0 R xsl 1s2] =
genCngdd0 R (SCons x1 xzs1) (SCons x2 xs2)
unfolding SCons-uniform
apply (rule genCngdd0-eval0)
apply (rule rel-funD[OF gg0-transfer])
unfolding rel-pre-J-def BNF-Comp.id-bnf-comp-def vimage2p-def
apply (rule rel-funD][OF rel-funD[OF Pair-transfer], rotated))
apply (erule rel-funD[OF leaf0-transfer))
apply assumption
done

lemma genCngdd0-genCngddl: genCngdd0 R zs ys = genCngddl R zs ys

unfolding genCngdd0-def cngdd0-def cptdd0-def genCngdd1-def cngddl-def cptddi-def
evall-embL 1 [symmetric]

apply (intro alll impl)

apply (erule conjE)+

apply (drule spec)

apply (erule mp congl)+

apply (erule rel-funD[OF rel-funD[OF comp-transfer]])

apply (rule embL1-transfer)

done



lemma genCngdd1-SCons: [x1 = x2; genCngddl R xsl 1s2] =
genCngddl R (SCons x1 xs1) (SCons z2 xs2)
apply (subst I1.idem-Cl[symmetric])
apply (rule genCngdd0-genCngdd1)
apply (rule genCngdd0-SCons)
apply auto
done

lemma genCngdd1-pls: [genCngddl R xs1 zs2; genCngddl R ysl ys2] —
genCngddl R (pls xs1 ys1) (pls zs2 ys2)
unfolding pls-uniform algol-def o-apply
apply (rule genCngdd1-evall)
apply (rule rel-funD[OF K1-as-X% I-transfer])
apply simp
done

lemma genCngdd1-genCngdd2: genCngddl R zs ys = genCngdd2 R zs ys

unfolding genCngdd1-def cngdd1-def cptdd1-def genCngdd2-def cngdd2-def cptdd2-def
eval2-embL2[symmetric]

apply (intro alll impl)

apply (erule conjE)+

apply (drule spec)

apply (erule mp congl)+

apply (erule rel-funD|[OF rel-funD[OF comp-transfer]])

apply (rule embL2-transfer)

done

lemma genCngdd2-SCons: [x1 = x2; genCngdd2 R xsl 1s2] =
genCngdd2 R (SCons x1 xs1) (SCons z2 xs2)
apply (subst I2.idem-Cl[symmetric])
apply (rule genCngdd1-genCngdd2)
apply (rule genCngdd1-SCons)
apply auto
done

lemma genCngdd2-pls: [genCngdd2 R xs1 xs2; genCngdd2 R ysl ys2] —
genCngdd2 R (pls xs1 ys1) (pls zs2 ys2)
apply (subst I2.idem-Cl[symmetric])
apply (rule genCngdd1-genCngdd?2)
apply (rule genCngdd1-pls)
apply auto
done

lemma genCngdd2-prd: [genCngdd2 R zs1 xs2; genCngdd2 R ys1 ys2] =
genCngdd2 R (prd xs1 ys1) (prd xzs2 ys2)
unfolding prd-uniform algo2-def o-apply
apply (rule genCngdd2-eval2)
apply (rule rel-funD[OF K2-as-XX2-transfer])



apply simp
done

lemma genCngdd2-genCngdd3: genCngdd2 R zs ys = genCngdd3 R xs ys
unfolding genCngdd2-def cngdd2-def cptdd2-def genCngdd3-def cngdd3-def cptdd3-def
eval3-embL3[symmetric)

apply (intro alll impl)

apply (erule conjE)+

apply (drule spec)

apply (erule mp congl)+

apply (erule rel-funD[OF rel-funD[OF comp-transfer]])

apply (rule embL3-transfer)

done

lemma genCngdd3-SCons: [x1 = x2; genCngdd3 R xsl 1s2] =
genCngdd3 R (SCons x1 zs1) (SCons z2 1s2)
apply (subst 13.idem-Cl[symmetric])
apply (rule genCngdd2-genCngdd3)
apply (rule genCngdd2-SCons)
apply auto
done

lemma genCngdd3-pls: [genCngdd3 R zs1 1s2; genCngdd3 R ys1 ys2] —
genCngdd3 R (pls xs1 ys1) (pls zs2 ys2)
apply (subst 13.idem-Cl[symmetric])
apply (rule genCngdd2-genCngdd3)
apply (rule genCngdd2-pls)
apply auto
done

lemma genCngdd3-prd: [genCngdd3 R xzsl xs2; genCngdd3 R ys1 ys2] —
genCngdd3 R (prd xsl ys1) (prd zs2 ys2)
apply (subst 13.idem-Cl[symmetric])
apply (rule genCngdd2-genCngdd3)
apply (rule genCngdd2-prd)
apply auto
done

lemma genCngdd3-Exp: genCngdd3 R xs ys —>
genCngdd3 R (Exp zs) (Exp ys)
unfolding Ezp-uniform algo3-def o-apply
apply (rule genCngdd3-eval3)
apply (rule rel-funD[OF K3-as-$% 3-transfer])
apply simp
done

lemma genCngdd3-genCngddj: genCngdd3 R zs ys = genCngddj R xs ys
unfolding genCngdd3-def cngdd3-def cptdd3-def genCngdd4-def cngddj-def cptdd4-def
eval4-embL4 [symmetric]



apply (intro alll impl)

apply (erule conjE)+

apply (drule spec)

apply (erule mp congl)+

apply (erule rel-funD[OF rel-funD[OF comp-transfer]])
apply (rule embL4-transfer)

done

lemma genCngdd4-SCons: [x1 = x2; genCngdd4 R xsl 1s2] =
genCngddj R (SCons x1 xzs1) (SCons x2 xs2)
apply (subst 14 .idem-Cl[symmetric])
apply (rule genCngdd3-genCngdd4)
apply (rule genCngdd3-SCons)
apply auto
done

lemma genCngdd4-pls: [genCngdd4 R xsl xs2; genCngdd4 R ys1 ys2] =
genCngddj R (pls xs1 ys1) (pls zs2 ys2)
apply (subst I} .idem-Cl[symmetric])
apply (rule genCngdd3-genCngdd)
apply (rule genCngdd3-pls)
apply auto
done

lemma genCngdd4-prd: [genCngdd4 R xzsl xs2; genCngddj R ys1 ys2] —
genCngddj R (prd zsl ys1) (prd xzs2 ys2)
apply (subst 14 .idem-Cl[symmetric])
apply (rule genCngdd3-genCngdd4)
apply (rule genCngdd3-prd)
apply auto
done

lemma genCngdd4-Exp: genCngdd4 R xs ys =
genCngddj R (Exp zs) (Exp ys)
apply (subst I} .idem-Cl[symmetric])
apply (rule genCngdd3-genCngdd)
apply (rule genCngdd3-Exp)
apply auto
done

lemma genCngddj-sup: rel-fset (genCngdd4 R) zs ys =
genCngddj R (sup xs) (sup ys)
unfolding sup-uniform algo4-def o-apply
apply (rule genCngdd4-evals)
apply (rule rel-funD[OF K/-as-¥34-transfer])
apply simp
done

lemma stream-coinduct|case-names Eq-stream, case-conclusion Eg-stream head tail]:



assumes R s s’ Ass’. R s s’ = head s = head s" N R (tail s) (tail s')

shows s = s’
using assms(1) proof (rule mp[OF J.dtor-coinduct, rotated], safe)

fixabd

assume R a b

from assms(2)[OF this] show F-rel R (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.ezhaust[case-product prod.ezhaust])
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qed

lemma stream-coinduct0[case-names Eq-stream, case-conclusion Egq-stream head
tail]:

assumes R s s’ As s’ R s s' = head s = head s’ A\ genCngdd0 R (tail s) (tail
s’)

shows s = s’
using assms(1) proof (rule mp[OF coinductionU-genCngdd0, rotated], safe)

fix a b

assume R a b

from assms(2)[OF this] show F-rel (genCngdd0 R) (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.exhaust[case-product prod.exhaust])
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qed

lemma stream-coinductl [case-names Eq-stream, case-conclusion Eg-stream head
tail]:

assumes R s s’ A\s s’. R s s’ = head s = head s’ N genCngdd1 R (tail s) (tail
s')

shows s = s’
using assms(1) proof (rule mp[OF coinductionU-genCngdd1, rotated], safe)

fix a b

assume R a b

from assms(2)[OF this] show F-rel (genCngddl R) (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.ezhaust[case-product prod.ezhaust])
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qed

lemma stream-coinduct2[case-names Eq-stream, case-conclusion Eg-stream head
tail]:

assumes R s s" A\s s’. R s s’ = head s = head s’ A genCngdd2 R (tail s) (tasl
s’)

shows s = s’
using assms(1) proof (rule mp[OF coinductionU-genCngdd2, rotated], safe)

fixabd

assume R a b

from assms(2)[OF this] show F-rel (genCngdd2 R) (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.exhaust[case-product prod.ezhaust))
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qged



lemma stream-coinduct3[case-names Egq-stream, case-conclusion Eq-stream head
tail]:

assumes R s s’ Ass’. R s s’ = head s = head s’ A\ genCngdd3 R (tail s) (tail
s’

shows s = s’
using assms(1) proof (rule mp[OF coinductionU-genCngdd3, rotated], safe)

fix abd

assume R a b

from assms(2)[OF this] show F-rel (genCngdd3 R) (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.ezhaust[case-product prod.exhaust])
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qed

lemma stream-coinducts [case-names Eq-stream, case-conclusion Eg-stream head
tail]:

assumes R s s" A\s s’. R s s’ = head s = head s’ A genCngdd4 R (tail s) (tail
)

shows s = s’
using assms(1) proof (rule mp[OF coinductionU-genCngdd/ , rotated], safe)

fix a b

assume R a b

from assms(2)[OF this] show F-rel (genCngdd4 R) (dtor-J a) (dtor-J b)

by (cases dtor-J a dtor-J b rule: prod.ezhaust[case-product prod.ezhaust])
(auto simp: rel-pre-J-def vimage2p-def BNF-Comp.id-bnf-comp-def)

qed

8 Proofs by Coinduction Up-To Congruence

lemma pls-commute: pls xs ys = pls ys xs
by (coinduction arbitrary: xs ys rule: stream-coinduct) auto

lemma prd-commute: prd xs ys = prd ys zs
proof (coinduction arbitrary: zs ys rule: stream-coinductl)
case FEg-stream
then show ?case unfolding tail-prd
by (subst pls-commute) (auto intro: genCngdd1-pls)
qed

lemma pls-assoc: pls (pls xs ys) zs = pls xs (pls ys zs)
by (coinduction arbitrary: xs ys zs rule: stream-coinduct) auto

lemma pls-commute-assoc: pls xs (pls ys zs) = pls ys (pls zs z2s)
by (metis pls-assoc pls-commute)

lemmas pls-ac-simps = pls-assoc pls-commute pls-commute-assoc
lemma onetwo = onetwo’

by (coinduction rule: stream-coinduct0)
(auto simp: arg-cong|OF onetwo-code, of head| arg-cong[OF onetwo’-code, of

10



head] J.dtor-ctor
arg-cong| OF onetwo-code, of tail] arg-cong[OF onetwo’-code, of tail] intro:
genCngdd0-SCons)

lemma prd-distribL: prd zs (pls ys zs) = pls (prd zs ys) (prd xs zs)
proof (coinduction arbitrary: zs ys zs rule: stream-coinduct1)
case FEg-stream
have Aa b ¢ d. pls (pls a b) (pls ¢ d) = pls (pls a ¢) (pls b d) by (metis pls-assoc
pls-commute)
then have ?tail by (auto introl: genCngdd1-pls)
then show Zcase by (simp add: algebra-simps)
qed

lemma prd-distribR: prd (pls xs ys) zs = pls (prd xs zs) (prd ys zs)
proof (coinduction arbitrary: xs ys zs rule: stream-coinductl!)
case Fg-stream
have Aa b ¢ d. pls (pls a b) (pls ¢ d) = pls (pls a ¢) (pls b d) by (metis pls-assoc
pls-commute)
then have ?tail by (auto intro!: genCngdd1-pls)
then show Zcase by (simp add: algebra-simps)
qed

lemma prd-assoc: prd (prd zs ys) zs = prd zs (prd ys zs)
proof (coinduction arbitrary: zs ys zs rule: stream-coinduct1)
case FEg-stream
have ?tail unfolding tail-prd pls-ac-simps prd-distribL prd-distribR by (auto
introl: genCngdd1-pls)
then show ?case by simp
qged

lemma prd-commute-assoc: prd xs (prd ys zs) = prd ys (prd zs zs)
by (metis prd-assoc prd-commute)

lemmas prd-ac-simps = prd-assoc prd-commute prd-commute-assoc

lemma sconst-0[simp]: same 0 = sconst 0
by (coinduction rule: stream-coinduct0) auto

lemma pls-sconst-0L[simp]: pls (sconst 0) s = s
by (coinduction arbitrary: s rule: stream-coinduct) auto

lemma pls-sconst-OR|[simp]: pls s (sconst 0) = s
by (coinduction arbitrary: s rule: stream-coinduct) auto

lemma scale-0[simp]: scale 0 s = sconst 0
apply (coinduction arbitrary: s rule: stream-coinductl)
apply simp
apply (subst (5) pls-sconst-OL[of sconst 0, symmetric])
apply (rule genCngdd1-pls)
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apply auto
done

lemma scale-Suc: scale (Suc n) s = pls s (scale n s)
by (coinduction arbitrary: s rule: stream-coinductl) auto

lemma scale-add: scale (m + n) s = pls (scale m s) (scale n s)
by (induct m) (auto simp: scale-Suc pls-assoc)

lemma scale-mult: scale (m % n) s = scale m (scale n s)
by (induct m) (auto simp: scale-Suc scale-add)

lemma sup-empty: sup {||} = sconst 0
by (coinduction rule: stream-coinduct!) (auto simp: fMaz-def)

lemma FExp-pls: Exp (pls xs ys) = prd (Exp zs) (Exp ys)
by (coinduction arbitrary: zs ys rule: stream-coinduct2)
(auto simp: exp-def power-add prd-distribR pls-commute prd-assoc prd-commute-assoc|of
Ezp z for z]
introl: genCngdd2-pls genCngdd2-prd)

9 Two Examples of Fibonacci streams

definition fibA :: stream where
fibA = corecUU1 (Azs. GUARD1 (0, PLS1 (SCONS1 (1, CONT1 zs), CONT1

ws))) ()

lemma head-fibA[simp]: head fibA = 0
unfolding fibA-def corecUU1
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leaf1")

lemma tail-fibA[simp]: tail fibA = pls (SCons 1 fibA) fibA
apply (subst fibA-def)
unfolding corecUU1
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leaf1’
evall-op1 algA1-Inr o-eq-dest[OF Abs-Y 1-natural] o-eq-dest|OF ggl-natural]
o-eq-dest|OF evall-gg1] pls-uniform fibA-def)

lemma fibA-code[code]: fibA = SCons 0 (pls (SCons 1 fibA) fibA)
by (metis J.ctor-dtor prod.collapse head-fibA tail-fibA)

definition fibB :: stream where
fibB = corecUU!I (Azs. PLS1 (GUARD1 (0, (SCONSI (1, CONT! zs))), GUARD1
(0, CONT1 ws))) ()

lemma fibB-code[code]: fibB = pls (SCons 0 (SCons 1 fibB)) (SCons 0 fibB)
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apply (subst fibB-def)

unfolding corecUU1

by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor evall-leafl’
evall-op1 algA1-Inr o-eq-dest[OF Abs-% 1-natural] o-eq-dest|OF ggl-natural]
o0-eq-dest[OF evall-gg1] pls-uniform fibB-def)

lemma fibA = fibB
proof (coinduction rule: stream-coinductl)
case FEg-stream
have ?head by (subst fibB-code) (simp add: J.dtor-ctor)
moreover
have ?tail by (subst (2) fibB-code) (auto simp add: J.dtor-ctor intro: genCngdd1-pls
genCngdd1-SCons)
ultimately show ?case ..
qed

10 Streams of Factorials

definition facsA = corecUU2 (Axs. PRD2 (GUARD2 (1, CONT2 xs), GUARD2
(1, CONT2 xs))) ()

lemma facsA-code[code]: facsA = prd (SCons 1 facsA) (SCons 1 facsA)
apply (subst facsA-def)
unfolding corecUU2
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval2-leaf2’
eval2-op2 algA2-Inr o0-eq-dest|OF Abs-X2-natural] o-eq-dest[OF gg2-natural)
o0-eq-dest[OF eval2-gg2] prd-uniform facsA-def)

definition facsB = corecUUS (Azs. EXP3 (I (GUARDS3 (0, CONT3 xzs)))) ()

lemma facsB-code[code): facsB = Exp (SCons 0 facsB)
apply (subst facsB-def)
unfolding corecUUS3
by (simp add: map-pre-J-def BNF-Comp.id-bnf-comp-def J.dtor-ctor eval3-leaf3’
eval3-0p3 algA3-Inr o-eq-dest[OF Abs-¥3-natural] o-eq-dest|OF gg3-natural]
o0-eq-dest|OF eval3-gg3] Exp-uniform facsB-def)

lemma head-facsB|simp|: head facsB = 1
by (subst facsB-code) (simp add: J.dtor-ctor exp-def)

lemma tail-facsB[simp]: tail facsB = prd facsB facsB
by (subst facsB-code, subst tail-Ezp) (simp add: J.dtor-ctor facsB-code[symmetric])

lemma facsA-facsB: SCons 1 facsA = facsB
proof (coinduction rule: stream-coinduct3)
case Fg-stream
have ?head by (subst facsA-code) (simp add: J.dtor-ctor exp-def)
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moreover
have ?tail by (subst (2) facsA-code) (auto intro!: genCngdd3-prd simp: J.dtor-ctor)
ultimately show ?case ..

qed

fun facsC\... where
facscrec (Tl, fna Z) =
(if i = 0 then GUARDO (fn, CONTO (n + 1, 1, n + 1)) else facsCyr.. (n, fn
«i,i— 1))

definition facsC = corecUUO facsCre. (1, 1, 1)

lemma factsD,...-code:
corecUUO facsCree (n, fn, 1) =
(if i = 0 then SCons fn (corecUUO facsCree (n + 1, 1, n + 1))
else corecUUO facsCree (0, fnx i, 1 — 1))
by (subst corecUUO, subst facsCqc.stmps)
(simp del: facsCrc..simps add: map-pre-J-def BNF-Comp.id-bnf-comp-def eval0-leaf0’
corecUUO)

definition fromN = dtor-corec-J (An. (n, Inr (Suc n)))

lemma head-fromN [simp]: head (fromN n) = n
unfolding fromN-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by
stmp

lemma tail-fromN [simp]: tail (fromN n) = fromN (Suc n)
unfolding fromN-def J.dtor-corec map-pre-J-def BNF-Comp.id-bnf-comp-def by
s1mp

abbreviation facsD n = smap fact (fromN n)

primrec prds where
prds 0s = s
| prds (Suc n) s = prd s (prds n s)

lemma head-prds[simp|: head (prds n s) = head s " (Suc n)
by (induct n) auto

lemma tail-prds-fac[simp]: tail (prds n facsB) = scale (Suc n) (prds (Suc n) facsB)
by (induct n) (auto simp: scale-Suc, auto simp: prd-distribL pls-ac-simps prd-ac-simps)

lemma facsD-facsB: facsD n = scale (fact n) (prds n facsB)
proof (coinduction arbitrary: n rule: stream-coinduct3)
case FEg-stream
have ?head by (subst facsB-code) (simp add: J.dtor-ctor exp-def)
moreover
have ?tail by (subst (2) facsB-code) (auto simp add: J.dtor-ctor facsB-code[symmetric]
scale-mult[symmetric] trans[OF mult.commute fact-Suc[symmetric]]
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simp del: mult-Suc-right mult-Suc fact-Suc prds.simps)
ultimately show ?case ..
qed

corollary facsA = facsD 1
unfolding facsD-facsB facsA-facsB[symmetric] by (subst facsA-code) (simp add:
scale-Suc)

corollary facsB = facsD 0
unfolding facsD-facsB by (simp add: scale-Suc)

primrec ffac where

ffac fn 0 = fn
| ffac fn (Suc i) = ffac (fn * Suc i) i

lemma ffac-fact: ffac m n = m * fact n
by (induct n arbitrary: m) (auto simp: algebra-simps)

lemma ffac-fact-Suc: ffac (Suc n) n = fact (Suc n)
unfolding ffac-fact fact-Suc ..

lemma factsD,..-facsD: corecUUO facsCre. (n, fn, i) = SCons (ffac fn i) (facsD
(n + 1))
proof (coinduction arbitrary: n fn i rule: stream-coinduct)
case FEg-stream
have %head
proof (induct i arbitrary: fn)
case 0 then show ?Zcase by (subst factsD,..-code) (simp add: J.dtor-ctor)
next
case (Suc i) then show ?case by (subst factsD,..-code) simp
qed
moreover have ?tail
proof (induct i arbitrary: fn)
case (
have facsD (Suc n) = SCons (ffac (Suc n) n) (facsD (Suc (Suc n)))
by (coinduction rule: stream-coinduct0) (auto simp: J.dtor-ctor ffac-fact-Suc)
then show Zcase by (subst factsD,..-code) (force simp: J.dtor-ctor)
next
case (Suc 1)
then show %case by (subst factsD,..-code) simp
qed
ultimately show ?case by blast
qged

lemma facsC-facsD: facsC = facsD 1
unfolding facsC-def factsD,..-facsD by (subst (2) smap-code) auto
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11 Mixed Recursion-Corecursion

function primes,c. = (nat * nat) = (stream + nat % nat) X0 F £¥0 where
primesyec (M, n) =
(if (m =0 An> 1)V coprime m n then GUARDO (n, CONTO (m x n, Suc
n))
else (primesye. (m, Suc n)))
by pat-completeness auto
termination
apply (relation measure (A(m, n).
if n = 0 then 1 else if coprime m n then 0 else m — n mod m))
apply (auto simp: mod-Suc intro: Suc-lessI)
apply (metis One-nat-def coprime-Suc-nat ged-nat.commute ged-red-nat)
apply (metis diff-less-mono2 lessI mod-less-divisor)
done

definition primes :: nat = nat = stream where
primes = curry (corecUUO primes,q.)

lemma primes-code:
primes m n =
(if (m=0An>1)V coprime m n then SCons n (primes (m x n) (Suc n))
else primes m (Suc n))
unfolding primes-def curry-def
by (subst corecUUO, subst primes,e..simps)
(simp del: primes,c..simps add: map-pre-J-def BNF-Comp.id-bnf-comp-def
eval0-leaf0’ corecUUN)

lemma primes: primes 1 2 = SCons 2 (primes 2 3)
by (subst primes-code) auto

fun catalan,. :: nat = (stream + nat) X1 F X1 where
catalan, .. n =
(if n > 0 then PLS1 (catalanye. (n — 1), GUARD1 (0, CONTI1 (n+1))) else
GUARD! (1, CONT1 1))

definition catalan :: nat = stream where
catalan = corecUUI1 catalan, .

lemma catalan-code:
catalan n =
(if n > 0 then pls (catalan (n — 1)) (SCons 0 (catalan (n + 1)))
else SCons 1 (catalan 1))
unfolding catalan-def
by (subst corecUU1, subst catalan,....simps)
(simp del: catalan,...simps add: map-pre-J-def BNF-Comp.id-bnf-comp-def
evall-op1 evall-leafl’ algA1-Inr o-eq-dest|OF Abs-X1-natural] corecUUI
pls-uniform,)
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